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Abstract: A method combining finite difference method (FDM) and k-means clustering algorithm which can determine 
the threshold of rock bridge generation is proposed. Jointed slope models with different joint coalescence coefficients  
(k) are constructed based on FDM. The rock bridge area was divided through k-means algorithm and the optimal 
number of clusters was determined by sum of squared errors (SSE) and elbow method. The influence of maximum 
principal stress and stress change rate as clustering indexes on the clustering results of rock bridges was compared by 
using Euclidean distance. The results show that using stress change rate as clustering index is more effective. When the 
joint coalescence coefficient is less than 0.6, there is no significant stress concentration in the middle area of adjacent 
joints, that is, no generation of rock bridge. In addition, the range of rock bridge is affected by the coalescence 
coefficient (k), the relative position of joints and the parameters of weak interlayer. 
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1 Introduction 
 

Due to external influences such as natural 
wind erosion, earthquake, rainfall and artificial 
excavation, a large number of joints, faults and 
weak interlayers are formed inside the slopes, with 
different sizes and complex spatial distribution 
[1−4]. These joints and weak interlayers seriously 
damage the structural integrity of the slope, and 
greatly reduce the stability of slope [5−7]. Once the 
slope is subjected to strong external interference 
(seismic shock, blasting vibration caused by 
artificial excavation, etc), cracks will develop 
rapidly from the original stable joint tips inside the 
slope [8−11]. Two or more joints and weak 
interlayers in close proximity will connect with 
each other and form a macroscopic failure plane, 
resulting in the destabilization of slope, and 
triggering a variety of geological disasters [12−14]. 

For example, in Qianjiangping, China, a large 
number of joints exist inside the slope. Under the 
influence of heavy rainfall, the physical properties 
of the slope, such as cohesion, decreased obviously 
[15]. The joints within the slope developed rapidly 
and connected with each other to form a sliding 
surface. 

In a slope, rock bridge is regarded as the rock 
section between adjacent joints, which hinders the 
expansion of joint (Fig. 1) [16,17]. It avoids the 
coalescence of multiple joints to form a 
macroscopic sliding surface, which is an important 
geological structure to maintain the stability of 
slope [18]. Influenced by self-weight and shearing, 
the rock bridge will be in a highly concentrated 
state of stress, and a large amount of deformation 
energy has been accumulated inside it [19,20]. 
Therefore, once the rock bridge is damaged, the 
slope will collapse instantly and form a high-speed 
debris flow landslide, causing serious environmental 
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damage and casualties [21]. In Chongqing, 
southwestern China, a large amount of kinetic 
energy was released after the destruction of    
rock bridges in the Cocktail Mountains [22]. The 
landslide was characterized by a high velocity 
debris flow, which posed a significant threat to the 
safety of surrounding people and the ecosystem. 

For this reason, many scholars have carried out 
research on the effect of rock bridge on rock 
stability and achieved a series of remarkable results. 
SARFARAZI and HAERI [23] quantitatively 
investigated the effect of the number, area and 
configuration of rock bridges on their shear 
properties based on experiments. Some scholars 
adopted different methods to investigate the effect 
of rock bridge geometrical parameters on its 
mechanical parameters and failure characteristics 
[24,25]. HUANG et al [26] studied the influence of 
rock bridge on slope failure modes by Particle Flow 

Code (PFC) and proposed a formula for calculating 
the slope safety factor considering rock bridge. 
TUCKEY and STEAD [27] used remote sensing 
and field surveys to evaluate the morphology of 
rock bridges in slopes. 

