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Abstract: A phase-field lattice-Boltzmann method coupled with the parallel-adaptive mesh refinement algorithm is 
developed to simulate the equiaxed and columnar dendritic growth of hcp metal alloys. The effect of gravity-driven 
natural convection on the dendritic growth is discussed separately and also coupled with forced convection. The 
simulated results show the asymmetric dendritic growth of hcp metal alloys in two dimensions under gravity-driven 
natural convection, and reveal the evolution process of solute segregation and solute plumes. It can be concluded that 
the solute plume formation is determined by the competition between the solute blocking of dendrites and solute 
transport of the melt flow. Introducing an appropriate forced convection can eliminate the solute plume formation and 
dampen the local fluctuation of solute concentration in front of the dendrite tips. It is also found that the gravity-driven 
natural convection enriches the diversity of the 3D dendritic morphology of hcp metal alloys. 
Key words: dendritic growth; phase field; convection; hcp metals; solute plume 
                                                                                                             

 
 
1 Introduction 
 

Metal solidification is a complex liquid−solid 
phase transition process accompanied with a series 
of physical, chemical and metallurgical reactions, 
such as heat loss, melt convection, and solute 
redistribution [1,2]. Dendritic growth is ubiquitous 
during alloy solidification due to the instability of 
the solid/liquid interface triggered by thermal or 
solute disturbance [3]. Particularly, the solute 
distribution has a great influence on the dendritic 
growth morphology (e.g. equiaxed and columnar 
dendrite), while it may even lead to the formation 
of casting defects such as freckles in the 
microstructure of metal alloys during directional 
solidification process [4−6]. A large number of 

studies have shown that the formation of freckles is 
related to solute segregation and melt convection 
during alloy solidification [7−10]. SHEVCHENKO 
et al [11,12] observed the solidification process of 
Ga−25wt.%In alloy by X-ray radioscopy, and found 
that the alloying element In floated upwards in the 
melt, causing natural convection under buoyancy 
force due to the density difference between Ga and 
In. They also reported that the formation of 
chimney-like solute plumes at the front of dendrites 
was a prerequisite for the formation of freckles. In 
their recent work, a magnetic field was applied 
during Ga−25wt.%In alloy solidification, and by 
this means they investigated the solute distribution 
and dendritic growth under the coupled effect of 
natural and forced convection [13]. Nevertheless, 
due to the limitation of the experiments, there were 
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difficulties in distinguishing the effects of various 
influencing factors on the dendritic growth 
quantitatively. 

In recent years, the rapid development and 
application of microstructure simulation technology 
has made up for the shortcomings of experimental 
characterization methods [14−16]. With the 
advantages of predicting the time-dependent 
microstructure evolution during alloy solidification, 
microstructure simulation can accurately depict the 
solute distribution and dendritic morphology under 
various external fields [17−19]. As one of the most 
popular numerical simulation methods, the phase 
field (PF) method has attracted much attention in 
recent years due to its thermodynamic rigor and  
the perceived benefit of avoiding explicit tracking 
of the solid/liquid sharp interface inherent in 
traditional models, making it a hot spot and main 
development direction in the field of microstructure 
simulation [20−27]. As for the effect of melt 
convection on dendritic growth, early simulation 
studies by the phase filed method were mainly 
focused on forced convection with negligence    
of natural convection [28,29]. Many valuable 
conclusions were drawn in this period; for example, 
forced convection in a certain intensity range could 
promote the growth of dendrite arms at the 
upstream side and suppress the growth of 
downstream dendrite arms. The highly asymmetric 
dendritic morphology caused by forced convection 
can be attributed to the strong convective transport 
of solute during the solidification process [30]. In 
the same period, several numerical methods were 
proposed successively to replace the SIMPLE 
(Semi-Implicit Method for Pressure Linked 
Equations) method with the fact that the calculation 
program would diverge and not easily converge by 
using the SIMPLE method to solve the Navier− 
Stokes equations of the melt with a high volume 
fraction of solid [31]. Among these numerical 
methods, the lattice-Boltzmann (LBM) method 
shows great advantages, such as high calculation 
accuracy, superior convergence and low 
computational cost [32]. 

