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Abstract: Simple two-parameter models were proposed for correlating grain size to process conditions and phase 
diagram variables. However, these models have not been fully examined using data obtained from well controlled 
experiments. This work intended to clarify these models with selected experimental data obtained in dilute hypoeutectic 
alloys. Criteria for data selected were proposed. The selected experimental data were fitted by these models to examine 
curve fitting quality and the applicability. Models that fit experimental data better were identified. Mechanisms by 
which grain size is reduced under the influence of a solute element were examined based on the data analysis. Results 
suggest that there is a clear dependence of grain size on the solidification interval of an alloy, which can be expressed as 
the P variable. Such a clear dependence of grain size on solidification interval indicates that mechanisms that are 
associated with dendrite fragmentation are the dominant operating mechanisms governing grain refinement by solute 
element in ingots and castings where convection in the molten alloy exists during its mold filling and solidification. 
Key words: solidification microstructure; grain refinement; solute element; mathematical model; phase diagram 
variables; grain size; hydroeutectic alloy 
                                                                                                             

 
 
1 Introduction 
 

Grain refining, i.e. reducing grain size, is 
beneficial to maximizing ingot casting rates [1], 
increasing resistance of an alloy to hot tearing [2,3], 
altering fluidity of an alloy during casting [4], and 
decreasing porosity formation in castings [5]. 

It is well known that two factors make major 
contributions to the refinement of the dendritic 
grains of as-cast metals and alloys: (1) suitable 
insoluble nucleant particles in the melt that nucleate 
dendritic grains [6], and (2) solutes that redistribute 
near the solid−liquid interface to alter the growth 
conditions of dendrites [7,8]. There is an interplay 

between these two factors. Nucleation has to occur 
at certain undercooling below the liquidus which is 
a function of solute content of the alloy. Solute- 
induced undercooling is essential to the growth, 
fragmentation, and survival of a grain. As a result, 
nucleant particles are capable of producing much 
smaller grains in an alloy containing solutes than 
those in a pure metal [9,10]. 

Simple two-parameter models have been 
proposed to correlate grain size d, with phase diagram 
variables under given casting conditions [11,12].  
A widely used two-parameter model is in the form 
of [8]  
d=a+b/Q                                (1)  
where a and b are two parameters which are 
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affected by factors including the addition of grain 
refiners and the cooling conditions of the 
solidifying alloy [13], and Q is defined as [7]  
Q=mC0(k−1)                             (2) 
 
where C0 is the bulk concentration of a binary alloy, 
m is the liquidus slope at C0, k is the equilibrium 
partition coefficient, and Q is a phase diagram 
variable as it consists of phase diagram data, C0, m 
and k. Q is also termed as growth restriction 
parameter [14,15] following an assumption made 
by MAXWELL and HELLAWELL [7] that the 
growth rate of a dendrite decreases with increasing 
Q. Many investigations were performed to establish 
the influence of casting conditions on a and b in 
Eq. (1). The model is probably supported by 
experiments performed in a thin slice of specimen 
solidified horizontally where convection in the melt 
is suppressed [16]. Main results are summarized in 
Ref. [17]. 

There are a few issues with Eq. (1). 
First, the validity of Eq. (1) is not supported by 

experiments when C0 and the resultant Q approach 
zero because the grain size has not been found    
to approach infinity. EASTON and STJOHN [8] 
reported that super-high-purity aluminum (99.995%) 
had similar grain size to 99.97% pure aluminum 
metal. Using high-purity aluminum metal directly 
taken from a smelter, HAN et al [18] measured 
grain size formed in the metal poured into a small 
copper mold and found that the grain size was about 
1.6 mm. The grain size was reduced to about 
400 µm by adding 0.5% Al−Ti−B master alloy into 
aluminum. Further addition of mater alloy from  
0.5% to 1.5% into the melt did not result in further 
grain refinement. HAN et al [18] also demonstrated 
that the grain size was reduced from about 1.6 to 
400 µm by injecting high-intensity ultrasonic 
vibration into the melt during its solidification. It 
could be argued that the addition of grain refiners 
would inevitably introduce solute titanium into the 
melt so that C0 and the resultant Q would not be 
zero. However, the injection of ultrasonic vibration 
introduced no solutes into the melt so it had no 
effect on Q. Still, grain size was small regardless  
of Q approaching zero, indicating that Eq. (1) is  
not satisfactory in defining grain size when Q 
approaches zero. 

Second, Eq. (1) implies that d approaches a 
when Q approaches infinity. However, such a 

relationship is not supported by the experimental 
results. The monotonic decreasing relationship 
between d and 1/Q at C0<CSL breaks down when 
C0>CSL, where CSL is the solubility limit of the 
solute in the primary dendritic phase [11,12]. 
ABDEL-REIHIM et al [19] found, in Pb−Sb alloy, 
that the grain size decreased with increasing C0, 
reached a minimum at CSL, and increased with a 
further increase in C0, exhibiting a “U” shaped 
relationship. Such “U” shaped relationship was also 
found in Al−Si alloy [15] and Al−Cu alloy [20,21]. 
The issue with the “U” shaped curve can be 
resolved by using modified phase diagram variables 
or by plotting d vs ∆T, where ∆T is the 
solidification interval of an alloy at C0 [11,12,20]. 
Still, the slopes of the curve at both sides of CSL are 
different [11,12]. 

