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Abstract: Taking the minimum chip thickness effect, cutter deflection, and spindle run-out into account, a micro milling force model 
and a method to determine the optimal micro milling parameters were developed. The micro milling force model was derived as a 
function of the cutting coefficients and the instantaneous projected cutting area that was determined based on the machining 
parameters and the rotation trajectory of the cutter edges. When an allowable micro cutter deflection is defined, the maximum 
allowable cutting force can be determined. The optimal machining parameters can then be computed based on the cutting force 
model for better machining efficiency and accuracy. To verify the proposed cutting force model and the method to determine the 
optimal cutting parameters, micro-milling experiments were conducted, and the results show the feasibility and effectiveness of the 
model and method. 
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1 Introduction 
 

Miniaturization has become the design trend of 
high-tech products. Although MEMS technology has 
been used in many manufacturing applications, because 
of its limits on producing complex 3D shapes for variety 
of materials, many researchers have paid much attention 
to the development of non-MEMS micro manufacturing 
technology. Because micro milling can be directly used 
for making the micro parts or used to make the micro 
molds/dies for other micro manufacturing process such 
as micro injection and micro forging, it is recognized as a 
key technology in the non-MEMS micro manufacturing 
field. 

For regular milling, TLUSTY and MANEIL. [1] 
first proposed that the tangential cutting force is 
proportional to the cutting area that is function of chip 
thickness. Besides, the radial cutting force is also 
proportional to the tangential cutting force. Guk et al. [2] 
utilized finite element method to build the model for 
cutting dynamics. In the method, eccentric motion of tool 
was taken into account, and coordinate transformation 
was employed to identify the edge elements. When more 
information about tool material and tool structure was 
provided, the model can accurately explain the cutting 
dynamics. It can reach accuracy of 90% for the 

prediction of cutting force. 
However, the dynamic behavior of micro milling is 

different from regular milling. VOGLER et al [3] 
developed a cutting force model for composite materials. 
Basically the model was function of cutting area with 
material coefficient. According to the experimental 
results with pure copper, RAHMAN et al [4] discovered 
that micro milling and regular milling would have same 
shape of chips but in different sizes. The cutter life is 
dependent on helix angle of cutter, and the tangential 
cutting force is proportional to the axial cutting force. 
BISSACCO et al [5] proved that the eccentric deviation 
of a cutter has influence on cutting force, and it should 
be taken into account for cutting force prediction. LIU  
et al [6] found that the minimum chip thickness was smaller 
than radius of the micro cutter tip, and it was influenced 
by the cutting force, surface roughness of cutter, and 
stability of cutting etc. ZAMAN et al [7] proposed a 3D 
micro milling force model. The model determined the 
cutting force by calculating the projected cutting area. 
However, since it can only approximately calculate the 
projected area and did not take the minimum chip 
thickness, cutter deflection, and spindle run out into 
account, errors existed in the cutting force prediction. 

With use of micro cutters, micro milling is expected 
to provide ultra-precision machining for complex 3D 
micro feature/contour. However, because the micro cutter  
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is too thin to have good stiffness, cutting forces will 
cause cutter vibration and cutter deflections that 
deteriorate the machining accuracy or even break the 
cutter. Thus, the cutting force should be properly 
controlled in a micro milling process. Although small 
depth of cut at high spindle speed is usually planned for 
micro milling, the minimum chip thickness condition 
should be considered. In addition, because spindle 
run-out could result in changes in depth of cut and 
cutting forces, it should also be taken into account for 
cutting force prediction. 