In the actual alloy solidification process, there 
must be more or less temperature or solute 
concentration difference in the melt, resulting in 
diversity of the melt density. Natural convection 
will occur along with the melt density difference 
driven by gravity. When the alloying element is 

light, it will float upwards by buoyancy force in the 
melt. Conversely, the heavy alloying element will 
sink downwards in the melt. Natural convection 
should be taken into account in the study of 
dendritic growth unless its intensity is much less 
than that of forced convection. Particularly, it 
cannot be ignored when there is a large difference 
between the density of the alloying element and the 
melt. TAKAKI et al [33,34] studied the effect of 
natural convection on dendritic morphology during 
directional solidification of a binary alloy by a 
PF-LBM model. They found that the average 
primary arm spacing increased as the gravity 
decreased in the negative region, and the large 
upward flow caused unstable dendritic growth.  
Also using a coupled PF-LBM approach, ZHANG 
et al [35,36] pointed out that the interdendritic 
solute concentration would increase with the solute 
deposition if the columnar dendrites of an Al−Cu 
alloy grew anti-parallel to the gravity. They also 
reported the formation of solute plumes when the 
dendrites grew along the gravitational direction. 
Based on literature review, the thorough 
relationship among the melt flow pattern, solute 
distribution and dendritic growth morphology has 
not been fully investigated yet. Especially, the 
effect of natural convection on dendritic growth and 
the formation mechanism of solute plumes are not 
very clear at moment. 

In the present work, the dendritic growth of 
alloys with hexagonal close-packed (hcp) crystal 
structure (e.g. Mg and Zn alloys) is studied 
considering that most of the published simulation 
works relating to dendritic growth were focused  
on alloys with cubic crystal structures. A high- 
efficiency PF-LBM model is developed by applying 
a parallel calculation and adaptive mesh refinement 
(Para-AMR) algorithm. 2D and 3D simulation cases 
are conducted to investigate the effect of both   
the gravity-driven natural convection and forced 
convection on the solute distribution and dendritic 
growth of hcp metals, based on which the formation 
of solute plume and interdendritic solute 
segregation is discussed as well. 
 
2 Mathematical method 
 

During alloy solidification, dendritic growth 
under convection involves complicate physical− 
chemical process, leading to difficulties in the 
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establishment and solution of the mathematical 
model. In this work, the microscopic dendritic 
evolution is simulated by a PF model proposed by 
RAMIREZ et al [37]. And LBM is employed to 
calculate the melt flow in the two-phase region. 
Coupling of the PF and LBM solutions is schemed 
after they perform calculations separately. The 
governing equations for dimensionless phase field 
and solute field can be written as [38,39]  
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where U and θ are the dimensionless solute 
concentration and temperature, respectively. φ is the 
phase field which varies smoothly from −1 in liquid 
to 1 in solid. C∞ is the initial solute concentration of 
the liquid. t is the time. M is the dimensionless 
liquidus slope. k is the equilibrium solute partition 
coefficient. fl(=(1−φ)/2) is the liquid fraction and  
ξ  is the noise term. 2 )(D aλ=  denotes the 
dimensionless solute diffusivity. The length and 
time are scaled by W0=λd0/a1 and 2 3

0 0 2 /d aτ λ=
2
1( ),Da  respectively. a1=0.8839 and a2=0.6267. 

d0(=Γ/ΔT0) is the chemical capillary length, Γ is 
Gibbs−Thomson coefficient and D is the solute 
diffusivity in liquid. λ is the coupling coeffficient. 
ΔT0 denotes the equilibrium freezing temperature  
range. v ( / )i i

i
f ρ=∑ c  is the flow velocity. More 

details relating to the parameters in Eqs. (1) and (2) 
can be found in Refs. [38−41]. A(n) is the 
anisotropy function. For the 2D case, it is given by 
the following equation [42]: 
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where ε denotes the anisotropy strength and is set to 
be 0.02 in this study. 

For the 3D case, A(n) is given by [43] 
2 2
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where ε1, ε2 and ε3 are used to describe the 
anisotropic strength along different directions. nx, ny 
and nz are the components of n in the directions of  
x, y and z, respectively, of the Cartesian coordinate 
system. 

LBM approach ignores the motion of 
individual particles and instead treats the motion of 
all particles as a whole, and the overall motion 
properties of the melt flow are represented by 
distribution function. A approach named the lattice 
Bhatnagar–Gross–Krook (LBGK) method is used 
for the fluid flow, while the distribution function of 
the LBGK model is described as [44,45]  
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where fi(r, t) is the particle distribution function in 
the ith direction at the lattice site r and discrete time 
t. eq ( ),if r t  is the equilibrium distribution  
function. ρ ( )i

i
f=∑  denotes the local density of the 

incompressible fluid. The relaxation time in LBM  
is related to the kinematic viscosity, υ, i.e. 
τLBM=3υ/(c2δt)+0.5. c is the lattice velocity. ci is  
the discrete velocity along the ith direction. wi is the 
weight coefficient depending on the chosen lattice 
scheme. The 2D nine-velocity (D2Q9) model and 
3D nineteen-velocity (D3Q19) model are employed 
for 2D and 3D cases, respectively. 