Rock bridge is the key factor to control slope 
stability. ELMO et al [28] argues that rock bridge 
cannot be defined simply as the rock section 
between two discontinuous joint. In Fig. 2(a), 
according to the traditional definition of a rock 
bridge, a rock bridge of length L1 occurs between 
two short joints. In fact, if the length of two joints  
is very short and the distance between them      
is exceptionally far, the two joints will not 
coalescence with each other. The rock section 
between them will not be in a state of high stress 
concentration, which means that rock bridge is not 
created. In this case, the damage of the slope is 
more dependent on the properties of the slope itself,  

 

 
Fig. 1 Joints and rock bridges in slopes 
 

 
Fig. 2 Changes in length of rock bridges with joint morphology 
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such as gravity, internal friction angle, and cohesion. 
On the contrary, if the length of two joints is very 
long and the ligament length is short (Fig. 2(b)), the 
rock bridge between them will form a high stress 
concentration state to hinder the connection of the 
joints. Once the bridge is disturbed and damaged, 
the slope will collapse instantly to form a landslide 
disaster. At this time, the damage depends more on 
the physical properties of the rock bridge (length, 
angle, etc). Previously, the way of defining rock 
bridge depended only on the position of the joint 
tips. Therefore, how to effectively distinguish the 
formation and shape of rock bridge between joints 
is of great significance for slope warming. 

In this work, a method to determine the 
threshold value for rock bridge generation is 
proposed. Combined with the damage morphology 
of engineering slopes, slope models with different 
coalescence coefficients (k) are constructed by 
finite difference method (FDM). Based on the 
characteristics of high stress in the rock bridge area, 
the k-means clustering algorithm is introduced, and 
the maximum principal stress of each grid in the 
slope and the stress change rate are taken as the 
indexes of clustering, and the clustering effect of 
these two indexes is compared. The clustering 
results of rock bridge based on FDM and k-means 
algorithm were verified by the theory of maximum 
circumferential tensile stress. Finally, multiple sets 
of slope models with different joint coalescence 
coefficients (k) were constructed and the threshold 
value for rock bridge generation was determined. 
The threshold value of rock bridge generation is 
affected by the joint length, the relative position of 
joints and the parameters of weak interlayer. The 
method proposed in this work can quickly and 
effectively determine whether there is a rock bridge 
generated within the slope (i.e., a high stress area) 
and determine the range of the rock bridge. The 
high stress characteristics of rock bridge can make 
people understand the slope state more clearly and 
quickly, so as to improve the efficiency of slope 
warning. 
 
2 Method for identifying rock bridge 

length 
 

In the existing studies, researchers usually take 
the rock section between adjacent joints as rock 
bridge, and the length of the connecting line 

between adjacent joint tips as ligament length. In 
fact, a number of parameters, such as the ratio of 
ligament length to joint length and the joint angle, 
are related to the formation of rock bridge. If the 
joint geometric parameters can be used to determine 
whether rock bridges (areas of stress concentration) 
have been generated, it can help engineers better 
assess the risk of slope failure and establish 
construction scheme safely. A method for 
incorporating rock bridges into slope stability 
assessment was proposed [29]. Since the slope 
destabilization needs to consider the effects of  
rock bridge and discontinuous joints, the slope    
is destabilized only after the rock bridges have  
been damaged by shearing (Fig. 2). According to 
Ref. [29], ligament length can be expressed as a 
joint coalescence coefficient (k) (Fig. 3). This 
coefficient describes the ratio of the length of rock 
bridge, LR, to the length of idealized sliding surface, 
LS, and joint length, LJ. 
 

 

Fig. 3 Schematic calculation of joint coalescence 
coefficient (k) 
 
2.1 Establishment of jointed slope models 

A numerical model of the slope as shown in 
Fig. 4 was established with reference to Figs. 1 and 
2. Two weak interlayers are arranged at the top and 
foot of the slope, respectively, and the line length 
connecting the endpoints of the two weak 
interlayers was regarded as ligament length. The 
length of the potential damage surface is 20 m, the 
length of the rock bridge is 4 m and 16 m, the  
total length of the joint is 16 m and 4 m, and    
the continuity coefficients (k) are 0.2 and 0.8, 
respectively. In addition, due to the elongated shape 
of the weak interlayer, the mesh density around the 
weak interlayer is increased in order to improve the 
computational accuracy. Other parameters of the 
model are shown in Fig. 4. In Table 1 and Fig. 4,  
E is the elastic modulus, c is the cohesion, ν is the 
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Poisson’s ratio, φ is the internal friction angle, γ is 
the gravity, and g is the acceleration of gravity. The 
bottom length of the slope is 40 m, the height is 
20 m and the slope angle is 45°. 