Third, the curve fitting quality of d vs 1/Q is 
not as good as that of d vs 1/P defined as [20,22,23]  

0 ( 1)mC kP
k
−

=
 

                         (3) 
 

Researchers who performed the controlled 
experiments on determining the relationship 
between grain size and phase diagram variables 
plotted their measured grain size against P 
[20,22,23]. The dependence of d on Q or P is 
associated with the dominant operative mechanisms 
of grain refining by a solute. The dominant 
mechanisms are still not fully understood and are 
still the focus of continued research [17]. 

To resolve the issues associated with Eq. (1), 
HAN [11,12] proposed the following two simple 
models:  
d=aexp(−bX)                            (4)  

1d
a bX

=
+

                              (5) 
 
where X is Q, P, or ∆T, and ∆T equals P when 
C0<CSL. In Eqs. (4) and (5), d is a function of a at 
X=0. X equals ∆T or a modified P to resolve the 
issues with the “U” shaped curve and the curve 
linearity when CSL<C0. These models were newly 
proposed and have not yet been fully analyzed. 
Initial evaluation of these models with experimental 
data was performed but the data were not entirely 
from hypoeutectic alloys. Data cleaning is required. 

To clarify the dominant mechanisms 
associated with the effects of a solute, the 
dependence of d on Q or P has to be critically 
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evaluated with experimental data from well- 
controlled experiments. 

The purpose of the present study was to 
analyze the unique properties of the newly proposed 
models and to examine the influence of various 
phase diagram variables on grain size. Criteria for 
the selection of experimental data for model 
evaluated were proposed. Experimental data from 
literature [20,22,23] were filtered using the 
proposed criteria. Data analysis was performed 
using carefully selected data in dilute hypoeutectic 
alloys. Results from data analysis were then used 
for examining the dominant operative mechanisms 
of grain refining by solutes in alloys. 
 
2 Methods 
 
2.1 Data selection criteria 

Experimental data on the influence of solute 
on grain size were taken from selected literature. 
Supplementary materials (SM) provides data used 
in this work. These data were selected from original 
data in Refs. [20,22,23] by using our criteria for 
data selection. 

The criteria for data selection included: (1) 
dilute hypoeutectic alloys (C0<CSL), (2) fixed 
pouring temperature at a given superheat so that the 
cooling rates of the ingots with various solute 
contents were identical, (3) identical population 
density of potent nucleant particles, (4) the alloy 
composition being the content of solute in the melt 
at the moment when dendrites start to form (this 
requirement would eliminate peritectic alloys where 
solute elements would form solid compounds prior 
to dendritic solidification since elements in the solid 
compounds cannot affect grain size as solutes), and 
(5) involving pouring a melt into a mold cavity so 
that a certain amount of convection existed in the 
melt prior to its solidification (this is a basic 
requirement for making a casting). 

Limited experimental results are available 
based on the selection criteria described above. The 
selected data provided by SPITTLE and SADLI [23] 
were chosen. Their work was performed at a fixed 
pouring temperature. Superheat could be considered 
constant because only dilute alloys were cast. Their 
experimental data on peritectic Al−Cr and Al−Zr 
alloys were not used due to Criterion 4. Their data 
on Al−Fe, Al−Mn and Al−Sn alloys were removed 
due to Criterion 1. 

Data by XU et al [20] in the composition range 
of C0<CSL were also selected. Their work was 
carried out using metals of high purity. Ingots  
were made under conditions where the melt was 
poured at a given superheat while the temperature 
difference between the pouring temperature and the 
mold temperature was fixed. Under such conditions, 
the cooling rates in ingots of various compositions 
were identical. 

Data by TARSHIS et al [22] in the 
composition range of C0<CSL were used. Their work 
was performed under extremely well controlled 
conditions where potent nucleant particles were 
totally removed by repeated remelting to achieve 
supercooling at which nucleation of the dendritic 
phase occurred spontaneously. Their data on the 
Ni−W system were removed based on Criteria 1 
and 4. As a result, their data on hypoeutectic alloys 
C0<CSL of were used in this study. 
 
2.2 Determining model parameters from 

measured grain size 
To determine the model parameters a and b 

from measured grain size data, Eqs. (4) and (5) 
have to be transformed into linear relationships in 
the forms of  
ln d=ln a−bX                            (6) 
1/d=a+bX                               (7)  

These linear relationships offer a simple   
way to test the applicability of these models to   
the measured grain size data and to calculate 
parameters, a and b, by linear regression. 
 
2.3 Determining model parameters from 

measured relative grain size 
Data by TARSHIS et al [22] were reported as 

relative grain size in an alloy to its pure base metal, 
making the data impossible to analyze using Eq. (1). 
However, their data can be processed using Eqs. (4) 
and (5). These equations have to be transformed so 
that the measured relative grain size could be used 
for determining model parameters. 

