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Abstract: A unified constitutive model is established to predict the plastic flow behavior of face-centered cubic (FCC) 
metal in the ultrasonic vibration (UV) assisted forming. The model describes UV softening behavior based on the 
dislocation dynamics in the UV combined with the stress superposition mechanism. The interaction among dislocation 
density, grain size and UV is considered, and the residual behavior of UV-assisted forming can be predicted by 
modelling with dislocation density and grain size as internal state variables. UV-assisted compression tests were 
performed on oxygen-free high-thermal conductivity (OFHC) copper to verify the predictive ability of the model. The 
results show that OFHC copper exhibits obvious softening behavior and residual softening behavior in the UV. The 
model prediction is in good agreement with the experimental result, which effectively captures the softening effect and 
residual effect of copper. 
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1 Introduction 
 

Ultrasonic vibration (UV) assisted forming is 
an advanced high-energy rate-forming technology 
that can enhance the surface quality of a workpiece 
and improve the forming properties and precision of 
a material [1]. However, the wide application of  
the UV in various manufacturing processes poses  
a serious challenge to the design guidance of 
ultrasonic instruments and process optimization. 
Numerical simulation is a more efficient and 
economical approach to this problem than costly 
experimental trial-and-error methods. Therefore, 
there has been a growing interest in the definition of 
a reliable UV constitutive models for numerical 
analysis. 

The influence of UV on the structure and 
performance of the workpieces depends on the 
surface and volume effects. The former refers to the 
friction between the mold and blank, which must  
be considered to design ultrasonic instruments in 
various forming processes, and the latter refers to 
the softening and residual phenomena due to 
UV-induced stress and strain, which is closely 
related to the dynamic behavior of a metal in the 
UV [1]. In response to the description of vibration- 
induced material mechanical behavior, YAO et al [2] 
proposed a unified acoustic plasticity model (Yao 
model) by attributing acoustic softening to changes 
in frequency factor and activation energy using the 
thermally activated Arrhenius equation and acoustic 
residual effects on dislocation evolution. However, 
the potential barriers that prevent dislocation motion 

                       
Corresponding author: Miao-yan CAO, Tel: +86-335-8061730, E-mail: jacmy@ysu.edu.cn 
DOI: 10.1016/S1003-6326(24)66538-6 
1003-6326/© 2024 The Nonferrous Metals Society of China. Published by Elsevier Ltd & Science Press 
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/) 



Peng-fei SONG, et al/Trans. Nonferrous Met. Soc. China 34(2024) 2245−2259 2246  
can be divided into long-range and short-range 
potential barriers according to the dislocation 
dynamics theory [3]. Unfortunately, the Yao model 
does not take into account the nonthermal activated 
motion of the dislocations. SEDAGHAT et al [4] 
presented an acoustic plasticity constitutive model 
(Sedaghat model) by considering dislocation 
dynamics and acoustic energy transformation 
mechanisms, which successfully simulated the 
compression forming, press forming, and 
incremental forming under UV. ZHAO and WU [5] 
developed a new model (Zhao model) by 
considering acoustic stress work and combining  
the Sellars Tegart and Gao−Zhang models, which 
effectively predicted the flow stresses of the 
aluminum alloy in the UV (20 kHz) friction stir 
welding process. Although the Sedaghat and Zhao 
models complemented the non-thermally activated 
components, the dynamic behavior in the UV is 
closely related to its microstructural evolution, 
while the effect of the UV on microstructure 
evolution was neglected in the models. In addition, 
MENG et al [6] developed a hybrid constitutive 
model (Meng model) by considering the influence 
of the UV on the non-thermally dislocations motion 
based on the dislocation evolution theory, which 
distinguishes between stress superposition and   
the acoustic softening effect. WANG et al [7] 
developed an energy-based model (Wang model) by 
considering that the non-thermally dislocation 
dynamics heterogeneously change at the micro- 
structure level in the UV. The research results of 
MENG et al [6] and WANG et al [7] indicated that 
UV can assist the non-thermally activated dislocations 
motion, which were not considered in the Yao, 
Sedaghat, and Zhao models. However, the Meng 
and Wang models ignored dislocation motion  
across the short-range barriers in the UV assisted 
forming. The interpretation of acoustic softening 
phenomenon requires a comprehensive consideration 
of the effect of ultrasonic energy on thermally and 
non-thermally activated dislocation motions based 
on the above literature survey, which has so far 
been barely considered in existing models. 

Notably, several observations have shown that 
UV has a remarkable effect on the microstructure 
evolution. The UV can enhance recrystallization in 
the middle of the horizontal molten core region of 
the AA6061-T6 alloy, induce grain refinement    

in aluminum (AA5754 alloy), and increase the 
dislocation multiplication speed of pure aluminum 
(Al1100) [2,8,9]. On the contrary, UV can also 
enhance the migration and disappearance of twin 
boundaries and reduce the geometrically necessary 
dislocation density of copper [10]. The above is 
also one of the reasons for the residual effects 
following the discontinuity in the UV. However,  
the acoustic plastic behavior was captured in   
most models through a single structural parameter 
(dislocation density) evolution, whereas the 
recrystallization or grain growth behavior induced 
by the UV is barely considered. In particular, the 
modelling mechanisms of interaction among the 
ultrasound energy field, the dislocation density 
evolution and the grain evolution are still lacking. 