In this study, considering the effect of minimum 
chip thickness, rake angle of cutter, cutter deflection, and 
spindle run-out, a new model for determining micro 
milling forces was proposed. The model that can 
determine the micro-milling force using the same set of 
cutting coefficients for the applications with different 
axial depths of cut was addressed. The micro milling 
force model was derived as a function of the cutting 
coefficients and the instantaneous projected cutting area. 
Thus, the method to calculate the instantaneous cutting 
area projected to x−y plane based on the machining 
parameters and the rotation trajectory of the cutter edges 
was also developed in this study. Furthermore, based on 
the cutting force model, a method to determine the 
optimal machining parameters was proposed. When an 
allowable micro cutter deflection was given, the 
maximum allowable cutting force was estimated by CAE 
analysis. The optimal machining parameters could then 
be determined based on the cutting force model for better 
machining efficiency. Finally, verification experiments 
were conducted, and the experimental results were 
discussed. 

 
2 Cutting force model 

 
The total cutting force can be divided into tangential 

cutting force, radial cutting, and axial cutting force. The 
direction of the tangential cutting force (Ft) depends on 
the instantaneous rotation trajectory of the cutter. The 
radial cutting force (Fr) pushes the cutting edge away 
from the workpiece in the x-direction. Meanwhile, the 
axial cutting force (Fz) is acting in the z-direction. The 
micro milling cutting forces for a fixed axial depth of cut 
model can be solved (Zaman et al [7]) as 

 
Tangential cutting force: Fti=Km+Api          (1) 

 
Radial cutting force: Fri=qFti+FelasticApi           (2) 

 
Axial cutting force: Fzi=−Fai=−Fti sinψ            (3) 

 
where i represents the instantaneous cutting point on the 
cutting trajectory; Api represents the instantaneous cutting 
area shown in Fig. 1; q represents the proportional 
constant; ψ represents the helix angle of the cutter; Km 

represents the cutting coefficients; Felastic represents the 
force due to elastic deformation. Because the elastic 
strain occurring in the cutting experiment is very small, it 
is temporarily neglected here. Those coefficients can be 
determined based on a micro-milling experiment with a 
fixed axial depth of cut. The details of the procedure will 
be addressed later. 

 

 
Fig. 1 Illustration of projected cutting area 

 
The instantaneous cutting area Api can be solved 

when the projected cutting area Ai that is the projection 
of Api on x−y plane (Fig.1) is known. The relationship 
between Ai and Api is 

 

ψsinp
i

i
AA =               (4) 

 
When the projected cutting area Ai is known, it can 

be substituted into Eq. (4) to solve Api, Fti, Fri, and Fai can, 
then, be solved according to Eqs. (1)−(3).  

The cutting forces solved by Eqs. (1), (2), and (3) 
can then be converted into the cutting forces in the x-, y-, 
and z-direction (as shown in Fig. 2). In Fig. 2, T1 and T2 
are respectively the continuous rotation trajectory of the 
cutter when the center of the cutter is at O1 and O2, and  
φi represents the instantaneous rotation angle of the cutter. 
A and B are respectively the initial cutting points of 
trajectories T2 and T1. Point C is the intersection of T1 
and T2. The cutting force in x-, y- and z- direction can be 
 

 
Fig. 2 Cutting trajectories on x−y plane 
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expressed as 
 

Fxi=(Fti cosψ) sinφi−Fri cosφi                    (5) 
 

Fyi=(Fti cosψ) sinφi−Fri cosφi                    (6) 
 

Fzi=−Fai=−Fti sinφi                            (7) 
 
3 Determination of projected cutting area 

 
To use Eqs. (1)−(3) to determine the cutting forces, 

the projected cutting area needs to be solved first. Area 
ABC (Ai) shown in Fig. 2 is the projected cutting area 
when the cutting edge moves along the planned T2. 
When the material is cut, both elastic deformation and 
plastic deformation occur. The elastic deformation occurs 
within the region where the chip thickness is smaller than 
the minimum chip thickness, and the plastic deformation 
occurs in the region where the chip thickness is greater 
than the minimum chip thickness. The true projected 
cutting area in which the material will be really cut 
should equal area ABC (in Fig. 2) minus the elastic 
deformation area. The white area shown in Fig. 3 
represents the true projected cutting area, and the red 
region is the elastic-deformation area. According to the 
model proposed by SEONG et al [8], the minimum chip 
thickness tm can be expressed as  