 
2.2 Maximum principal stress in slope 

The cohesion (c) and internal friction angle (φ) 
of rock mass are divided by a reduction factor (Fs) 
to obtain the virtual parameters (cf and φf) (Eq. (1)). 
Under the action of cf and φf, the value of Fs is 
varied until the slope is in critical equilibrium state, 
and the value of Fs at this time represents the safety 
factor of the slope: 

 
1

f f s
s

= ,  = tan (tan / )cc F
F

ϕ ϕ−                 (1) 
 

Figure 5 illustrates the maximum principal 
stress distribution of two slopes with coalescence 
coefficients equal to 0.2 and 0.8 under the limit 
equilibrium stat. The overall stress distribution of 
two slopes is approximately the same. For slope 
with k=0.8, there is an obvious stress concentration 
in rock section between two weak interlayers. For 
slope with k=0.2, there is no stress concentration in 
rock section between two weak interlayers. It can 
be proven that when the distance between two weak  

 
Table 1 Physical parameters of different parts in slope model 

Location E/MPa c/kPa ν φ/(°) γ/( kN·m−3) g/(m·s−2) 

Slope 103 250 0.25 23 27 
9.8 

Weak interlayer 10 1 0.33 7 17 
 

 
Fig. 4 Two slope models with different joint coalescence coefficients 
 

 
Fig. 5 Distribution of maximum principal stress in slopes with different joint coalescence coefficients: (a) k=0.2;     
(b) k=0.8 



Su LI, et al/Trans. Nonferrous Met. Soc. China 35(2025) 3455−3467 3459 

interlayers exceeds a threshold value, the rock 
between them does not produce stress concentration. 
In Fig. 5(b), the maximum principal stress of rock 
bridge is much higher than that of its surrounding 
rock mass, so it is possible to see by eye that there 
is an obvious stress concentration, and then judge 
whether the rock bridge is formed or not. However, 
when the stress of rock bridge is close to the 
surrounding rock, this subjective judgment by 
naked eyes will have a large deviation. Therefore, 
the k-means algorithm is introduced to identify 
automatically whether the rock bridge has been 
formed. 
 
2.3 Rock bridge area recognition based on k- 

means algorithm 
The k-means algorithm is a widely used 

clustering algorithm that categorizes data into 
multiple clusters based on the magnitude of 
difference between different data [30,31]. 

(1) It is known that there are m grids in the 
slope model, the coordinates of each grid Gi are 
(xi, yi), and the corresponding maximum principal 
stress is σi. Set the number of clusters as cluster_k 
and the location of the cluster center as Ci. 

(2) The Euclidean distance was employed to 
compute the distance between the stress σi of grid 
Gi (i=1, 2, …, m) and the stress σj of respective 
cluster centers Cj (j=1, 2, …, cluster_k). If the 
mesh Gi (i=m−1) has the shortest distance from the 
cluster center Cj (j=cluster_k−1), then Gi is added  
to the cluster of Cj. The Euclidean distance is 
calculated as  

Ed ( )Dist ,  | ( ) ( ) |i j i iG C σ G σ C= −              (2) 
 

 (3) After assigning all grids to each clustering 
center, the first clustering is completed. Calculate 
the average of the maximum principal stress of the 
n grids Gi contained in the clustering center Cj and 
use this average as the new clustering center Cj_new:  

1
_ new

( )
n

i
i

j

σ G
C

n
==
∑

                        (3) 
 

(4) Repeat Steps (2) and (3) until the 
difference between Cj_new and Cj is less than a given 
threshold, which is 1×10−5. This indicates that the 
grid within the newly generated Cj_new is almost the 
same as the mesh within Cj. The clustering result 
converges and the clustering cycle ends. 

 

new

2 5
_

1
( ) 1 10

k

j j
j

C C −

=
− < ×∑                 (4) 

 
 (5) In addition, the elbow method and the 

sum of squared errors (SSE) are combined to 
determine the optimal number of cluster_k:  

,

2
,

1
SSE  | |

j i j

k

j i j
j G C

G C
= ∈

= −∑ ∑                 (5) 

 
Gj,i denotes the ith grid in cluster Cj. The SSE 

decreases as the number of clusters increases. But 
too many clusters will make the clustering results 
distorted. By using elbow method (Fig. 6), the point 
where SSE decreases from fast to slow is selected 
as the best number of clusters. 
 