Therefore, in this study, a new dislocation 
dynamics-based acoustic plasticity framework is 
developed to describe the dynamical behavior of 
FCC metals in the UV. The framework considers 
thermally and non-thermally activated dislocation 
motions, stress superposition mechanisms, and the 
evolution of dislocation density and grain size in 
UV assisted forming. An UV assisted compression 
experiment using OFHC copper is conducted, and 
the microstructure of the samples in the UV assisted 
forming is analyzed by X-ray diffraction (XRD) 
and metallographic microscopy to validate the 
reliability of the model. 
 
2 Model framework 
 
2.1 Kinematics under ultrasonic energy field 

The macroscopic plastic response of metals is 
determined by the mechanisms related to the 
dislocation motion, the substructure evolution, the 
distribution of barriers preventing dislocation 
movement, and the relationship between externally 
imposed plastic strain rate and dislocation   
kinetics [11]. According to the kinetics theory, the 
strain rate (ε ) can be expressed as [4] 
 

m= / = /γ M bv Mε ρ                          (1) 
 
where γ  is the shear plastic strain rate, M(=σ/τ=γ/ε, 
σ and ε are the flow stress and plastic strain, and τ 
and γ are the critical resolved shear stress and shear 
strain in the active slip system, respectively) is the 
Taylor factor, which is always taken as an empirical 
value of 3.06 for FCC metals [12], ρm is the mobile 
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dislocation density, b is the magnitude of Burgers 
vector, and v  is the average speed of dislocation. 
Notably, three different mechanisms (i.e., thermally 
activated dislocation movement, dislocation drag 
mechanisms, relativistic effects) for controlling 
metal plastic deformation have been consistently 
acknowledged. Therefore, it is necessary to identify 
rate-controlled deformation mechanisms in the UV. 

The vibrational shape is assumed to conform 
to a sinusoidal function. When the specimen is only 
exposed to force in the direction of tension/ 
compression and the longitudinal UV excitation is 
employed (i.e., the direction of vibration excitation 
is parallel to the force applied to the specimen), the 
strain history can be assessed by the superposition 
method. Hence, the strain rate under the UV (ε ) 
can be roughly expressed as [13]  

0 d+2π cos(2π ) /Af ft lε ε=                    (2) 
 
where 0ε  is the strain rate without the UV, A and f 
represent the amplitude and the frequency, 
respectively, t is the time, and ld is the length of the 
specimen involving the deformation. The frequency 
and amplitude used in conventional machining are 
20−40 kHz, and within 20 μm, respectively [14]. 
Some studies have shown that plastic deformation 
is still controlled by the thermally activated 
dislocation mechanisms when the strain rate 
approaches 104 s–1 [15]. A rough estimate by Eq. (2) 
showed that the strain rate in the UV can reach 
104 s–1 if ld <0.05 mm. However, ld >> 0.05 mm in 
conventional deformation. Therefore, this study 
considers that the rate control mechanism in 
conventional UV is only thermally activated 
dislocation movement. 

It will encounter periodic potential barriers 
with different intervals and lengths when 
dislocation moves in the lattice, which can be 
divided into two types: short-range and long-range 
barriers. The former can be overcome by thermal 
energy and belongs to the thermal activation type, 
whereas the latter cannot [16]. The flow stress (τ) 
can be expressed accordingly as  
τ=τth+τath                                                  (3)  
where τth and τath represent the thermally activated 
component and the non-thermally activated 
component of the flow stress, respectively. The role 
of the UV is to impose mechanical vibration on the 
sample, resulting in an elastic deformation at 
ultrasonic frequency. It is well known that elastic 

deformation is determined by interatomic binding 
forces. The superposition of the UV alters the 
interatomic interaction forces, leading to a 
reduction of the binding energy, which affects the 
energy barriers that prevent dislocation movement. 
For FCC metals, the barriers are mainly provided 
by forest dislocations (short-range barriers) and 
grain boundaries (long-range barriers). Therefore, 
the effect of UV on the interaction processes of 
dislocations with forest dislocations and grain 
boundaries should be considered simultaneously in 
order to clearly describe the plastic response 
behavior in the UV. 
 
2.2 Thermally activated dislocation movement 

under ultrasonic energy field 
Based on the thermally activated theory, the 

shear plastic strain rate ( γ ) can also be expressed  
as [4]  

p= exp[ /( )]γ γ G kT−∆                         (4) 
 
where pγ  is the pre-exponential factor, ∆G is the 
activation energy, k is the Boltzmann constant,  
and T represents thermodynamic temperature. 
KLEPACZKO [17] pointed out that the required 
energy ∆Wt of dislocation motion across the 
short-range barriers is a combination of external 
work ∆W and activation energy ∆G, that is, 
∆Wt=∆G+∆W. The superposition of UV can 
provide additional energy, resulting in the effective 
height of the short-range barriers being further 
reduced. Therefore, according to the nonlinear 
stress-dependent activation energy model proposed 
by KOCKS [18], the activation energy under the 
UV can be expressed as  

( )0 th th uthˆΔ Δ 1 / Δ
qpG G Wτ τ = − −            (5) 

 
where ∆G0(=g0μb, g0 is nominal activation energy) 
is the reference activation energy, μ is the shear 
modulus, p and q are the parameters characterizing 
the shape of the activation energy barrier (0<p≤1, 
1≤q≤2), 2

th 0 mˆ =Δ /( )G ρ bτ is the thermally 
activated stress at 0 K (i.e., mechanical threshold 
stress), and ∆Wuth represents the activation energy 
net-change caused by the UV. By making the proper 
substitutions in Eq. (4), the thermally activated 
stress under UV (τth) can be written as  