The discrete external force term Gi(r, t) can be 
expressed as [35,36,46]  
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where G is the external force term. GD is the 
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dissipative drag force in the vicinity of the 
solid/liquid interface. GB denotes the buoyancy 
force induced by concentration difference in the 
liquid. h(=2.757) is a constant. g is the gravitational 
acceleration and β represents the solute expansion 
coefficient. C is the solute concentration of the 
liquid. 

Figure 1 shows the computational procedure 
and sequence of the PF-LBM model. To reduce the 
computing overhead, a Para-AMR algorithm 
developed by the authors previously is employed in 
this study to solve Eqs. (1) and (2). The core idea  
of the algorithm is to find and tag the grids that 
need to be refined/coarsened based on a gradient 
criterion, and then a cluster algorithm will be used 
to separate the tagged grids into patch boxes to 
form a hierarchical structure. The structure will be 
broadcast to parallel processors to realize parallel 
computing. More details relating to the Para-AMR 
algorithm can be found in Refs. [39−41,47]. 
 

 
Fig. 1 Computational flowchart of PF-LBM model 
 
3 Simulation results and discussion 
 

Gravity-driven natural convection is universal 
in the melt of metal alloys during solidification.  
For the Mg−Li and Mg−Gd alloys, there are 
continuously solute rejection of Li and Gd into the 
liquid near the solid/liquid interface, respectively, 
with the solidification of the two alloys. Since the 
element Li is lighter than Mg, it will float upwards 

by buoyancy force in the melt. Conversely, the 
element Gd will sink downwards in the melt of 
magnesium alloys. No matter the movement 
directions of elements Li and Gd, they both lead to 
natural convection in the melt. For a specific metal 
alloy, an indicator named the solute expansion 
coefficient β is used to describe the density 
difference between the alloying element (solute) 
and the melt. In this study, the gravitational 
direction is defined always vertical downward, and 
“β=0” means the gravity is ignored, while “β<0” 
and “β>0” respectively denote the solute is heavier 
and lighter than the melt. Meanwhile, the greater 
the absolute value of β, the larger the density 
difference between the solute and melt. All 
simulation cases in this study take magnesium 
alloys with hcp crystal structure for example, and 
the thermo-physical parameters used in the 
simulations are listed in Table 1. In 2D simulation 
cases, the number of grid levels is 4, the finest grid 
size is 0.8 and the coarsest grid size is 6.4. In 3D 
simulation cases, the number of grid levels is 5 
while the finest and coarsest grid sizes are 0.8 and 
12.8, respectively. 
 
Table 1 Parameters used in simulations [48−50] 

Parameter Value 

Initial solute concentration of liquid, C∞/wt.% 6 

Liquidus temperature of alloy, TM/K 923 

Density of liquid, ρ/(kg·m−3) 1.8×103 

Solute diffusivity in liquid, D/(m2·s−1) 1.4×10−9 

Liquidus slope, m/(K·wt.%−1) −3 

Equilibrium solute partition coefficient, k 0.15 

Kinematic viscosity, υ/(N∙s·m−2) 3.08×10−3 

Gravitational acceleration, g/(m·s−2) 9.8 

Gibbs−Thomson coefficient, Г/(m∙K) 3.7×10−7 

 
3.1 Equiaxed dendritic growth under gravity- 

driven convection 
Simulation cases are performed by the 

PF-LBM model to explore the effect of β on the 
solute distribution and dendritic morphology of 
magnesium alloys. A solid seed is planted in the 
middle of the calculation domain and periodic 
boundary conditions are set at all sides for variables 
including the phase field, solute concentration and 
flow velocity. With the dimensionless undercooling 
ΔT set as a constant value of 0.3, Fig. 2 shows the  
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Fig. 2 Simulated equiaxed dendritic growth with different solute expansion coefficients: (a) β=0; (b) β=−0.2; (c) β=−0.4; 
(d) β=−0.6; (e) β=−0.8; (f) Flow velocity pattern corresponding to Fig. 2(e) 
 
simulated equiaxed dendritic growth with different 
β in two dimensions. It can be seen from Fig. 2(a) 
that when the gravity is ignored, the dendrite 
exhibits a typical six-fold symmetry morphology 
and there are well-developed secondary dendrite 
arms branching on the six primary dendrite trunks. 
However, the symmetry of the dendritic 
morphology disappears with the introduction of   
β as illustrated in Figs. 2(b−e). And the larger the 
absolute value of β, the more obvious the 
asymmetry of the dendritic morphology. At the 
initial increase stage of the absolute value of β, 
branching and growth of the secondary dendrite 
arms is inhibited on the two primary trunks at the 
downstream side (Fig. 2(b)). With the continuous 
increase of the absolute value of β, the growth of 
not only the secondary dendrite arms but also the 
two primary trunks at the downstream side is 
inhibited. During the same period, the growth of the 
primary trunks and secondary dendrite arms at the 
upstream side is promoted to some extent. The 
dendritic growth anisotropy induced by β can be 
rationalized from the perspective of solute 
distribution during alloy solidification. When β<0, 
the rejected heavy solute at the solid/liquid interface 
moves towards the gravitational direction, inducing 
solute enrichment in liquid around the dendrite tip 

at the downstream side. According to the phase 
diagram of alloys with a negative value of the 
liquidus slope, the solute enrichment will lower the 
liquidus temperature and consequently reduce the 
local undercooling of the melt. Without enough 
driving force, the dendrite arms at the downstream 
side grow slower that those at the upstream side. 