 
Fig. 6 Sketch of using elbow method to choose optimal 
cluster number 
 

The coordinate (xi, yi) and maximum principal 
stress σi of all grids in the slope are brought into the 
k-means algorithm. Equation (2) is used to calculate 
the distance between the grids, Eq. (3) is applied to 
updating the center of clusters, Eq. (4) is employed 
to determine whether the results are convergent or 
not, and the number of cluster_k is set to be from 2 
to 10 (Fig. 7). 

Figure 7 illustrates the result of the slope 
clustering with different cluster_k, with each color 
representing a category (The clustering result for 
cluster_k=1 is not meaningful and therefore is not 
shown in Fig. 7). It can be clearly seen that there  
is an ellipse-like structure between two weak 
interlayers of the slope when cluster_k=4. The 
location of this structure is consistent with a rock 
bridge, and the stress distribution is obviously 
higher than that of the surrounding rock. Therefore, 
it can be assumed that the elliptical structure is the 
rock bridge. When cluster_k is less than 4, the rock 
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Fig. 7 Effect of different cluster number on clustering results of rock bridge area in slope 
 
bridge is not successfully clustered, and when k is 
greater than 4, there are too many clusters, which 
leads to distorted results. From Fig. 7, the optimal 
cluster_k for this clustering should be 4. To validate 
this result, Eq. (5) was used to calculate the    
SSE and the elbow method was used to further 
determine the optimal cluster_k (Fig. 8). Figure 8 
illustrates the SSE due to different values of 
cluster_k. When cluster_k=1, all the meshes inside 
the slope are classified as a cluster, and the 
difference between the maximum principal stress  
of each mesh is so large that the SSE reaches a 
maximum value of 4.28×108. Combined with the 
elbow method, the optimal cluster_k for this 
clustering is 4. 

The maximum principal stress can be used to 
characterize the stress concentration phenomenon 
of rock bridge. However, it can be clearly seen in 
Fig. 7 that there are some meshes inside the rock 
bridge that are divided into other clusters during the 
clustering process, and there are rock masses at the 
bottom of the slope that are divided into the same 
cluster as the rock bridge. Although the stress inside 
the rock bridge is greater than that of surrounding  

 
Fig. 8 Relationship between sum of squared errors (SSE) 
and cluster_k 
 
rock, the rock mass at the bottom of the slope will 
also be in a state of high stress under the action of 
gravity, so there will be quite a lot of rock mass and 
rock bridge in the same stress range. Therefore, 
these rock masses at the bottom of the slope will be 
in the same cluster as the rock bridge, while a small 
amount of meshes inside the rock bridge will be 
divided into other clusters (Fig. 9). 
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Fig. 9 Some meshes inside rock bridge classified into 
other clusters by using maximum principal stress as 
indicator for clustering 
 
2.4 Variation of maximum principal stress 

From Fig. 5, it can be seen that the maximum 
principal stress at the bottom of the slope will 
higher than the stress within the rock bridge due to 
the influence of slope height. Since the maximum 
principal stress value cannot highlight the stress 
concentration characteristics of rock bridge well, 
the stress change rate kσ is introduced as another 
clustering index. Assuming that there is a grid Gi  
in the slope, the grid Gi1 at the bottom of slope    
is found to be the closest to the grid Gi in the 
x-direction (Fig. 10). The expression for the value 
of kσi for the grid Gi is given in Eq. (6):  

1
2 2

1 1

| |

( ) ( )
i i

σi
i i i i

σ σk
x x y y

−
=

− + −
               (6) 

 
The kσ values corresponding to all grids in the 

slope were calculated, and a 3D cloud map of the 
coordinates versus the kσ was plotted (Fig. 11). As 
can be seen from Fig. 11(b), the kσ of the rock 
bridge is much lower than that of other rock masses 
in the slope. kσ can better characterize the 
variability of rock bridge itself than the maximum 
principal stress. 