({ }1/1/
th th uth p 0ˆ 1 Δ ( ln( / ))/Δ

pq
W kT γ γ Gτ τ = − −    (6) 
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2.3 Non-thermally activated dislocation movement 
under ultrasonic energy field 

The non-thermally activated component of  
the flow stress assists the dislocation movement  
to cross the long-range barriers, which can be 
expressed as [15]  
τath=τ0+τsd=τ0+ksd−1/2                                    (7)  
where τ0 is the stress due to initial defects, τsd is the 
stress induced by the size effect, ks represents the 
Hall–Petch slope, and d is the mean grain diameter. 
The grain size stress τsd can be taken as a constant 
for a given material if no physical changes occur 
during plastic deformation. As described in the 
introduction, τsd in the UV cannot be taken as a 
constant. Unfortunately, the physical meaning of  
ks has not been clearly defined so far. However, 
research [7] showed that the physical meaning 
explained by the use of energy-based models is 
more applicable to the study of the mechanical 
response mechanisms in the UV. Therefore, ks is 
used to measure the energy required to eject 
dislocations from a grain boundary, and τsd can be 
expressed as  

4
sd e gb2Δ / ( )W ρ b dτ =                   (8) 

 
where ∆We represents the energy that ejects the 
dislocations from the grain boundary, and ρgb is the 
dislocation density in the grain boundary. Based  
on the linear elastic dislocation theory [19] and 
considering that UV can improve the probability of 
the dislocation crossing the long-range barrier, the 
dislocation-ejecting energy under the UV can be 
expressed as  

e uathΔ ΔW W= − +  

( )2 21 22
1 gb gi

/0.25 ln / / πb b ρ ρξ ξξ µ −        (9) 
 
where ∆Wuath represents the ejecting energy 
net-change caused by the UV in the driving 
dislocation motion crossing long-range barrier, ξ1 is 
material constant, ξ2 is a modified factor, which is 
introduced to neglect the effect of dislocation 
orientation and overall dislocation configuration   
in the grain boundary (ξ2=0.45 for grains over  
5 μm [20]), and ρgi is the dislocation density in 
grain interior. By making the proper substitutions  
in Eq. (7), the non-thermally activated stress under 
UV can be expressed as  

( )2 21 24
ath 0 1 gb gb

/
giτ ln / /b ρ b ρ ρξ ξτ ξ µ −= +  

 
4

uath gb(2π ) 2 / ( )d W ρ b d− ∆          (10) 
 

The reduction of flow stress in the UV is 
proportional to the ultrasonic energy density or 
intensity (or the square of the acoustic energy 
density) [15]. It is considered that different types of 
obstacles have different responses to the ultrasonic 
energy field, so the energy net-change can be 
expressed as  

( ) uth
uth uth a uvΔ nW β S I=                    (11) 

 
( ) uath

uath uath a uvΔ nW β S I=                   (12) 
 
where βuth, βuath, nuth, nuath are the constants 
associated with the barriers that impede dislocation 
movement, Sa is the sample cross-sectional area, 
and Iuv is the ultrasound energy intensity, which can 
be expressed as  

2 2
uv uv h mc1 uv10.5I α A ρ cω=                  (13) 

 
where αuv(=4ρmc1cuv1ρmc2cuv2(ρmc1cuv1+ρmc2cuv2)−2) is 
the ultrasound intensity transmissivity at different 
interfaces, Ah is the vibrating tool head amplitude, 
ω(=2πf ) is the ultrasound angular frequency,   
ρmci (i=1, 2) is the medium density, uv mc=( / )i ic E ρ  
(i= 1, 2) represents the acoustic velocity, and 𝐸𝐸 is 
the elasticity modulus [21]. 

In addition, the softening effect is also 
associated with the ultrasonic frequency loading/ 
unloading circulations (i.e., stress superposition 
mechanism). As the UV is applied to the material,  
a periodic loading/unloading of the material is 
performed tens of thousands of times per second, 
generating strain fluctuations that lead to a 
reduction in the average stress. The stress reduction 
generated by the stress superimposition can be 
expressed as [22] 
 

( ) su
su su a uvΔ nS Iτ ξ=                       (14) 

 
where ξsu and nsu are parameters related to the 
ultrasound energy field. Equations (3), (6), (10) and 
(14) describe the softening effect of the UV using 
dislocation kinematics and stress superposition 
mechanisms. 
 