Another interesting issue in Fig. 2 is that melt 
flow and natural convection are induced by the 
downward sinking of the heavy solute. With the 
increase of the abolute value of β, the gravity force 
gradually exceeds the drag force of the solute. This 
will facilitate the sinking of the heavy solute and 
enhance the flow velocity of the natural convection. 
Under the natural convection with strong intensity, 
as illustrated in Fig. 2(f), two vortices with opposite 
rotation directions as marked with red dashed lines 
are formed, which directly have an important 
influence on the solute distribution. Since the 
dimensionless solute distribution is exhibited in 
Figs. 2(a−e), the so-called solute plume by 
SHEVCHENKO et al [12] can be obviously 
observed with a larger absolute value of β. The 
solute plume originates from the dendrite tips at  
the downstream side when β=−0.4, as shown in 
Fig. 2(c). However, it gradually originates from the 
concave region between the two primary dendrite 
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trunks at the downstream side due to the solute 
enrichment with the increase of the absolute value 
of β, as indicated in Figs. 2(d, e). 

Simulation cases are further conducted to 
investigate the solute plume evolution of dendrites 
with different growth orientations, and the 
simulated results are shown in Fig. 3. In the two 
simulation cases, β=−0.8 and ΔT=0.3. It can be seen 
from Figs. 3(a, b) that since there is a vertical 
downward primary dendrite trunk in the dendrite 
with a growth orientation of 30°, the ejected heavy 
solute is easy to accumulate at the tip of this 
primary dendrite trunk, which facilitates the 
formation of solute plume. The situation is 
dissimilar in the dendrite with a growth orientation 
of 0º while the time is needed to achieve sufficient 
solute enrichment in the concave region between 
the two primary dendrite trunks at the downstream 
side. Consequently, the solute plume in Fig. 3(a2) is 
formed earlier than that in Fig. 3(a1), and the 
advancing length of the solute plume in Fig. 3(a2) is 
also larger than that of the solute plume in Fig. 3(a1) 
in the vertical direction. However, with the 
calculation proceeding from 43.4τ0 to 49.5τ0, it can 

be seen from Figs. 3(c, d) that due to a higher 
accumulation of the heavy solute, the solute plume 
in Fig. 3(c1) has already caught up with the solute 
plume in Fig. 3(c2). If the calculation continues to 
proceed, the solute plume in the dendrite with a 
growth orientation of 0° will undoubtedly surpass 
the solute plume in the dendrite with a growth 
orientation of 30°. 

Since the actual solidification structure of 
metal alloys is usually a multi-grain structure, a 
simulation case is carried out to reveal the 
competitive growth mechanism of multiple 
equiaxed dendrites. In the simulation case, β=−0.8 
and ΔT=0.3. Ten seeds are initialized in the 
calculation domain with a size of 1638.4×1638.4. 
Figure 4 shows the simulated multiple equiaxed 
dendritic growth with random nucleation site   
and growth orientation. In the early stage of 
solidification, the dendrites generally grow 
independently. However, as the solidification 
proceeds, the growth of the dendrites is gradually 
influenced by each other with the solute field as the 
medium. On the one hand, when one dendrite 
approaches another, its growth begins to slow down 

 

 
Fig. 3 Solute plume evolution of dendrites with different growth orientations: (a, c) Dendritic morphology at 43.4τ0 and 
49.5τ0, respectively; (b, d) Solute distribution along blue and red lines in Figs. 3(a, c), respectively (In the two 
simulation cases, β=−0.8) 
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Fig. 4 Multiple equiaxed dendritic growth at different time with β=−0.8: (a) 41.4τ0; (b) 53.6τ0; (c) 65.9τ0; (d) Flow 
velocity pattern corresponding to Fig. 4(c) 
 
with the solute accumulation in the liquid between 
them. On the other hand, the growth of a specific 
dendrite will be inhibited by the solute plume 
flowing from the upper dendrites, as shown in the 
black circles in Fig. 4(c). It can be seen from 
Figs. 4(c, d) that the melt flow and solute 
distribution are very complicate with the 
consideration of the density difference between the 
solute and melt, which leads to a diversity of the 
dendritic morphology and even the formation of 
solute segregation defect during metal alloy 
solidification. 
 