Let d0 be the grain size of the pure metal, i.e.,  
0 0Xd d

=
=                               (8) 

 
and b0 be the gradient of d at X=0 defined by  

0
0

d
d X

db
X =

=                              (9) 
 

a and b in Eqs. (4) and (5) can be obtained as 
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functions of d0 and b0 by using Eqs. (8) and (9), so 
that Eqs. (4) and (5) can be rewritten as  

0
0

0
exp( )

b
d d X

d
=                       (10) 

0

0 01 ( / )
dd

b d X
=

−                        
(11) 

 
Rearranging Eqs. (10) and (11) yields  

0

0 0
exp

bd X
d d

 
=  

 
                       (12) 

0 0 0

1
1 ( / )

d
d b d X

=
−

                     (13) 
 

Equations (12) and (13) become dimensionless. 
The left side of these equations, d/d0, is the relative 
grain size in respect to the grain size of pure metal. 
It is also the grain size normalized to that of the 
pure metal. Xb0/d0 is also dimensionless where b0/d0 
is the relative gradient of grain size with respect to 
a phase diagram variable X at C0=0 or X=0. b0/d0 
can also be used as a measure of the effectiveness 
of grain refinement of a pure metal by a phase 
diagram variable in given casting conditions. 
 
2.4 Calculating phase diagram variables 

Liquidus slope, m, and partition coefficient, k, 
of selected alloys are given in Table 1. 

Table 1 Phase diagram data of selected binary alloys [12] 
Alloy k m/(°C∙wt.%−1) 

Al−Cu 0.17 −3.43 

Al−Mg 0.51 −6.20 

Al−Si 0.11 −6.60 

Al−Zn 0.43 −1.65 

 
Q and P were calculated using Eqs. (2) and (3) 

and phase diagram data in Table 1 for the selected 
alloy systems listed in Table S1 of Supplementary 
Materials (SM). The solidification interval, ∆T, of 
each selected alloy was calculated using the latest 
aluminum database and PandaTM Software by 
CompuTherm. The calculated Q, P and ∆T are also 
given in SM. 
 
3 Results 
 

Table 2 summaries the curve fitting results 
using the two-parameter models and selected data 
from literature given in SM. The data selected from 
literature contain X=0, where X in the two- 
parameter models represents Q, P, or ∆T (all these 
three phase diagram variables are listed under each 
model) in Table 2. a, b and R2 in Table 2 are 
obtained by linear regression using Eqs. (1), (6), or  

 
Table 2 Curve fitting results 

Alloy Parameter 
d=aexp(−dX)  d=1/(a+bX)  d=a+b/X 

∆T Q P  ∆T Q P  ∆T Q P 

Wrought alloys  
(No grain  

refiners) [23] 

a 3.1×103 3.09×103 2.81×103  1.0×10−4 9.0×10−5 2.0×10−4  (1.23×103) (1.24×103) (1.38×103) 

b 2.1×10−2 1.15×10−2 1.61×10−2  2.0×10−5 1.0×10−4 2.0×10−5  (9.21×103) (1.76×103) (4.82×103) 

R2 0.72 0.65 0.70  0.60 0.58 0.64  0.0(0.60) 0.0(0.50) 0.0(0.53) 

Wrought alloys 
(with grain  

refiners) [23] 

a 3.29×102 3.02×102 2.84×102  3.4×10−3 4.0×10−4 1.0×10−3  (1.03×102) (1.20×102) (1.20×102) 

b 1.6×10−2 7.4×10−2 1.1×10−2  7.0×10−5 3.0×10−4 5.0×10−5  (1.51×103) (2.32×102) (8.74×102) 

R2 0.54 0.39 0.43  0.68 0.41 0.59  0.0(0.86) 0.0(0.63) 0.0(0.81) 

Casting  
alloys [20] 

a 2.13×103 1.67×103 1.91×103  3.0×10−4 6.0×10−4 4.0×10−4  (1.16×102) (4.05×102) (6.26×102) 

b 1.8×10−2 4.8×10−2 1.5×10−2  2.0×10−5 5.0×10−5 2.0×10−5  (9.36×103) (3.75×103) (7.61×103) 

R2 0.91 0.62 0.88  0.90 0.55 0.93  0.0(0.74) 0.0(0.93) 0.0(0.81) 

Ultra-clean 
Ni alloys [22] 

a   0.58    1.80     

b(=−b0/d0)   0.05    0.22     

R2   0.75    0.92     

Ultra-clean 
Al alloys [22] 

a   0.62    1.95     

b(=−b0/d0)   0.03    0.11     

R2   0.68    0.87     



Da-shan SUI, Qing-you HAN/Trans. Nonferrous Met. Soc. China 34(2024) 1721−1733 1725 

(7), where R2 is a statistical measure that represents 
the proportion of the variance for d by X in       
a regression model. The curve fitting quality 
increases with increasing R2. Data in brackets listed 
under Eq. (1) in Table 2 were obtained when the 
experimental data at X=0 were removed because the 
equation is not valid at X=0. The R2 values listed 
under Eq. (1) in Table 2 are zero because d at X=0 
using Eq. (1) is infinity, indicating that Eq. (1) 
should not be used for describing d vs X in    
dilute alloys, especially C0 approaches zero. One 
conclusion that can be made from the R2 in Table 2 
is that the values are significantly higher than those 
reported in Refs. [11,12] because the data selection 
criteria were used for data filtering. 