2.4 Substructure evolution under ultrasonic 

energy field 
The dynamical behavior of metals in the   

UV is closely related to the dislocation evolution 
during deformation. However, as described in the 
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introduction, the UV also has a significant effect on 
grain boundary migration and grain size, and similar 
phenomena were also found in the microscopic 
characterization experiments in this study. It has 
been shown that grain size and shape have a 
significant effect on the properties of a material [23]. 
Therefore, it is necessary to consider the grain 
evolution behavior, which has been neglected in 
most of the ultrasonic energy field modelling in 
order to accurately and unambiguously describe the 
microstructural evolution behavior in the UV. 
2.4.1 Dislocation density 

The normalized dislocation density law  
(NDD) [24] in the cold forming formation can be 
expressed as  

0
0 0| | | |p pα γ α γρςρ ρ= −

                    (15) 
 
where ρ =(ρtot−ρi)/ρs, ρtot is the mean dislocation 
density, ρi is the initial dislocation density (annealed 
state), and ρs is the saturated dislocation density. It 
should be noted that the assumption that the total 
dislocation density and mobile dislocation density 
are approximately equal is adopted (i.e., ρtot≈ρm) in 
this study due to the fact that the mobile dislocation 
density is not easily identified directly. Actually, the 
assumption has been used in the models of Haasen 
and Gao, respectively [15,25]. The term on the 
right-hand side of Eq. (15) represents dislocation 
storage and dynamic recovery, respectively, α0(∝
(M/bL)) is regarded as a constant, and L is the 
average glide distance between successive obstacles 
on the slip planes. 0ρς  is material constant. The 
influence of the UV on dislocation density is 
normalized by introducing a new term, ( )f ρ , to 
circumvent the difficulty of determining the exact 
effect of the UV independently, that is 
 

0
0 ( )1 ( )pα γ fρςρ ρ ρ= − +

               (16) 
 

The last term on the right-hand side of Eq. (16) 
represents the effect of UV. Metals with the same 
FCC crystal structure exhibit different mechanical 
phenomena in the UV. For example, aluminum 
alloys (high stacking fault energy) and copper 
(medium stacking fault energy) exhibit residual 
hardening and softening, respectively [10,15]. It is 
well known that the stacking fault energy is the 
primary factor affecting the dislocation slip pattern. 
Therefore, different residual phenomena described 
above can be attributed to the different effects of  
the UV on the dislocation slip modes in materials 

with different stacking fault energies. Then, the UV 
effect can be expressed as  

1
1 |( |) pf α γρς

ρρ η ρ=±                   (17) 
 
where sign “+” (“−”) represents the additional 
multiplication (annihilation) induced by the UV, α1 
and 

1ρ
ς  are the material constants, and ηρ reflects 

the UV dependence of the dislocation evolution at a 
given plastic strain. A typical logistic function is 
appropriate to describe the UV induced dislocation 
evolution behavior considering the saturation 
behavior of the residual effect [2]. Hence, ηρ can be 
expressed as  

0 S 0 S 0
uv/[ ( ) exp( ) ]ρ ρ ρ ρ ρ ρ ρ tη η η η η η Θ= + − −   (18) 

 
where 0

ρη  and S
ρη  are the initial and the 

saturation value of ηρ, respectively, the parameter 
Θρ(=γρIuv) represents the growth rate, which is 
related to ultrasound energy intensity, and tuv is the 
UV duration. 
2.4.2 Grain size 

There are similarities between thermal 
deformation and UV assisted deformation on the 
microstructure evolution [26]. The evolutionary law 
of the average grain size in thermal deformation can 
generally be expressed as [27]  

d1 d2 d3 d4
1 2 3+d β d β γ d β S dς ς ς ς− −= − 



          
(19) 

 
where β1, ςd1, β2, ςd2, β3, ςd3, ςd4 are material 
constants, S  is the evolution of recrystallized 
volume fraction. The first two terms represent static 
and dynamic grain growth, respectively, and the last 
term describes the grain refinement caused by the 
recrystallization. The evolution of recrystallized 
volume fraction can be expressed as  

( ) ( ) S
cS 1 1 nS x S Sξ ρ ρ=  − −  − 





             (20) 
 
where Sξ   and Sn



 are material constants, x is the 
incubation factor for the start of recrystallization, 
which can be expressed as  

( )1xx β x ρ= −                           (21) 
 
where βx is a materiel constant, and cρ  is the 
critical value of the normalized dislocation density. 
Recrystallization is closely related to the dislocation 
density, and the deformed material may begin to 
crystallize under the excitation of UV when the 
dislocation density increases to a fairly high level. 
The UV effect on the recrystallization can then be 
introduced by changing the dislocation density. 
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Therefore, the behavior of grain evolution in the 
UV consists of dynamic grain growth, grain 
refinement due to recrystallization, and dynamic 
grain growth induced by the ultrasonic energy field, 
which can be expressed as 

d2 d3 d4 d5
2 3 4 d| | | |+d β γ d β S d β γ dς ς ς ςη−= − 

 

    
 (22) 

 
where the last term of Eq. (22) represents the 
dynamic grain growth induced by the UV, β4 and  
ςd5 are material constants, and ηd represents the 
dependence of grain growth on ultrasonic energy 
field, which can also be expressed as 
 

( )0 S 0 S 0
d d d d d d d uv/ ( ) exp( )η η η η η η Θ t= + − −

  
  (23) 

 
where Θd=γdIuv. Recrystallization, in turn, can affect 
dislocation segments. It is generally considered that 
there are no dislocations when a new grain is 
nucleated, that is, recrystallization reduces the 
dislocation density [27]. Then, the dislocation 
density evolution in the UV needs to be modified as 
follows:  

( ) ( )0 1
0 1 21 | | | | / 1p pρ α γ α ρ γ α ρS Sρ ρς ς

ρρ η= − ± − −

 

  

 (24) 
where α2 is material constant. The above equations 
provide a theoretical framework for residual effects 
in the UV based on the evolution theory of 
dislocation density and grain size. 
 