3.2 Columnar dendritic growth under gravity- 

driven convection 
Compared with the equiaxed dendritic growth, 

the gravity-dirven convection may have a greater 
effect on the growth of columnar dendrites when 
they grow parallel to the gravity. In this section, 2D 
simulation cases are conducted to investigate the 
columnar dendritic growth under gravity-dirven 
convection. At the left and right side walls of the 
calculation domain, periodic boundary conditions 

are set for all variables. However, at the top and 
bottom sides, zero-Neumann boundary conditions 
are defined for the phase field and solute 
concentration, while no-slip boundary conditions 
are set for flow velocity. Figure 5 shows the 
simulated columnar dendritic growth with and 
without gravity-dirven convection. Thirteen 
randomly-oriented seeds are planted at the bottom 
of the calculation domain with a size of 
819.2×1638.4. Key parameters are set as 
Gθ=1.22×10−5, R=4.88×10−5, where Gθ and R are 
the dimensionless temperature gradient and cooling 
rate, respectively. 

It can be seen from Figs. 5(a, b) that despite a 
low absolute value of β, the columnar dendrites in 
Fig. 5(b) still grow faster than those in Fig. 5(a). 
This is because the solute accumulation at the 
dendrite tips is weakened due to the downward 
sinking of the heavy solute, which is beneficial to 
the growth of the columnar dendrite tips. With the 
sinking of the heavy solute, there are more solute 
segregation zones in Fig. 5(b) than in Fig. 5(a). And 
the degree of solute segregation increases from top
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Fig. 5 Simulated columnar dendritic growth with 
different solute expansion coefficients: (a) β=0, 370.2τ0; 
(b) β=−0.1, 370.2τ0; (c) Evolution of dendritic 
morphology and solute distribution at bottom of 
calculation domain with β=−0.1; (d) Solute distribution 
from top to bottom of lines in B and C in Fig. 5(c) 
 
to bottom in the liquid regions between the 
columnar dendrites. The formation of solute 
segregation zones under gravity-driven convection 

is then discussed in detail as indicated in Fig. 5(c). 
In the early stage of columnar dendritic growth 
(43.4τ0 in Fig. 5(c)), the ejected heavy solute can 
sink freely in the liquid channels between the 
columnar dendrite trunks. However, as the 
solidification proceeds, the free sinking of the 
heavy solute is blocked to some extent when the 
secondary dendrite arms on the side of columnar 
dendrites begin to contact with each other. The 
liquid channels between the columnar dendrite 
trunks are divided into punctate or elongated zones, 
resulting in the formation of solute segregation 
zones. With the calculation proceeding from 104.7τ0 
to 145.5τ0 in Fig. 5(c), it can be noted that both the 
number and area of the solute segregation zones are 
changed, while this can be elucidated more clearly 
in the amplified views (A1 and A2) of the red 
rectangular region. By comparing A1 with A2, as 
the solidification proceeds, the numbe of the solute 
segregation zones reduces while the area of them 
increases by the mechanism of migration and 
coalescence. 

It is worth noting that the downward 
movement of the solute segregation zones means 
the remelting of the solid phase along the way. This 
may happen when the solute in the bottom of the 
solute segregation zones is enriched to a certain 
extent, leading to a negative undercooling at the 
solid/liquid interface. A more direct evidence 
showing the downward movement and coalescence 
of the solute segregation zones is indicated by the 
four red ellipses in Fig. 5(c). The solute segregation 
zones, B and C, expand during the downward 
movement. Figure 5(d) shows solute distribution 
from top to bottom of the lines in B and C. It can be 
seen that there exists local solute segregation from 
top to bottom even in these small solute segregation 
zones due to the sinking of the heavy solute. 
Moreover, the solute content at the top of B (2.570) 
is lower than that at the top of C (2.676), but it is 
higher at the bottom of B (2.974) than at the bottom 
of C (2.902). This can be ascribed to a lager area of 
the solute segregation zone B than that of C. It is 
also for this reason that the solute segregation zone 
B moves faster than the solute segregation zone C 
as the calculation proceeds from 329.3τ0 to 370.2τ0 
in Fig. 5(c). 