 

tm=r[1−cos(
24

π β
− )]                                      (8) 

 
where r is the radius of the cutter, and β represents the 
friction angle between the cutter and workpiece which is 
also equals the shear angle Φ in Fig. 4. According to Ref. 
[9], the shear angle can be determined as follows: 
 

)
sin1

cos(tan 1

α
α

r
rΦ
−

= −                          (9) 

ct
tr =                       (10) 

 
where t is the depth of cut, and tc is chip thickness.  

Based on Eqs. (8), (9) and (10), the minimum chip 
thickness can be solved and used to calculate the true 
projected cutting area. By considering the minimum chip 
thickness the true projected cutting area (shown in Fig. 
2) can be calculated using the rectangular integral. The 
calculation is independent of the instantaneous location 
of the cutting edge. According to the location of the 
cutter tip, the true projected cutting area was 
distinguished into three cases.  
Case 1: Area (AA″B′) (Fig. 5) when φA＜φi≤φB 

 In Fig. 3, A and A′ are the cutting points on T2; B 
and B′ are respectively the first cutting points on 
trajectories T1 and T2; is L0 the line connecting the first 
cutting point A and O2; is L1 the line connecting the first 
cutting point B and O2; L represents the line connecting 

the instant cutting point A″ on T2 and O2; φi represents 
the instantaneous cutting angle between L and the x-axis; 
and y1 is the edge of the workpiece parallel to the x-axis. 

 

 

Fig. 3 Schematic diagram of elastic-deformation region 
 

 

Fig. 4 Schematic diagram of shear angle and rake angle 
 

 
Fig. 5 Projected cutting area for φA＜φi≤φB 

 
Considering the effect of minimum chip thickness, 

the equation of T2 is  
 

(x−xO2)2+y2=re                                (11) 
 
re=r−tm                      (12) 
 

For T2, the center of cutter locates at (vt, 0). v is the 
cutting federate, and t is the machining time. Therefore, 
xO2=vt=a2. If the tip of the cutting edge locates between 
A and A′, the coordinates of any point on T2 are (re 
cosφi+vt, re sinφi). The equation of L is 
[tan(90°−φi)]y−x=0                                                                                                              (13) 
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Because the center of cutter is at (0, 0), the equation 
of T1 can be expressed as x2+y2=re, where y=w·w 
represents the distance between the center of the cutter 
and the edge of workpiece. Further, 

22
e wrx −±=                                                                                                 (14) 

According to Eq. (16), the coordinates of B are 

obtained as ) ,( 22
e wwr − and  

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−−
= −

vtwr

w
B 22

e

1tanϕ , 

)(sin
e

1

r
w

A
−=ϕ                                                             (15) 

 
Finally, area AA″B′ can be expressed as  

=−= ∫′′′
ir

w
BAA yLTA

ϕsin 

 
d)2(  

yyyrair

w i d])(cot[
sin 22

e2∫ −−+
ϕ

ϕ                     (16) 

If the cutter deflection (δ) and spindle run-out (e) 
exist, the x axis in Fig. 5 will deviate to x′ axis. That is, 
the center of the cutter will deviate from its nominal 
position for (δ+e), and the lower limit in Eq. (16) 
becomes w+δ+e. The area AA″B′ can be solved as 

−
−−

+−−−= −
′′′ )(sin

2
)sin(

e

1
2

e
e r

ewr
ewrvtA iBAA

δδϕ  

+++−++ 22
e )()(

2
1 ewrew δδ   

iew ϕδ cos)(
2
1 2++                          (17) 

Case 2: Area AA″C″B (Fig. 6) when φB＜φi＜90° 
When φi=90°, L is normal to the x-axis like L2, 