Different from Eq. (1), both Eqs. (4) and (5) 
can be used for curve fitting with experimental data 
at X=0. The R2 values of Eqs. (4) and (5) containing 
X=0 are much higher than that of Eq. (1) which has 
R2=0. Even with X=0 data removed using Eq. (1), 
the R2 values of Eqs. (4) and (5) containing X=0 are 
still comparable to, if not better than, that of Eq. (1) 
that excludes X approaching zero, indicating that 
Eqs. (4) and (5) are better than Eq. (1) in describing 
the dependence of grain size on phase diagram 
variables. 

Theoretically, P=∆T when 0≤C0≤CSL [11]. As 
a result, the curves of d vs P and d vs ∆T should 
overlap so that the data of a, b, and R2 listed under 
P and ∆T in Table 2 should be the same. This is 
obviously not the case. Most likely, it is because the 
liquidus slope and partition coefficient are not 
constant when the bulk composition, C0, is varied. 
P in Table 2 is calculated using Eq. (3) and 
constants listed in Table 1, implying that the 
liquidus and solidus are straight lines. ∆T in Table 2 
is calculated at a given C0 using thermodynamic 
database and software regardless of the shapes of 
the liquidus and solidus. The R2 values associated 
with the curves of d vs ∆T are slightly higher than 
those of d vs P, probably indicating that ∆T is more 
accurate than P. 

Comparing the R2 values for Eqs. (4) and (5) 
given in Table 2, one can make a conclusion that the 
curve fitting quality of d vs ∆T is better than that of 
d vs P, and d vs P is better than d vs Q. For a fair 
comparison of curve fitting quality, d vs P should 
be compared with d vs Q, since both phase diagram 
variables are calculated using constants k and m. 

3.1 Wrought alloys 
Figure 1 illustrates the curve fitting quality of 

Eq. (1) and experimental data reported by SPITTLE 
and SADLI [23]. The solid markers are the 
experimental data and the curves are calculated 
using Eq. (1) with the a and b values (listed under 
Q in Table 2) obtained in linear regression shown in 
Fig. 1(b). 
 

 
Fig. 1 Curve fitting results of Eq. (1) to experimental 
data in aluminum wrought alloys [23]: (a) Q ≥0.01 °C;  
(b) Q >0.5 °C 
 

Figure 1(a) shows that, when Q<0.5 °C, the 
curve deviates significantly from experimental data. 
The predicted d using Eq. (1) approaches infinity as 
Q approaches zero. Such a trend of the predicted 
curve is associated with an inherent issue of Eq. (1) 
and is the reason that Eq. (1) is inappropriate in 
describing the dependence of grain size on phase 
diagram variables in dilute alloys when Q is small. 

Figure 1(b) depicts the curve fitting quality  
for alloys when Q>0.5 °C. Equation (1) fits with 
experimental data reasonably well, except for alloys 
of high Q values. The curve fitting quality for the 
grain-refined alloys is better than that for the alloys 
that are not grain refined. 

A significant improvement in the quality of 
curve fitting is achieved when using Eq. (1) to fit 
data listed in SM as compared with that from the 
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entire dataset reported in Ref. [11]. The R2 values 
are 0.5 and 0.63 for alloys without adding grain 
refiners and with grain refiners, respectively. These 
values are significantly higher than those reported 
in Refs. [11,12] where these values are 0.079 and 
0.417, respectively. The difference in the quality of 
curve fitting using selected data and the original 
data can also be seen clearly by comparing Fig. 1(b) 
of this work and Fig. 8 of Ref. [11]. Obviously, the 
original data contain alloys with C0≥CSL or having 
peritectic reactions. The former causes the 
formation of the “U” shaped curves and the latter 
results in elements being consumed as intermetallic 
particles which affect the nucleation, but not the 
growth, of the aluminum dendritic phase. Data 
cleaning using the criteria described in Section 2.1 
is important in establishing the relationship between 
grain size and phase diagram variables that truly 
reflect the effect of solute on grain size in the 
composition range of C0≤CSL. 

Figure 2 illustrates the results using Eq. (4) to 
fit the experimental data in wrought aluminum 
alloys [23]. Generally speaking, Eq. (4) fits the 
experimental data better than Eq. (1) by comparing 
Figs. (1) and (2), especially for alloys without grain 
refiner. Note that data associated with Q<0.5 have 
been removed from Fig. 1(b) but retained in Fig. 2. 
 