When considering that the solute is lighter than 
the melt of some metal alloys such as Mg−Li alloy, 
Fig. 6 shows the simulated columnar dendritic 
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Fig. 6 Three stages of solute plume formation:        
(a) Incubation stage, 176.2τ0; (b) Necking stage, 319.1τ0; 
(c) Expansion stage, 382.4τ0 (In the simulation case, 
β=0.1) 
 
growth with a positive value of β (β=0.1). Thirteen 
seeds with the same orientation are uniformly 
arranged at the bottom of the calculation domain 
with a size of 819.2×1638.4. Key parameters are set 
as Gθ=1.22×10−5, R=4.88×10−5, and β=0.1. It can be 
seen from Fig. 6(a) that the light solute accumulates 
at the dendrite tips and also in the interdendritic 
liquid. Since solute plumes have not formed at the 
moment, this stage is called the incubation stage, 
while solute enrichment is a prerequisite for the 
subsequent formation of solute plumes. As the 
solidification proceeds, the buoyancy force acting 
upon the enriched solute gradually exceeds the drag 
force, resulting in floating of the light solute and 
consequently a upward natural convection in the 
melt. During this period, the solute gradually floats 
away from the dendrite tips and two bulges have 
been formed at the front of the solute streams, as 
indicated in Fig. 6(b). Under the action of drag 
force and natural convection, necking occurs at the 
root of the two solute streams, while this stage is 
just the necking stage of solute plumes. With the 
continuous floating away from the dendrite tips,  
the two bulges expand into a chimney-like or 
mushroom-like morphology, during which the 
solute is replenished through the elongated channels 
originating from the root of the solute streams. 
Accordingly, this stage is just the so-called 
expansion stage of solute plumes. 

An explanation can be given for the reason 
why the solute plumes originate from the two 
specific positions, as shown in Fig. 6. It can be seen 

from Fig. 6(b) that the leftmost and rightmost 
columnar dendrites grow faster than their 
neighboring dendrites. In this case, the growth of 
these neighboring dendrites is inhibited with an 
aggravation of the solute enrichment at the dendrite 
tips. Consequently, the solute plumes are formed in 
front of these dendrite tips. This also can be used to 
verify the viewpoint that solute enrichment is a 
prerequisite for the subsequent formation of solute 
plumes as mentioned above. As the solidification 
proceeds, the solute plumes climb upwards along 
the fast-growing trunks of the leftmost and 
rightmost columnar dendrites, as illustrated in 
Fig. 6(c). 

A series of simulation cases are further 
conducted to investigate the necessary conditions 
for solute plume formation. Thirteen seeds are 
uniformly planted at the bottom of the calculation 
domain with a size of 819.2×2457.6. In all 
simulation cases, R=1×10−4. Figure 7 shows the 
simulated columnar dendritic growth and solute 
plume formation with different solute expansion 
coefficients and temperature gradients. It can be 
noted from Fig. 7(a) that when β=0.15 and 
Gθ=1×10−5 are employed in Case 1, the solute 
plume still is not formed at the calculation time of 
411.1τ0. This can be explained by a larger dendrite 
growth rate than the floating rate of the solute. In 
this situation, the light solute is blocked in the 
interdendritic liquid. With the solute accumulation 
 

 
Fig. 7 Solute plume formation with different solute 
expansion coefficients and temperature gradients:     
(a) Case 1, β=0.15 and Gθ=1×10−5, 411.1τ0; (b) Case 2, 
β=0.2 and Gθ=1×10−5, 411.1τ0; (c) Case 3, β=0.2 and 
Gθ=2×10−5, 268.1τ0; (d) Case 4, β=0.22 and Gθ=2×10−5, 
186.4τ0 
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in the interdendritic liquid, remelting of the dendrite 
trunks even happens in the middle part of the 
columnar dendrites. As the solute expansion 
coefficient increases to 0.2 in Case 2, the floating 
rate of the light solute increases. However, it is still 
lower than the dendrite growth rate. Due to a more 
concentrated solute in the interdendritic liquid, 
remelting and even fragmentation of the dendrite 
trunks happen, as indicated in Fig. 7(b). 

In simulation of Case 3, the temperature 
gradient Gθ increases to 2×10−5 while the value of β 
keeps the same as that in Case 2. It can be seen 
from Fig. 7(c) that a big solute plume has already 
formed at the calculation time of 268.1τ0. This is 
because the dendrite growth rate decreases with the 
increase of Gθ, and finally it is lower than the 
floating rate of the solute. Keeping the value of Gθ 
the same as that in Case 3, the expansion coefficient 
increases to 0.22 in Case 4. It can be noted from 
Fig. 7(d) that more solute plumes are formed at an 
earlier calculation time compared to Case 3 in 
Fig. 7(c). Based on the above analysis, a conclusion 
can be made that the solute plume formation is 
determined by the competition between the solute 
blocking ability of dendrites and the solute transport 
ability of the melt flow. And changing any of them 
will affect the formation and distribution of solute 
plumes. Specifically, the increase of β and Gθ both 
facilitates the formation of solute plumes. It also 
can be expected that decreasing the cooling rate R 
has the same effect on the solute plume formation 
with increasing Gθ. 