2.5 Formulation of unified acoustic plastic 

constitutive model 
The unified acoustic plastic constitutive model 

is developed to model the motion of dislocations 
across short- and long-range barriers, the evolution  

 of dislocation density and grain size in the UV    
of FCC metals, and to reasonably account for the 
effects of these evolutions on the plastic flow 
behavior and its internal relations. The unified 
acoustic plastic constitutive equations are listed in 
Eq. (25): 
 

{ }
2 2

su

0 1

ath th su

4
ath 0 uath gb

1 0.54
1 gb gb gi

1/1/
th th uth p 0

s

/2

u su a uv

0 1 2

2

τ 2 / ( )

         ln( )/(2π )

ˆ 1 (Δ ln( / )

(

) / Δ

1

)

( )

| |

/(1 )

pq

n

p p

W ρ b d

b ρ b ρ ρ d

W kT γ γ G

S I

ρ α γ γ α S S

d β γ d

ρ ρ

ξ ξ

ς ς
ρ

ς

τ τ τ τ

τ

ξ µ

τ τ

τ ξ

ρ α η ρ ρ

− −

−

= + − ∆

= − ∆ +

 = − − 

∆ =

= − ± − −

=

 




 





d 2 d3 d 4 d5
3 4 d | |β S d β γ dς ς ςη














 − +





 

(25)  
 
3 Experimental 
 
3.1 UV assisted compression experiment 

The experimental setup for the UV compression 
is demonstrated in Fig. 1. The UV assisted 
compression testing system was designed based on 
a WDW 100 kN universal testing machine (UTM). 
The UTM controls the compression motion, and  
an ultrasonic vibrator generates the ultrasonic 
frequency oscillation applied to the specimen. The 
ultrasonic vibrator includes a CS−2000E−QC series 
ultrasonic generator with a maximum power of 
3000 W, a piezoceramic transducer with a frequency 
of 20 kHz, and a horn and a tool head, which are 

 

 
Fig. 1 Equipment of UV assisted compression experimental: (a) WDW 100 kN universal testing; (b) Experimental 
principle schematic diagram; (c) Compression specimen 
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fixed by the framework. Ultrasonic oscillation is 
generated by the ultrasonic generator through the 
transducer and then the horn, and finally 
transmitted to the sample by the tool head. The 
output power of the ultrasonic generator can be 
changed using the knob in the control panel to 
apply ultrasonic pulses with different intensities and 
time to the compression specimens. The amplitudes 
of the ultrasonic vibrator under different output 
powers were measured by a digital laser vibrometer. 
The internal acoustic intensity of the specimen in 
the UV is difficult to directly measure. Therefore, 
the internal acoustic intensity is evaluated based on 
Eq. (13) by measuring the amplitude at the tool 
head end (where αuv was calculated as 0.9872 based 
on material properties). The calculation results are 
given in Table 1. 

The compression test was carried out with 
OFHC copper. The sample size is 5 mm in diameter 
and 4 mm in length. The compression speed was  
set to be 1 mm/min in all tests. All the specimens 
were preloaded to 10 N before the start of the 
compression test, and each experiment protocol was 
 
Table 1 Acoustic intensity under different output powers 

Output 
power/W 

Frequency/ 
kHz 

Amplitude/ 
μm 

Acoustic intensity/ 
(W∙mm−2) 

0 0 0 0 

600 19.69 2.93 2.22 

1200 19.69 3.6 3.36 

1800 19.69 4.29 4.77 

2400 19.69 4.95 6.35 

3000 19.69 5.65 8.27 

repeated at least three times to ensure the reliability 
of the experimental results. Compressed specimens 
with and without UV are shown in Fig. 1(c). 
 
3.2 Microstructure observation 

Microstructure examination of the specimens 
undergoing the UV compression are conducted 
using metallographic microscopy and XRD to 
investigate the intrinsic mechanism of the softening 
effect. Optical images were taken with an Axio 
Scope A1. A standard polishing procedure was 
followed to prepare the sample for microstructural 
analysis. Each sample was ground to 2000 grid with 
SiC paper, then mechanically polished with 1 and 
0.5 μm diamond pastes, and finally chemically 
etched with a solution of 5 g FeCl3, 15 mL HCl, and 
85 mL of distilled water. 

XRD measurements were conducted with a 
D/MAX 2500 HB+/PC diffractometer using a Cu 
target operating voltage of 40 kV with a wavelength 
λ of 0.15406 Å. The scanning range 2θ was set 
from 40° to 100° in steps of 0.02° using a stepped 
scanning mode. Si powder was used as the standard 
to obtain the instrumental profile function. XRD 
was used to characterize the average dislocation 
density within the specimen, which requires a 
higher surface quality of the sample. Therefore,  
the standard polishing procedure was also used  
for XRD sample preparation. 
 
3.3 Results 

The several typical true stress−strain curves of 
OFHC copper in UV assisted compression tests  
are shown in Fig. 2. Following the application of 
the UV, the stress−strain curves in the elastic stage 

 

 

Fig. 2 True stress–strain curves of OFHC copper in UV-assisted compression tests 
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approximately coincide, while a significant softening 
phenomenon (i.e., softening effect) can be observed 
in the plastic stage, and with the increase of 
acoustic intensity, the degree of softening increases 
significantly. The softening phenomenon occurs 
instantly when UV (I5=4.77 W/mm2, and tuv=25 s) 
is applied during the stable plastic deformation. The 
instant softening phenomenon disappears following 
the cessation of UV application, and a remarkable 
residual softening (i.e., acoustic residual effect)   
is observed. The degree of residual softening 
increases with increasing acoustic intensity and 
duration. It is shown that the softening effect is a 
temporary behavior caused by the UV, whereas the 
residual effect is a permanent behavior caused by 
the additional evolution of the UV-induced micro- 
structure. 