 
Fig. 2 Curve fitting results of Eq. (4) to experimental 
data in aluminum wrought alloys [23]: (a) d vs P; (b) d 
vs Q 

Comparing Figs. 2(a) and (b), one can see that 
the curve fitting quality of the d vs P curves is 
slightly better than that of d vs Q. This is because 
the R2 associated with the d vs P curves is slightly 
greater than that associated with the d vs Q curves. 

Figure 3 depicts the curve fitting quality of 
Eq. (5) to experimental data obtained in wrought 
aluminum alloys [23]. Once again, the R2 associated 
with the d vs P curves is slightly greater than that 
associated with the d vs Q curves. The curve fitting 
qualities of the d vs P curves shown in Fig. 3(a) are 
better than those of the d vs Q curves shown in 
Fig. 3(b). 
 

 

Fig. 3 Curve fitting results of Eq. (5) to experimental 
data in aluminum wrought alloys [23]: (a) d vs P; (b) d 
vs Q 
 
3.2 Casting alloys 

Figure 4 represents curve fitting results of 
casting alloys [20] using Eqs. (4) and (5), where the 
black color represents results associated with Eq. (4) 
and red color with Eq. (5). The solid markers and 
dash lines illustrate data associated with d vs Q and 
the open markers and solid lines with d vs P.  
Results shown in Fig. 4 and Table 2 suggest that the 
curve fitting quality of d vs P is much better than 
that of d vs Q. Note that experiments on these 
casting alloys were controlled extremely well that 
the superheat and the temperature difference 
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between the pouring temperature and the mold 
temperature were kept constant. 
 

 
Fig. 4 Curve fitting results using Eq. (4) (black color) 
and Eq. (5) (red color) to fit experimental data in 
aluminum casting alloys (,  and dash lines are 
associated with Q; , Δ and solid lines are associated 
with P) 
 
3.3 Ultra-clean alloys 

One benefit of using Eqs. (4) and (5) is that the 
relative grain size in respect to the grain size of a 
pure base metal can be described in the forms of 
Eqs. (12) and (13). Such a relative grain size cannot 
be handled using Eq. (1) because d is infinity at 
Q=0. 

Figure 5 presents the relationship between 
relative grain size and P in catalytically clean alloys, 
where heterogeneous nucleus are inactive due to 
repeatedly remelting of an alloy before pouring. It 
can be seen clearly from Fig. 5 and data listed in 
Table 2 that the curve fitting quality and linearity of 
Eqs. (4) and (5) are reasonably good. The curves 
can be forced to pass d=d0 at P=0. However, the R2 
values of the curve associated with d=d0 at P=0 are 
smaller, indicating the existence of measurement 
errors on grain size, which are not given in the 
literature. 
 

 
Fig. 5 Curve fitting results using Eqs. (4) and (5) to fit 
experimental data  

 
4 Discussion 
 
4.1 Model comparison 

Results shown above suggest clearly that 
Eqs. (4) and (5) are capable of describing the effects 
of solute on grain refining in dilute alloys including 
pure base metals, where C0 or the resultant X 
approaches zero. The widely used two-parameter 
equation, i.e. Eq. (1), is not suitable for such metals 
and alloys because the equation has a mathematical 
singularity at X=0. As a result, Eq. (1) is not well 
defined near X=0 so the equation is lack of 
analyticity for dilute alloys when C0 approaches 
zero. 

In the composition range of 0≤C0≤CSL, Eqs. (4) 
and (5) were used. When 0<C0≤CSL, all three 
models, i.e. Eqs. (1), (4) and (5), describe the 
dependence of d vs X fairly well. d decreases 
monotonically with increasing X. Analysis results 
shown above indicate that the d vs ΔT curves fit 
with experimental data better than the d vs P curves 
and the d vs P curves are better than the d vs Q 
curves, especially if Eqs. (4) and (5) are used. 

When 0<C0≤CE, where CE is the eutectic 
composition of a hypoeutectic alloy, the d vs P or Q 
curves become “U” shaped while the d vs ΔT 
curves are still monotonic [11,12]. By removing 
data associated with C0>CSL from Refs. [25−27], 
one could obtain R2 much higher than that reported 
by HAN [11,12] who analyzed the same datasets 
previously, especially for the curves of the d vs P or 
Q. Such results suggest that Eqs. (1), (4) and (5) are 
good for describing d vs P or Q only in the   
region of C0≤CSL. The “U” shaped relationships  
are described in Refs. [11,12]. To describe the 
dependence of grain size on a phase diagram 
variable over the entire composition range of a 
hypoeutectic alloy, i.e. 0≤C0≤CE, Eqs. (4) and (5) 
with X=ΔT have to be used as reported by     
HAN [11,12]. 

The applicability of these two-parameters 
models with the best phase diagram variable has to 
be understood based on the physical meanings of 
phase diagram variables and mechanisms of grain 
refinement associated with each phase diagram 
variable. 

 
4.2 Physical meaning of phase diagram variables 

The physical meanings of P and Q were 
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discussed in literature extensively [21−23,25−27]. 
General consensus is that P is the constitutional 
supercooling parameter [20,22,23] and Q is the 
growth restriction parameter [8,14,15]. Such a 
consensus does not fully reflect the physical 
meanings of these two variables, which have to be 
understood from solute redistribution during 
solidification of an alloy. 