 

  
Fig. 10 Schematic diagram about calculating variation of 
max principal stress kσ 
 

Therefore, the kσ was brought into the k-means 
algorithm as new index for clustering, and the 
Euclidean distance was used as the formula 
(Eq. (7)). The clustering results are shown in 
Fig. 12. By comparing Fig. 12(a) and Fig. 12(b), it 
is obvious that the shape of rock bridges obtained 
by clustering using kσ as an indicator is much more 
regular and there is no mesh inside the rock bridge 
assigned to other clusters. While the clustered rock 
bridge using maximum principal stress as an 
indicator has a stranger shape and there are meshes 
inside the rock bridge assigned to other clusters: 
 

Ed _ _( )Dist , | |
i ji j G CG C k kσ σ= −              (7) 

 
In summary, the maximum principal stress can 

well characterize the stress concentration of rock 
bridge. However, the use of the maximum principal 
stress as an indicator for clustering fails to 
completely represent the shape of rock bridge. 
Instead, using kσ as a clustering index can show the 
rock bridge shape in slope more completely and 
improve the effectiveness of clustering. 

 

 
Fig. 11 Comparison of 3D cloud maps of maximum principal stress (a) and rate of stress change (kσ) (b) versus slope 
height 
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Fig. 12 Comparison of clustering results of rock bridge by using different indicators: (a) Using kσ as indicator; (b) Using 
maximum principal stress as indicator 
 
 
3 Proof of clustering results for rock 

bridge 
 

From Fig. 12, it can be found that the rock 
bridge is located between two joints, but the 
distribution between the two joints is irregular. It 
can be clearly seen that the right end of the rock 
bridge is above Joint 1 and the left end of the rock 
bridge is below Joint 2 (Fig. 13). The irregular 
distribution of rock bridge can be explained by 
maximum circumferential tensile stress theory. 
 

 
Fig. 13 Relationship between location of joints and rock 
bridge 
 

According to maximum circumferential tensile 
stress theory [21], an assumed circumferential stress 
field exists at the crack tip and the circumferential 
tensile stress (σθ) is not the same everywhere in that 
circumferential stress field. The crack will extend 
and expand in the direction of the maximum σθ:  

2

20, 0σ σθ θ

θ θ
∂ ∂

= <
∂ ∂  

                       (8) 
 

The polar expression for the stress near the 
crack tip is given in Eq. (9) and Fig. 14:  

I

II

2
I II

I II
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22 2π
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2 2 22 2π
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θσ θ
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θ θσ θ

θτ θ θ

 − +

 −

 −


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   (9) 

 
Substituting Eq. (9) into Eq. (8) gives  

I II
3 cos [ sin (3cos 1)]

24 2π
K K

r
θσ θ θ θ
θ

∂ −
= + −

∂
 

(10) 

“cos(θ/2)=0” is the solution to Eq. (10). 
However, when θ=±π, the crack will expand along 
the direction of original joint, and this solution  
has no practical significance. Thus, Eq. (10) is 
simplified to Eq. (11): 
 

I IIsin (3cos 1) 0K Kθ θ+ − =                (11) 
 

KI and KII are the stress intensity factors for 
Type I and Type II cracks, respectively. θ is the 
angle between the newly created crack and the 
original joint. If the crack is a pure Type I crack, 
KII=0 and θ=0°. If the crack is a pure Type II crack, 
KI=0 and θ=70.52° (Eq. (11)). Therefore, for normal 
mixed Type I and II cracks, the angle between   
the newly created crack and the original joint is 
between 0° and 70.52° (Fig. 15). 

According to Fig. 15, it can be seen that cracks 
will be generated in the lower right part of the Joint 
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1, so this part of the area will not be a concentration 
area of stress. Similarly, the upper left side of Joint 
2 will not be a concentration of stress. Therefore, 
the rock bridge will not be distributed in these two 
areas. 

 
4 Length threshold for rock bridge 

formation 
 

The rock bridge is clustered in Sections 2 and 
3, and the clustering result is verified using the 
maximum circumferential stress theory. The length 
threshold for rock bridge formation will be further 

determined in Section 4. Based on the slope model 
in Fig. 3, the coalescence coefficient (k) is set to be 
0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9, respectively. 
The slope models with different k values are shown 
in Fig. 16. 