The mean dislocation density can be evaluated 
by the modified Williamson−Hall plot [28,29] 
based on full width at half maximum (FWHM) or 
integral breadth. Within the kinematical theory of 
XRD, if the diffraction profile does not undergo the 
Fourier transform, then the integral width can be 
expressed as  

2
k d totΔ / 0.5π ( )K α d Kb CM O K Cρ= + +

    
(26) 

 
where ∆K=2cos θ∆θ/λ, αk=1 for integral width (αk= 
0.9 for FWHM), K=2sin θ/λ, ∆2θ is the integral 
width, Md(=2.8) is the dislocation arrangement 
parameter [29], and O stands for higher-order term 
in 1/2KC , which is considered to be negligible. 
The Fourier analysis method [30] is used to subtract 
the effect of instrumentation on the peak breadth of 
the spectral lines. The FWHMs of the {111}, {200}, 
{220}, and {311} peaks of the OFHC copper 
samples under different UV conditions are plotted 
in Fig. 3(a). The evaluated results are shown in 
Fig. 3(b). The mean dislocation density decreases 
from 2.72×1014 m−2 under conventional deformation 
to 1.67×1014 m−2 after the superimposition of UV 
(I4=8.27 W/mm2, and tuv=114 s). It is indicated that 
the residual softening behavior of OFHC copper is 
related to the decrease of dislocation density. In 
addition, the amplitude of the decrease of the mean 
dislocation density with increasing ultrasound 
energy decreases from 0.46 for I3 to 0.27 for I4, 
indicating to some extent a saturation effect of the 
UV effect on the microstructure. 

The optical images of the OFHC copper 
without UV and with UV are shown in Fig. 4. 

Distinguishing differences in the mean grain 
diameter can be clearly identified between the 
images. The mean grain size was estimated using 
the orthogonal intercept method according to 
ASTM E112. Results show that the mean grain 
sizes of OFHC copper are 10.1 µm after the 
deformation with UV and 7.8 µm without UV. In 
comparison, the mean grain size increases in UV, 
although the samples undergo the same deformation. 
ZHANG et al [31] found that the grain structure of 
copper was significantly coarsened during the high- 
temperature compression. It is further suggested 
that the evolutionary behavior of the grain structure 
of copper is similar under ultrasonic and thermal 
fields. 
 

 
Fig. 3 Modified Williamson–Hall plot (a) and mean 
dislocation density (b) 
 

In combination with the above experimental 
phenomena, the results indicate that the residual 
softening effect is caused by the combination of the 
additional evolution of grain size and dislocation 
density induced by the UV, which provides some 
support for coupling the evolution of dislocation 
density and grain size to describe the residual 
softening effect of the UV. 
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Fig. 4 Optical images of samples: (a) Deformed without 
UV; (b) Deformed with ultrasonic energy intensity of 
4.77 W/mm2 and duration of 114 s 
 
4 Parameter determination and application 

of model 
 
4.1 Parameter determination 

In this section, the material parameters of the 
UV constitutive model for OFHC copper are 
determined. The parameters used in the unified 
constitutive model can be divided into three 
categories. 

First, some of the parameters in the model, 
which are not related to the vibrations, are obtained 
from the literature and are given in Table 2. Since it 
is difficult to independently estimate the dislocation 
density in the grain boundary or grain involved in 
the dislocation emission energy, the approximate 
assumption is adopted in this study that the 
saturated dislocation density is regarded as the 
value of the dislocation density in the grain 
boundary while the dislocation density in the grain 
is determined by the initial dislocation density of 
the fully annealed microstructure [7]. 

Second, the parameters involved in the 
vibrations can be obtained from the results of the 
curve-fitting between the model and experiment. 
WANG et al [22] pointed out that the contribution 
of stress superimposition to stress reduction is 
approximately 0.2 compared with the acoustic 
softening. Additionally, the non-thermally activated 
contribution to flow stress can be estimated by the 
x-intercept on the Haasen plot. The results of 
KASCHNER and GIBELING [36] indicated that 
the contribution of the non-thermally activated 
stresses to flow stresses is approximately 0.5 
through low cycle fatigue test with copper. Then,  
by combining the values in Table 2 with the 
experimental data, the dependence of the stress 
reduction due to the softening effect on the 
ultrasound intensity can be calculated using the 
equations in our model. The results are shown in 
 
Table 2 Parameters not involving ultrasonic energy field 
for OFHC copper 

Parameter Value Reference 

∆G0/J 2.82×10−19 [32] 

K/(J∙K−1) 1.38×10−23 [15] 

μ/GPa 49.80 [33] 

b/m 2.56×10−10 [34] 

ρmc1/(kg∙m−3) 8960 [33] 

pε /s−1 1.76×108 [15] 

τ0/MPa 16.99 [15] 

ξ2 0.45 [20] 

ρgb/m−2 6.10×1015 [35] 

ρgi/m−2 5.00×1012 [35] 
 

 

Fig. 5 Dependence of stress reduction due to softening 
effect on acoustic intensity 
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Fig. 5. The net energy change due to the UV is 
relatively consistent with the exponential function. 
As given in Table 3, the parameters associated  
with the softening effect are obtained from the 
model-based curve fitting. 