Figure 6 illustrates the composition profiles 
(green curves) and corresponding liquidus 
temperature profiles (red curves) in the solid and 
liquid when the solid grows with a planar interface 
at a constant rate R, under a constant temperature 
gradient G, assuming the temperature distribution 
TR, ahead of the freezing front is linear, and k and m 
are constant. The solid grows from the left side 
towards the right side of the sample shown in the 
middle of Fig. 6. The bulk composition of the 
sample is C0 and C0≤CSL. A corner of a phase 
diagram of a eutectic containing alloy is shown on 
the right side of the composition profiles. 

Analytical equations for the composition 
profiles were obtained by SMITH et al [24]. The 
composition of the first layer of solid forming from 
the liquid is kC0, and its corresponding liquidus 
temperature is TT and solidus temperature is TL. TL 
is also the liquidus of the alloy with a bulk 
concentration of C0. Since the composition 
difference between this first layer of solid and the 

bulk liquid is C0(k−1), the corresponding 
temperature difference is mC0(k−1) which is Q. 
Thus, the liquidus temperature of the first layer of 
solid can be read from the phase diagram and is TT, 
which is given by [28, 29] 
 
TT=TL+mC0(k−1)=TL+Q                  (14) 
 

The solidification interval of this first layer of 
solid is Q(=mC0(k−1)) as shown in Fig. 6. 

It is important to note that TT is higher than TL 
by Q, indicating that the first layer of solid is 
constitutionally superheated with respect to the bulk 
liquid alloy by Q. This first layer of solid is usually 
the solid embryo and is non-dendritic. Because its 
liquidus, TT, is higher than TL, the growth of the 
solid embryo is restricted [7], so Q is termed as the 
growth restriction parameter. 

Another important physical meaning of Q is 
related to TT that is not only the liquidus 
temperature of the solid embryo but also the 
melting-to-dissolution transition temperature of the 
embryo when it is placed above the liquidus 
temperature of an alloy [28,29]. HAN and 
HELLAWELL [28] observed that the melting-to- 
dissolution temperature of a solid crystal was  
higher than the liquidus TL of an alloy, and    
found that there are two rates associated with    
the disappearing of the solid crystal in the melt:  
the faster one was associated with melting and was  

 

 

Fig. 6 Schematic illustration of composition and temperature profiles and meanings of P and Q when solid growing at 
constant rate under constant temperature gradient 
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controlled by heat transfer between the melt and the 
solid, and the slower one was associated with the 
dissolution of the solid and was controlled by the 
mass transfer between the melt and the solid. The 
transition temperature between melting and 
dissolution was defined as TT. Solid embryos would 
be survival in a melt much longer if the melt 
temperature is within the temperature range of Q 
above TL of the alloy with bulk concentration C0. 
VIAN et al [29] found that grain size was much 
smaller when the melt was poured within Q above 
the liquidus temperature of the alloy. The survival 
time of embryos or dendritic fragments strongly 
affects the final grain size in solidified ingots. 

As the solid shown in Fig. 6 continues to grow, 
the composition of the newly formed solid layer 
increases quickly, reaches C0 where the growth 
enters steady-state growth conditions, and stays at 
C0 until the solid front enters the end zone on the 
right side of the sample [24]. Under the steady- 
state conditions, the composition and temperature 
profiles in the liquid ahead of the growing solid are 
shown in Fig. 6. Solute is enriched ahead of the 
freezing front due to solute partitioning. The 
maximum composition, CM, in the liquid occurs at 
the solid−liquid interface, where  
CM=C0/k                               (15) 
 
and the corresponding liquidus temperature, TI, at 
the solid−liquid interface is given by  
TI=TL−mC0(k−1)/k=TL−P                 (16) 
 

Figure 6 illustrates that P is the temperature 
depression at the solid−liquid interface caused by 
solute segregation. HAN [12] proved analytically 
that when C0≤CSL,  
P=∆T                                 (17)  

It is important to note that P is not the 
constitutional supercooling illustrated in Fig. 6 
although it has been termed as the constitutional 
supercooling parameter. 

When CE≥C0>CSL, Eq. (15) is not valid 
anymore because the peak concentration, CM, 
would be limited by the eutectic composition, CE, 
as shown in Fig. 6, meaning that eutectic phases 
would form when CM=CE. Since the eutectic front 
does not reject solute, CM would always equal CE 
and is smaller than C0/k when C0>CSL. The use of 
Eq. (15) would greatly over estimate CM and the 
resultant P as illustrated by XU et al [20]. In such a 

composition range, the composition difference, ΔC, 
between CM and C0 is  

M 0 0
0 E

1 1
/

C C C C
C C

 
∆ = − = − 

 
           (18) 

 
Let  
k*=C0/CE                                                (19)  

Substituting Eq. (19) into Eq. (18), one can 
write the interface temperature of the solid−liquid 
interface in alloys with CE≥C0>CSL as  
TI=TL−mC0(k*−1)/k*=TL−P*                        (20) 
 
where P* is given by  

*
0*

*

( 1)mC k
P

k

−
=                       (21) 

 
HAN [12] proved analytically that P* equals 

ΔT and is the temperature depression at the solid− 
liquid interface [11,12] in alloys with CE≥C0>CSL. 