AAA″C″B=AAA″D′–ABC″D′. Taking cutter deflection (δ) and 
spindle run-out (e) into account, area (AA″D′) can be 
solved as 

−−=−= ∫ ++′′′′ wrvtyLTA i
r

ewDAA
i ϕ

ϕ

δ
sin(d)2( e

sine  

·)(
2
1)(sin

22
)

e

1
2

e
2

e ew
r

ewrr
e i ++−

++
−+− − δδϕδ  

iewewr ϕδδ cot)(
2
1)( 222

e +++++−             (18) 
 

And area BC″D′can be solved as 
 

−⎟
⎠
⎞⎜

⎝
⎛ −=−= ∫∫ ++++′′′′ yyryLTA ii x

ew

x

ewDCB dd)1(
sin 22

e
sin ee ϕ

δ

ϕ

δ
 

⎢
⎢

⎣

⎡
−

−
+∫ ++ 2

e

2
e

2
ee

2
esin )sin(sin
2

d)(cote

r
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ϕ
ϕ

δ
 

−
⎥
⎥

⎦

⎤++−++
2

e

22
e )()(

r

ewrew δδ
 

22
e )()sin)((cot

2
1 ewx ii ++− δϕϕ               (19) 

 
Finally, area AA″C″B is obtained as 

−−+−−−=′′′′ iiiBCAA
xrr

ewrvtA ϕϕδϕ
22

)sin( ee
2

e
e  

−− 2
e

2
ee )sin(sin

2
1

ii xrx ϕϕ   

)sin
2
1(cot

2
1 22

ee ii xx ϕϕ                      (20) 
 

Case 3: Area AA″C′B) (Fig. 7) when 90°≤φi≤φc 
 Following similar procedures, it is noted that  
 

 
Fig. 6 Projected area when φB＜φi＜90° 

 

 
Fig. 7 Projected cutting area when 90°≤φi≤φc: (a)Projected 
area when 90°≤φi≤φc; (b) Enlarged figure of area FGA″C′ 
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SAA″C′B = SAGFB+SFGA″C′. 
 Area AFGB can be solved by Eq. (20). As shown in 

Fig. 7(b), area FGA″C′ is the sum of areas FHC′, HIA″C′, 
and IGA″. Area FHC′ can be calculated as follows:  

=−= ∫ −′′
ir

vtrCFH yTLA
ϕsin

)(
e

22
e

d)12(  

−−− 22
ec )(

2
)sin)(( vtrvtxvt iϕ  

−
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ −
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

e

22
e1

e

c
2

e )(
sin

2 r
vtr

r
xr iϕ  

2
c

2
ec )sin(sin

2
1

ii xrx ϕϕ −             (21) 
 

Area (HIA″C′) can be determined as 
 

=−=−= ∫∫′′′ yyvtyTLA i
r

x
CAFI

i

i

d])(cot[d)12(
sin 

sin c

ϕ
ϕ

ϕ
 

))(sin)((cos
2
1sin))(( 2

c
2
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Area IGA″can be determined as follows: 
 

=−= ∫ +
′′

vt

vtr
AIG

i

xYTA
 

cos c
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=⎥⎦
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According to Eqs. (23)–(25), Area FGA″C′ can be 
obtained as  

 

−−+−−−=′′′ )(
4
π)( cee xrrewrvtA CAFG δ  
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 Finally, Area AA″C′B can be obtained as the sum of 
Area AGFB (Eq. (20)) and area FGA″C′ (Eq. (24)). 