 
3.3 Dendritic growth under coupled effect of 

natural and forced convection 
The formation of solute plumes causes severe 

solute segregation in solidified metal alloys, and it 
may even lead to the formation of casting defects 
such as freckles in the microstructure of metal 
alloys during directional solidification process. 
Therefore, controlling the solidification process to 
suppress the formation of solute plumes is an issue 
worthy of in-depth investigation. It has been well 
known that forced convection induced by 
electromagnetic stirring or ultrasonic vibration is 
very helpful to eliminating solute segregation. In 
this section, simulations are carried out to study  
the dendritic growth under the coupled effect of 
gravity-driven natural convection and forced 
convection. Periodic boundary conditions are set at 

the left and right side walls of the calculation 
domain for all variables, while zero-Neumann 
boundary conditions are defined at the top and 
bottom sides for the phase field and solute 
concentration. An inlet flow with a flow velocity of 
vin from top to bottom of the calculation domain is 
defined to simply construct a forced convection. 
Key parameters are set as Gθ=2×10−5, R=1×10−4 and 
β=0.2. Fourteen seeds are initialized at the bottom 
of the calculation domain with a size of 
819.2×1638.4. 

Figure 8 shows the simulated columnar 
dendritic growth and solute plume formation with 
different inlet flow velocities. It can be noted from 
Fig. 8(a) that when there is no forced convection, 
the light solute floats upwards under the buoyancy 
force, which leads to the formation of a upward and 
intense natural convection. As the solute severely 
accumulates in front of the columnar dendrite tips, 
three big solute plumes are formed subsequently. 
With the value of vin increasing from 0 to 0.0005 
and 0.001, the solute accumulation in front of the  
 

 
Fig. 8 Simulated columnar dendritic growth under 
coupled effect of natural and forced convection: (a) vin=0; 
(b) vin=0.0005; (c) vin=0.001; (d) vin=0.003; (e) vin=0.005; 
(f) vin=0.01 (In all simulation cases, β=0.2 and the 
direction of the inlet flow velocity vin is from top to 
bottom of the calculation domain) 
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columnar dendrite tips is largely weakened, and the 
tendency to form solute plumes is greatly reduced, 
as shown in Figs. 8(b, c). It also can be seen from 
Fig. 8(c) that the flow velocity of the melt in the top 
of the calculation domain is almost zero under the 
superposition of gravity-driven natural convection 
and forced convection. 

As the value of vin continuously increases to 
0.003, the forced convection completely eliminates 
the solute plume formation and dampens the local 
fluctuation of solute concentration in front of the 
columnar dendrite tips, as indicated in Fig. 8(d). In 
this case, the natural convection in the melt in front 
of the columnar dendrite tips is completely offset by 
the forced convection. And the isoline with zero 
flow velocity moves close to the columnar dendrite 
tips. With the continuous increase of vin, as shown 
in Figs. 8(e, f), it can be noted that the forced 
convection dominates in the melt in front of the 
columnar dendrite tips. This will undoubtedly 
suppress the floating of light solute during 
solidification. Consequently, the light solute can 
only accumulate in the interdendritic liquid. Due to 
the severe solute enrichment in the interdendritic 
liquid, obvious remelting and fragmentation of the 
dendrite trunks happen in the middle part of the 
columnar dendrites, as shown in Fig. 8(f). 
 
3.4 Three-dimensional dendritic growth 

During metal alloy solidification process, the 
dendrites actually grow in three dimensions, and the 
melt flow is also in three dimensions. It can be 
easily expected that the 3D dendritic growth is 
more complicate than that in 2D case. And the 3D 
simulated result of dendritic growth is much closer 
to the reality. In this section, simulations are 
conducted to investigate the 3D dendritic growth of 
hcp metal alloys under the gravity-driven natural 
convection. A solid seed is planted in the middle of 
the calculation domain with a size of 819.2×819.2× 
819.2. Periodic boundary conditions are set at all 
sides for variables including the phase field, solute 
concentration and flow velocity. Key parameters  
are set as β=−0.8 and ΔT=0.3. To depict the 3D 
dendritic morphology of hcp metal alloys, the 
anisotropy coefficients in Eq. (4) are set as ε1= 
−0.02, ε2=0.08 and ε3=0 [49,50]. 