The above analysis indicates that Q specifies 
the range of superheat (TT−TL) within which the 
solid embryos dissolve into the melt, and P or P* 
equals ΔT and is the temperature depression at the 
solid−liquid interface under steady-state growth 
conditions. Because Q is related to TT and kC0≤CSL, 
Q defined by Eq. (1) can be used for the entire 
composition range of a hypoeutectic alloy, i.e., 
0≤C0≤CE. Because C0/k has to be equal to or 
smaller than C0, P has to be defined by Eq. (3) 
when C0≤CSL and by Eq. (21) when CE≥C0>CSL to 
avoid being over-estimated. The overestimation of 
P in the composition range of CE≥C0>CSL is 
coincident with the right side of the “U” shaped 
relationship between d and Q or P. 
 
4.3 Nature of “U” shaped relationships between 

d and Q or P 
Since the growth restriction factor described 

by Q is valid in the composition range of 0≤C0≤CE, 
grain size should decrease monotonically with 
increasing Q over the entire composition range of a 
hypoeutectic alloy. This is certainly not the case as 
numerous works have demonstrated that d vs Q 
exhibits a “U” shaped relationship [11,12,15,19,20]. 

The “U” shaped relationship has also been 
found when plotting d against P in hypoeutectic 
alloys [11,12,20]. We found in this present work 
that the curve fitting qualities are improved 
comparing to that in Ref. [12] by removing data 
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with C0≥CSL from the same datasets. Furthermore, 
HAN [11,12] found that the d vs ΔT curves are 
monotonous over 0≤C0≤CE. The d vs P curves are 
also monotonous over 0≤C0≤CE if one uses P=P* 
when CE≥C0>CSL. These findings strongly suggest 
that the formation of the “U” shaped relationship is 
closely related to the over-estimation of P when   
k and m are assumed to be constant in the 
composition range of CE≥C0>CSL. It is evident  
that the mechanisms that are associated with P are 
the operating mechanisms governing the grain 
refinement of alloys when the melt is poured into a 
mold for making ingots and castings. 
 
4.4 Mechanisms of grain refinement by solute 

element 
Mechanisms that are associated with grain 

refining by a solute element have been well 
described. These mechanisms include constitutional 
supercooling, free chill crystal formation, dendrite 
arm remelting, grain separation from mold surface 
which is also related to dendrite arm remelting, and 
others such as crystal showering from the melt 
surface. 

The constitutional supercooling mechanism 
has been widely used for explaining the d vs Q 
relationship in the past two decades. The basic idea 
is that solute enriched ahead of the freezing front 
causes the formation of constitutional supercooling 
zone in which new grains can be formed when   
the constitution supercooling is greater than a 
critical nucleation undercooling. As a result, grain 
formation is controlled by a wave of nucleation 
events proceeding the solidification front. In given 
cooling and nucleation conditions, grain size 
decreases with increasing Q because the growth 
rates of the solid embryos decrease with increasing 
Q, allowing more new grains to form nearby an 
existing grain. The mechanism is supported by 
experiments carried out in thin horizontal slice 
specimens solidified directionally where convection 
in the melt is suppressed [16]. However, as pointed 
out by CHALMERS [30], such a mechanism should 
only be used under conditions where convection is 
minimized. Experimental data used in this study 
were from cast ingots of substantial size involving 
the step of pouring a molten metal into casting 
molds. Convection in these ingots was significant. 
Thus, the constitutional supercooling mechanism 
should not be used in explaining grain refining by a 

solute element. 
Mechanisms associated with the dendrite 

fragmentation and multiplication should be used for 
interpreting the relationship between grain size and 
phase diagram variables obtained in this study. 

Considering a growing dendrite, its tip grows 
like an embryo with the compositions similar to the 
first layer of solid shown in Fig. 6. The roots of its 
secondary dendrite arms would have composition 
similar to that near the solid−liquid interface under 
steady-state conditions shown in Fig. 6, where the 
temperature depression at the solid−liquid interface 
is ΔT which equals P when C0≤CSL or P* when 
C0>CSL. Such a temperature depression causes 
necking formation at the root of each secondary 
dendrite. The necks at the root of dendrite could  
be easily remelted or dissolved if local temperature 
fluctuation occurs. Coarsening due to Ostwald 
ripening could also cause the dissolution of a 
dendrite at its neck because the neck has a smaller 
radius than the neighboring part of the dendrite. The 
fragments that are separated from their mother 
dendrite could be brought to the bulk of the liquid 
by convection. 

There is a large body of literature supporting 
the mechanisms of dendrite fragmentation and 
multiplication including vertical solidification of 
thin slice specimens [25,31], gravity casting 
processes such as direct-chill casting [26,32], 
forced mold filling processes such as die    
casting [27], and solidification under forced flow 
using external stirring [33] or external fields [34]. 