In this study, the UV impact factor is defined 
as ηρ=ρu/ρw (ηd=du/dw, where the subscripts “u” and 
“w” represent UV and without UV, respectively) in 
the same deformation. The impact factors are output 
for different acoustic intensities and vibrational 
duration, as shown in Fig. 6. The additional 
evolution behavior of the UV-induced mean the 
 
Table 3 Parameters involving ultrasonic energy field for 
OFHC copper 

Parameter Value Parameter Value 

βuth 5.2012×10−21 ηρ0 0.0154 

nuth 0.5540 ηρS 0.4246 

βuath 4.0466×10−11 rρ 1.0064×10−8 

nuath 0.5350 ηd
0 1.0359 

ξsu 0.3833 ηd
S 2.0282 

nsu 0.5351 rd 4.1331×10−10 

 

 
Fig. 6 Dependence of impact factors on acoustic 
intensity and duration: (a) ηd; (b) ηρ 

dislocation density and grain size is in relatively 
good agreement with the logistic function curve. 
Therefore, the parameters related to the acoustic 
residual effect are obtained by fitting the nonlinear 
curves and comparing them with Eqs. (18) and (23). 
Table 3 gives the values of the parameters. 

Finally, since the unified constitutive model 
represented in Eq. (25) is a group of highly coupled 
nonlinear differential equations, the remaining 
material constants can be resolved through an 
optimization strategy. The genetic algorithm-based 
objective optimization (GAO) can obtain the 
overall optimum parameters and has been widely 
employed in various engineering optimization 
domains [37]. In this study, this optimization 
process is implemented by developing a MATLAB 
program, and the optimal parameters are obtained 
by comparison with experimental data. The 
optimization details can be found in the techniques 
specified by LIN and YANG [38]. The optimization 
results are given in Table 4. 
 
Table 4 Final optimized results of material constants for 
OFHC copper 

Parameter Value Parameter Value 

p 0.8854 0ρς  0.0437 

q 1.1021 α2 1.5543 

β2 4.6714×10−4 α1 10.5037 

ςd2 0.0113 1ρς  1.6204 

β3 0.0655 Sξ   3.5508×10−2 

ςd3 0.1855 β4 0.6737 

ςd4 0.7839 �̅�𝜌𝑐𝑐 0.2644 

ςd5 0.7729 Sn


 0.6556 

α0 0.6153 ξ1 0.7672 

βx 8.7586×10−4   

 
4.2 Application of model 

The plastic flow behaviors under different 
deformation conditions are predicted using the 
optimal parameters. The flow stress predicted by 
the model is compared with the experimental data, 
as shown in Fig. 7. It is shown that the model 
effectively captures the softening and residual 
softening behavior of OFHC copper at different 
sound intensities. However, it is worth noting that 
there are nearly linear ramp segments in the flow 
stress after the UV stops, which is the elastic 
recovery process after the deformed system has lost  
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Fig. 7 True stress–strain curves for OFCH copper from experiments and modelling 

 
the ultrasound energy. This model only considers 
the plastic flow phase of the material and therefore 
cannot predict the elastic recovery process. 

In order to reflect the prediction capability   
of the model more intuitively, the statistical 
parameters [39] including the root mean squared 
error (RMSE) and correlation coefficient (R), are 
used to quantitatively analyze the flow stresses. 
These parameters are given in Eqs. (27) and (28), 
respectively: 
 

( ) 2

1
RMSE /

N

i i
i

E C N
=
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       (28) 

 
where N represent the number of data, Ei and Ci are 
the experimental and calculated data, respectively, 
E  and C  represent the averages of the 
experimental and calculated data, respectively. The 
RMSE and R of predicted results (I4=8.27 W/mm2, 
and tuv=114 s; I5=4.77 W/mm2, and tuv=25 s) are 
2.55 MPa and 3.79 MPa, and 0.9988 and 0.9905 
respectively. The calculated results show that the 
predicted flow stresses are in good agreement with 
the experimental ones. The deviation may be due to 
the model ignoring the influence of inhomogeneous 
dislocation distribution and grain shape on the flow 
stresses. In addition, the residual softening behavior 
of OFHC copper is overestimated by the model 
(Fig. 7(b)). This condition may be caused by the 

assumption that all dislocations are mobile 
dislocations, which is inconsistent with the actual 
deformation. As pointed out by FAN et al [40], the 
relationship between strain rate and the collective 
dynamics within dislocations still has many 
fundamental problems that have not been properly 
answered and still need to be systematically 
investigated. In addition, in the future work, the 
model will also be applied to aluminum alloy and 
stainless-steel materials to assess the feasibility of 
the developed constitutive model to FCC metals. 
 
5 Discussion 
 

The UV softening behavior is caused by the 
periodic loading/unloading of the specimens caused 
by mechanical vibration at ultrasonic frequency, 
which results in a decrease in the average load. 
However, the stress superposition mechanisms do 
not alter the plastic deformation, which makes it 
impossible to explain the additional evolution of  
the dislocation density and the grain size of copper 
induced by the UV in the same strain conditions. It 
was also proven by DAUD et al [41] considering 
elastic relaxation. 