Figure 9 shows the simulated 3D dendritic 
growth with different growth orientations. Section 1 
and Section 2 are parallel and perpendicular to the 

basal plane {0001}, respectively. They both cut 
through the solid seed. The gravitational direction is 
vertical downward in Figs. 9(a, d, g). It can be seen 
that the gravity-driven natural convection enriches 
the diversity of the 3D dendritic morphology of hcp 
metal alloys. When the gravity is parallel to the 
basal plane {0001}, as shown in Figs. 9(a, d), the 
2D dendritic morphologies sliced by Section 1 as 
indicated in Figs. 9(b, e) are just consistent with 
those in Figs. 3(a1, a2), respectively. The six-fold 
symmetry of the dendritic morphology in the basal 
plane {0001} disappears under the gravity-driven 
natural convection. Based on 3D simulations, many 
unique cross-sectional dendritic morphologies are 
observed, as shown in Figs. 9(c, f, i), while they 
cannot be reproduced by 2D simulations. 
Particularly, the simulated butterfly-like dendritic 
morphology in Fig. 9(c) is in good agreement with 
the experimental result reported by YANG et al [49] 
using synchrotron X-ray tomography. When the 
gravity is perpendicular to the basal plane {0001}, 
as shown in Fig. 9(g), it can be seen from Fig. 9(h) 
that the cross-sectional dendritic morphology still 
exhibits the characteristics of six-fold symmetry, 
but the root of the dendrite has already been 
remelted due to a severe solute enrichment in the 
interdendritic liquid. 

Compared with the 2D simulated results, the 
simulated 3D dendritic morphology and solute 
distribution are more complex. On the one hand, 
more space is offered for solute diffusion or sinking/ 
floating in three dimensions. This will definitely 
weaken solute enrichment in the melt. On the other 
hand, the melt flow and solute transport become 
more difficult due to the blocking of the dendrite 
with a complex morphology in three dimensions. 
This can be illustrated in Fig. 9(i) by taking 
Grooves D and E for examples. In three dimensions, 
the solute transport conditions in Grooves D and E 
are quite different while Groove D is formed 
between the primary and secondary dendrite arms 
and Groove E is formed between the primary 
dendrite arms. Since the dendrite grows and 
expands in all directions with the solid seed as the 
center, the solute concentration in Groove D should 
be much lower than that in Groove E. Moreover, 
due to different solute transport conditions, it can be 
speculated that the solute concentration in Grooves 
D and E decrease and increase, respectively, 
compared to those in 2D case. 
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Fig. 9 Simulated 3D dendritic growth with different growth orientations under gravity-driven natural convetion (In all 
simulation cases, β=−0.8 and the gravitational direction is vertical downward in the sub-figures of the leftmost column) 
(a, d, g); 2D slices corresponding to 3D dendritic morphology (b, c, e, f, h, i) (Section 1 and Section 2 are parallel and 
perpendicular to the basal plane {0001}, respectively, and they both cut through the solid seed) 
 
 
4 Conclusions 
 

(1) The six-fold symmetry of the equiaxed 
dendritic morphology of hcp metal alloys in two 
dimensions disappears when there is a density 
difference between the solute and melt. And the 
larger the density difference, the intenser the natural 
convection and the easier the formation of solute 
plume. 

(2) With the sinking of the heavy solute, the 
degree of solute segregation increases from top to 
bottom in the liquid regions between the columnar 
dendrites. The severe solute enrichment in the 
interdendritic liquid even leads to remelting of the 
columnar dendrites. When the solute is lighter than 
the melt, solute plumes may be formed in front of 
the columnar dendrite tips following the stages of 
incubation, necking and expansion. The solute 

plume formation is determined by the competition 
between the solute blocking of dendrites and solute 
transport of the melt flow. 

(3) The gravity-driven natural convection in 
the melt in front of the columnar dendrite tips can 
be offset by a forced convection in the opposite 
direction, resulting in complete elimination of the 
solute plume formation and dampening of the local 
fluctuation of solute concentration in front of the 
columnar dendrite tips. 

(4) The gravity-driven natural convection 
enriches the diversity of the 3D dendritic 
morphology of hcp metal alloys. The simulated 3D 
dendritic morphology and solute distribution are 
more complex than those in 2D case. 
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摘  要：开发了一种耦合并行-自适应网格划分算法的相场-格子玻尔兹曼方法来模拟 hcp 金属的等轴和柱状枝晶

生长，重点讨论了重力驱动的自然对流以及自然对流与强制对流耦合对枝晶生长的影响。模拟结果表明，二维情

况下的 hcp 金属枝晶在重力驱动的自然对流下呈现非对称生长，同时揭示了溶质偏析和溶质羽流的演化过程。研

究得出，溶质羽流的形成是由枝晶的溶质阻塞和熔体流动时溶质传输之间的竞争决定的。引入适当的强制对流可

以消除溶质羽流的形成并抑制枝晶尖端溶质浓度的局部波动。研究还发现，重力驱动的自然对流丰富了 hcp 金属

3D 枝晶形貌的多样性。 

关键词：枝晶生长；相场；对流；hcp 金属；溶质羽流 
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