X-ray radiography revealed the dendrite 
fragmentation and the floating of fragments ahead 
of freezing front in vertically solidifying thin-slice 
alloys due to density difference between the   
solid dendrite and the melt [25,31]. In thin-    
slice transparent materials solidified horizontally, 
fragments were observed being carried out of the 
mushy zone by bubbles [35]. 

The direct-chill casting process is probably the 
most quiescent metal casting process, where the 
maximum flow speed in the sump is only a few 
millimeters per second [36]. Floating grains have 
been extensively reported and described [26,32]. 
Their size can be as large as a few hundred 
micrometers [32] and they can be found as 
anywhere in an ingot. As much as over 68% of the 
grains in the center of a direct-chill cast ingot 
comprising floating grains [37]. 
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For other gravity casting processes including 
the processes where the data used in this study were 
obtained, the flow rate during the pouring of a hot 
melt is orders of magnitude greater than that during 
the direct-chill casting process. Consequently, 
fragmentation should be much severer. The 
circulation of fragments in the melt would 
practically eliminate the opportunity of nucleation 
of new grains. This is because the fragments are 
much larger than newly formed solid embryos. 
These small embryos, if they can be nucleated, 
would dissolve quickly when large solid fragments 
approach them due to Ostwald coarsening. 

It is reasonable to argue that dendrite 
fragmentation and multiplication are the main 
operating mechanisms that govern grain refinement 
by solute in castings and ingots made by gravity 
casting processes. Since dendrite fragmentation is 
closely related to neck formation that is a direct 
result of temperature depression at the roots of 
dendrite, the influence of solute on grain refining 
should be evaluated by phase diagram variables of 
P or ΔT. This would account for the correlation 
between the “U” shaped relationship of d vs P 
because the over-estimate of P at C0>CSL, and the 
monotonic relationship between d vs ΔT over the 
entire composition range of a hypoeutectic alloy. 

Still, Q is also important in affecting grain size. 
The growth rates of non-dendritic embryos are 
associated with Q, as well as the leading tip of a 
primary dendrite arm [7]. Grain size should 
decrease with decreasing growth rates associated 
with an increase in Q. Arguably, this growth 
restriction effect is also included in P because 
P=Q/k when C0≤CSL. 

Another important aspect of Q affecting grain 
size is associated with temperature range (above the 
liquidus) within which dendrite fragments dissolve 
slowly into the melt rather than melt quickly in the 
melt. Fragments would survive for a certain  
amount of time depending on their size and local 
temperature [25]. Dissolution of a fragment would 
also accelerate dendrite multiplication if a large 
branch of primary dendrite is brought into the 
superheated liquid. It remains to be examined if the 
“Big Bang” phenomenon, i.e. the formation of 
small grains when the melt is poured with a small 
superheat above the liquidus of alloy, is associated 
with pouring a melt within a superheat of Q. 

 
5 Conclusions 
 

(1) When the bulk composition of an alloy 
approaches zero, two-parameter models that have 
singularity at C0=0 must not be used to correlate  
the grain size to phase diagram variables for 
hypoeutectic alloys. 

(2) In the composition range of 0<C0≤CSL, all 
three two-parameter models fit with experimental 
data reasonably well. However, the dependence of 
grain size on P or ΔT is better than on Q. 

(3) Care must be taken when grain size is 
correlated with phase diagram variables and the bulk 
composition of the alloy is in the neighborhood of 
the solubility limit of a hypoeutectic alloy system. 
This is because the d vs P or Q curves are “U” 
shaped with their minimum in grain size occurring 
near the neighborhood of the solubility limit. 

(4) The dependence of grain size on P or ΔT 
suggests that mechanisms associated with dendrite 
fragmentation and multiplication are the main 
operating mechanisms of grain refinement by solute 
elements in ingots and castings that are subjected to 
substantial convection during mold filling and 
subsequent solidification. 
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亚共晶合金晶粒尺寸与相图变量相关双参数模型的检验 
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摘  要：提出用于描述晶粒尺寸与工艺条件和相图变量相关联的简单双参数数学模型，然而，这些模型还没有通

过良好的实验数据进行充分检验。采用精选的亚共晶合金实验数据检验这些模型，并提出实验数据的选择标准。

采用这些双参数模型拟合被选择的实验数据，检查曲线的拟合质量和适用性，从而确定与实验数据吻合更好的数

学模型。基于数据分析，探讨溶质元素细化晶粒尺寸的机理。结果表明，晶粒尺寸与合金凝固间隔之间存在明确

的依赖关系，这种关系可采用 P 变量加以描述。晶粒尺寸对凝固间隔的这种明显依赖表明，在充型和凝固过程存

在对流的铸锭和铸件中，与枝晶破碎有关的机理是控制溶质元素细化晶粒的主要运行机制。 

关键词：凝固组织；晶粒细化；溶质元素；数学模型；相图变量；晶粒尺寸；亚共晶合金 

 (Edited by Xiang-qun LI) 
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