 
4 Relationship between axial depth of cut 

and projected cutting area 
 
The cutting force model is a function of the 

instantaneous cutting area calculated based on the 
projected cutting area. When the axial depth of cut is 

smaller than the spiral pitch of the flute, the projected 
cutting area is proportional to the axial depth of cut. 
When the axial depth of cut is greater than the spiral 
pitch of the flute, the projected cutting area will remain 
constant. However, the larger axial depth of cut is taken, 
the larger cutting force will be generated. Figure 8 shows 
the relationships between axial depth of cut, the helix 
angle ψ, and the spiral pitch (d=Ltanψ). Thus, 
accumulating projected cutting area should be calculated 
based on the axial depth of cut, and used for Eq. (4). 
When the axial depth of cut is set as H, Eq. (4) becomes 

 

ψψ tansinp L
HA

A i
i ×=                                                                  (25) 

 
Where L is the circumference of the micro cutter; and ψ 
is the helix angle of the cutter. 

 

 

Fig. 8 Relationship between axial depth of cut, helix angle and 
spiral pitch 

 
5 Determination of Km and q 

 
Coefficients Km and q should be determined by 

practical micro-milling experiments. First, the z-direction 
cutting force Fzi should be measured from the experiment. 
Subsequently, the tangential cutting force Fti is solved 
based on Eq. (7). Then, Km can be calculated based on 
Eq. (1) with the known cutting area Api. On the other 
hand, when Fyi is measured, the radial cutting force Fri 
can, then, be solved from Eq. (6). By substituting Fri into 
Eq. (2), coefficient q can be determined. 

 
6 Determination of cutter deflection 

 
A 2-flute micro milling cutter was used in this 

experiment. With the assumption of the cross section 
area of each flute is equal to one quarter of the area of an 
ellipse, according to the principle of mechanics of 
materials the moment of inertia of the cutter was derived 
and used to compute the cutter deflection caused by 
cutting forces. The results were compared with the CAE 
simulation made by ANSYS software. From Fig. 9, it can 
be seen that the results made by the two methods are 
very similar and consistent. The relationship curve 
between cutter deflection and cutting force (Fig. 9) was 
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built and used for the estimation of the maximum 
allowable cutting force when an allowable cutter 
deflection was given. 

 

 
Fig. 9 Cutter deflection vs cutting force 

 
7 Determination of optimal cutting parameters 

 
Improper machining parameters could cause 

unbearable cutting forces and vibrations deteriorating the 
machining accuracy or break the micro cutter. To ensure 
a good machining performance, the optimal machining 
parameter could be determined based on the maximum 
allowable cutter deflection. The maximum allowable 
cutter deflection can be obtained through model analysis 
or CAE analysis as mentioned in Section 4. When the 
maximum allowable cutter deflection is given, the 
maximum allowable cutting forces can be determined 
based on the relationship between cutter deflection and 
cutting force (as shown in Fig. 9). According to the 
maximum allowable cutting force, the associated 
projected cutting area can be determined based on the 
proposed cutting force model. Since the projected cutting 
area is function of feedrate and the cutting force is 
proportional to the axial depth of cut, the maximum 
feedrate and axial depth of cut of a micro milling can be 
determined by the equations derived in Sections 3 and 4. 

 
8 Experiments 

 
Micro milling experiments were conducted on a 

micro machine tool designed by our lab. A 3-direction 
force sensor was used. Specifications of equipments and 
instruments used are listed in Table 1. A 2-flute micro 
end-mill with 0.5 mm in diameter was used to cut copper. 
The helix angle and radius of the edge tip of the cutter 
were 45° and 4.23 μm, respectively. The cutting 
parameters used for determination of Km and q are 
follows: axial depth of cut (ADC) is 0.3 mm, radial depth 
of cut (RDC) is 0.3 mm, spindle speed is 130000 r/min, 
and federate is 30 mm/min. The measured average 