Microscopically, the plastic deformation can 
be understood as the movement and interaction of 
dislocations under the rate control mechanisms [15]. 
As the amplitude of the UV is on the order of 
microns, this periodic loading/unloading is an 
elastic deformation of the material. Compared to 
conventional metal forming, the UV can achieve the 
same deformation with less load. The total energy 
required for the specimen to reach the same 
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deformation is not changed according to the law of 
conservation of energy, and it is only transformed 
into another form. Based on the energy minimum 
principle, the superposition of the UV changes the 
bonding forces among atoms and allows atoms to 
be in a low-energy state. Therefore, regarding   
the crystal plasticity model of Eqs. (5) and (9), 
another reason of the softening behavior is that  
the superposition of the UV reduces the potential 
barriers that hinder the dislocation movement, 
which makes it easier for dislocations to move. The 
superimposition of UV increases the capacity for 
dislocation motion, which then induces different 
degrees of additional evolution of the internal 
structure as the sample is exposed to the acoustic 
field for extended periods of time. So, after the 
superimposition of UV ceases, the acoustic residual 
phenomenon of the material occurs. 

However, as the model shows, the acoustic 
residual phenomenon cannot be described simply 
by modelling the evolution of a single factor 
(dislocation density). From the experimental results 
of this study and previous studies, it is found that 
FCC metals with different stacking fault energies 
exhibit different results in microstructural evolution 
during UV assisted forming, which results in 
different residual phenomena. Therefore, the 
different acoustic residual phenomena are related to 
the patterns of dislocation motion, recrystallization, 
and grain growth with different stacking fault 
energies. For copper with medium stacking fault 
energy, the movement of the dislocation splitting 
into two partial dislocations during deformation is 
favorable. Recrystallization behavior occurs when 
the dislocation density of the sample increases to a 
certain critical value during UV assisted forming 
and the local density difference is high enough. The 
grains are relatively fine and the internal dislocation 
density is also relatively small when the 
recrystallization is just completed. Besides, the 
other reason for the decrease in dislocation density 
can be the ultrasound-induced increase in 
dislocation mobility, leading to an increase in the 
probability of opposite dislocation encounters and 
annihilation [42]. 

With the extension of UV application time, 
some grains exhibit sudden growth behavior, while 
other grains remain small and finally are swallowed 

by the large grains, resulting in a relatively large 
mean grain size in the sample. The grain boundary 
mobility depends on the orientation relationship 
between the growing grain and the surrounding 
matrix [43] and the migration speed of grain 
boundaries increases with the increase of 
orientation difference. Hence, the UV can change 
the misorientation in the local area near the grain 
boundary, increasing the rate of grain boundary 
migration, and inducing preferential grain growth, 
which results in the rapid growth of some    
grains. DESHPANDE et al [26] used EBSD    
and transmission electron microscope (TEM) to 
investigate the microstructure evolution of copper 
during UV assisted compression and found that  
the UV increased the local misorientation near the 
grain boundaries and induced the recrystallisation 
behavior of copper. KANG et al [10] indicated by 
using EBSD analysis of the plastic behavior of 
copper in ultrasound-assisted tensile tests that UV 
promoted the meritocratic orientation of the grains. 
The above research results and the decreasing trend 
of the average dislocation density (shown in Fig. 3) 
estimated by using XRD in this study could provide 
evidence for it to a great extent. Therefore, after the 
cessation of UV, a residual softening behavior of 
copper occurred on the macroscopic stress−strain 
curve. 

However, the exact physics between the UV 
and these effects is still unclear and needs further 
investigation in the future work. In this study, the 
effect of UV on microstructure is included in the 
phenomenological formulation (Eqs. (22) and (24)). 
The density and type of dislocations, the size and 
shape of grains, and the spatial distribution are not 
considered cooperatively, resulting in the existence 
of some empirical parameters in the model,   
which is also the direction of optimization and 
development of the model in the future. In general, 
the model provides new modelling mechanisms for 
describing the plastic flow behavior of FCC metal 
in the UV. 
 
6 Conclusions 
 

(1) The correlation among the ultrasonic 
energy field, dislocation density evolution and grain 
evolution are established by considering dislocation 
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movement and accumulation, grain growth and 
dynamic recrystallisation under UV. 

(2) The acoustic softening effect is caused by 
ultrasound energy fields altering the atomic bonding 
forces, which results in a reduction in the potential 
barrier to dislocation movement. 

(3) Stacking fault energy, dislocation density 
and grain size are critical factors in determining 
different acoustic residual effects. 

(4) The predictions of the model for the flow 
stress are in good agreement with the experimental 
data, with a maximum root mean square error of 
3.79 MPa, which provides a satisfactory description 
of the softening behavior and residual behavior of 
OFHC copper under UV. 
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摘  要：建立统一本构模型，预测面心立方金属(FCC)超声振动(UV)辅助成形塑性流动行为。该模型基于超声能

场下的位错动力学并结合应力叠加机制描述 UV 软化行为。考虑位错密度、晶粒尺寸和超声能场的相互作用，以

位错密度和晶粒尺寸作为内部状态变量建立模型，预测 UV 辅助成形的残余行为。开展无氧高导热(OFHC)铜 UV

辅助压缩试验来验证该模型的预测能力。结果表明，OFHC 铜在 UV 下表现出明显的软化行为和残留软化行为，

模型预测与实验结果吻合较好，有效反映铜的软化效应和残余效应。 
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