Figure 17 illustrates the clustering results for 
slopes with different coalescence coefficients (k). It 
can be seen that there exists rock bridge between 
joints when k is in the range of 0.7−0.9, while there 
is no generation of rock bridge when k is in the 
range of 0.2−0.6. It can be concluded that when the 
ratio of two joints length to ligament length is   
less than a certain value, the rock bridge will not be  

 

 
Fig. 14 Polarized stress components near crack tip 
 

 
Fig. 15 Comparison of simulation result with theoretical result based on maximum circumferential tensile stress theory 
 

 
Fig. 16 Slope models with different coalescence coefficients (k) 
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Fig. 17 Effect of different coalescence coefficient (k) on clustering results of rock bridge 
 
generated. Figure 17 shows that the regular stress 
concentration inside the rock bridge occurs only 
when k is in the range of 0.6−0.7. Therefore, in the 

model established in this work, the threshold of k 
which leads to the generation of rock bridge is 
about 0.6−0.7.  
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Fig. 18 Range of rock bridge in non-collinear weak interlayers: (a) Ligament angle of 0°; (b) Ligament angle of 90° 
 

This work focuses on the generation of rock 
bridge between collinear weak interlayers. For 
non-collinear weak interlayers, rock bridge can still 
be generated between them. Compared with the 
slope with collinear weak interlayers, the threshold 
k leading to the generation of rock bridge in the 
slope with non-collinear weak interlayers is also 
different (Fig. 18). In Fig. 18, the clustering results 
of rock bridge between two non-collinear weak 
interlayers show that the relative position of weak 
interlayer also affects the range of rock bridge. In 
addition, the clustering results of rock bridge are 
also affected by the parameters of the weak 
interlayer. For example, the higher the cohesion of 
the weak interlayer, the lower the load to be carried 
by the rock bridge, and the stress concentration 
phenomenon is not obvious. In summary, it can be 
seen that the threshold value for the generation   
of rock bridges is affected by the length of the  
joints, the relative position of the joints, and the 
mechanical parameters of weak interlayer (Fig. 18). 
In addition, the stresses of each mesh in the 
numerical model of the slope are derived to 
calculate the length of the rock bridge. Therefore, 
the calculation results in this work are highly 
dependent on the accuracy of the simulation results 
of FDM. If the simulation results of FDM are 
inaccurate and differ significantly from the actual 

results, the credibility of the conclusions obtained 
in this work will also decrease. 
 
5 Conclusions 
 

(1) By combining the FDM and k-means 
clustering algorithms, a method for determining the 
threshold for rock bridge generation is proposed. 
The method can be applied to engineered slopes 
with different joints. 

(2) Influenced by the gravity and size of the 
slope itself, the variation of stress highlights the 
stress concentration in rock bridge more than the 
maximum principal stress. The threshold for rock 
bridge generation and the range of rock bridge 
varies with the coalescence coefficient (k), the 
relative position of joints, and the mechanical 
parameters of weakly interlayer. 

(3) Rock bridge cannot be thought of simply  
as rock sections between neighboring joints.  
When two joints are far apart, there is no high  
stress concentration and no coalescence between 
two joints, which means that no rock bridge is 
generated. 
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摘  要：结合有限差分法(FDM)和 k 均值聚类算法，提出了一种用于确定岩桥生成阈值的方法。基于 FDM 构建

了具备不同节理贯通率(k)的节理边坡模型。采用 k 均值算法对岩桥区域进行划分，并采用误差平方和(SSE)和肘

部法则确定最优簇数。通过欧拉距离比较了以最大主应力值和应力变化率为聚类指标对岩桥聚类结果的影响。结

果表明，以应力变化率作为聚类指标更为准确有效。当节理贯通率小于 0.6 时，相邻节理的中间区域不存在明显

应力集中，即无岩桥形成。此外，岩桥范围受节理贯通率、节理相对位置和弱夹层参数的影响。 

关键词：边坡；岩桥；有限差分法；k 均值算法 
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