maximum cutting forces in x-, y- and z-direction were 
1.45, 1.5, and 49 N, respectively. By substituting the 
forces into Eqs. (5)–(7), the cutting forces Fti, Fri, and  
Fai were solved and substituted into Eqs. (1)–(3). The 
cutting coefficients were then obtained as Km of 
112.65755 kN/mm2 and q of 2.89. Two micro displace- 
ment sensors were set up in x- and y-direction on the 
micro machine tool to measure the run-out of the spindle. 
With the same cutting parameters but ADC is 0.4 mm, 
verification cutting experiment was conducted. Figure 11 
shows the actual cutting forces and model- predicted 
cutting forces in x-, y- and z-direction. It can be seen that 
the predicted cutting forces has very similar periodic 
variation as the actual cutting forces did. The prediction 
accuracy of the force model is 80%−88% (Table 2). To 
verify the reliability of the model, another cutting 
experiment with different cutting parameters (ADC of 
0.3 mm, RDC of 0.1 mm, spindle speed of 130000 r/min, 
federate of 30 mm/min.), but same cutting coefficients 
was conducted. Figure 12 shows the actual cutting forces 
and model-calculated cutting forces in x-, y- and 
z-direction. Table 3 shows the comparison of the actual 
cutting forces and model-predicted cutting forces. It is 
noted that prediction accuracy of the model still remains 
at 83%–90%. 

 

 
Fig. 10 Measured spindle run-out 

 
Table 1 Equipments and instruments 

Spindle Measurement Instrument x−y stage 

NSK HTS1501S-
M2040  

(150000 r/min)

3-direction 
force sensor: 
PCB 260A01 

Frequency 
analyzer: 
Portable 

PULSE−3560C 

Driven by liner 
motors; 

resolution: 1 
μm 

 
For determination of optimal cutting parameters, a 

2-flute micro end-mill with 0.7 mm in diameter was used 
to cut copper for the optimization experiment, and the 
maximum allowable cutter defection of 200 nm was 
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Fig. 11 Actual and predicted cutting forces in the 1st 
experiment: (a) x-direction; (b) y-direction and (c) z-direction 

 
Table 2 Comparison of actual and predicted forces in 1st 
experiment 

Axis  Measured  
force/N 

Predicted  
force/N 

Prediction 
accuracy/% 

x  1.620 1.30 80.2 

y 1.688 1.33 79.2 

z  0.452 0.51 88.6 

 
chosen. The cutting parameters, ADC of 0.4 mm, RDC 
of 0.3 mm, spindle speed of 130000 r/min, were set. The 
optimal federate is unknown, but it will be determined 

 

 
Fig. 12 Actual and predicted cutting forces in the 2nd 
experiment: (a) x-direction; (b) y-direction and (c) z-direction 
 
with the proposed method. 

According to the CAE analysis made by ANSYS 
software, the allowable maximum radial cutting force Fri 

was 0.95 N. After substituting Fri, Km=112657.55, and 
q=2.89, into Eqs. (1), (2), and (4), the recommended 
allowable maximum federate was solved as 0.33 mm/s. 
By using the recommended feedrate, a micro milling 
experiment was conducted. Figure 13 shows the 
comparison of the actual cutting forces and predicted 
cutting forces in x-, y-, and z- direction. It is noted that 
the actual cutting forces are very close to the predicted 
cutting forces in both magnitude and trend. This means  
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Table 3 Comparison of actual and predicted forces in the 2nd 
experiment 

Axis  
Measured 
force/N 

Predicted 
force/N 

Prediction 
accuracy/% 

x  0.900 0.99 90.9 

y  0.875 1.05 82.9 

z 0.41 0.47 87.2 

 
that the optimal cutting parameters can be solved to 
control the cutting forces so that the cutter deflection can 
be confined for better machining accuracy or cutter life. 
 
9 Conclusions 

 
A new cutting force model that can predict the 

cutting forces for micro milling process was proposed. 
The model can be used to predict cutting force with 
different cutting parameters without changing the 
coefficients. Based on the model, a method that can 
design optimal cutting parameters for allowable 
maximum cutter deflection control was also developed. 
Experimental results show the feasibility and 
effectiveness of the proposed force model and the 
method. 
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Fig. 13 Actual and predicted cutting forces 

in optimization experiment: (a) x-direction; 

(b) y-direction; (c) z-direction 


