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Abstract: A new fast method called “Pseudo Inverse Approach” (PIA) for the multi-stage axi-symmetrical cold forging modelling is 
presented. The approach is based on the knowledge of the final part shape. Some intermediate configurations are introduced and 
corrected by using a free surface method to consider the deformation paths without contact treatment. A new direct algorithm of 
plasticity is developed using the notion of equivalent stress and the tensile curve, leading to a very efficient and robust plastic 
integration procedure. Numerical tests show that the Pseudo Inverse Approach is very fast compared with the incremental approach. 
The PIA is used in an optimization procedure for the preliminary preform tool design in multi-stage cold forging processes. This 
optimization problem aims to minimize the equivalent plastic strain and the punch force during the forging process. The preform tool 
shapes are represented by B-Spline curves. The vertical positions of the control points of B-Spline are taken as design variables. The 
evolution of the objective functions shows the importance of the tool preform shape optimization for the forging quality and energy 
saving. The forging results obtained by using the PIA are compared with those obtained by the classical incremental approaches to 
show the efficiency and accuracy of the PIA. 
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1 Introduction 
 

Forged parts are often used for high performance 
and reliability applications. In a cold forging process, the 
initial billet is plastically deformed under a powerful tool 
pressure. Two or more forging stages may be required to 
make a complicated forging product. The achievement of 
high-quality products by forging process largely depends 
on the preform tool design. In industry, the preform 
design for a forging process involves expensive 
trials-corrections on forging tools. The actual tendency is 
to use the numerical simulation and optimization in order 
to obtain the process information and optimal forging 
parameters. 

The classical incremental methods are widely used 
for the forging simulation and optimization [1−5]. Very 
advanced works have been done by FOURMENT et al 
[6,7] from CEMEF in France. The corresponding 
software FORGE® is largely used in the forging industry. 
The incremental methods give good results, but they are 
very time consuming. The considerable calculation cost 
makes their application difficult to industrial 
optimization problems. In this context, it will be very 

useful to develop a fast and robust forging solver for the 
preform design and optimization. A new simplified 
approach called Pseudo Inverse Approach (PIA) has been 
proposed for the axi-symmetric cold forging modelling 
[8,9]. This approach exploits at maximum the knowledge 
of the final part shape. Some intermediate configurations 
are introduced to take into account the deformation 
history. A free surface method is developed to make 
these configurations not only kinematically but also 
mechanically admissible. A new algorithm of plastic 
integration called Direct Scalar Algorithm (DSA) [10,11] 
has been proposed in the PIA, which is very efficient and 
robust compared to the classical Return Mapping 
Algorithm (RMA), especially for very large strain 
increments. 

The main objective of this work is to simulate and 
optimize a two-stage metal forging process using an 
optimization procedure combined with the PIA in order 
to obtain an optimal preform tool shape. The 
optimization target is to minimize the equivalent plastic 
strain variation in the final part and the punch force 
during the forming process. In the optimization loop, the 
design variables are modified to improve the objective 
functions, leading to an optimum tool shape. A surrogate 
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meta-model based on the Kriging method is used to 
reduce the calculation time for this strongly non linear 
problem. 

The two-stage cold forging of a wheel is taken as an 
example. The evolution of the objective functions is 
studied. The numerical results obtained by the 
optimization using the PIA are compared to those 
obtained by a classical incremental approach. 
 
2 Outlines of PIA 
 

In contrast to the classical incremental methods, the 
Inverse Approach (IA) exploits the known shape of the 
final part and executes the calculation from the final part 
to the initial billet. Two assumptions are used: the 
assumption of proportional loading gives an integrated 
constitutive law without considering the strain path; the 
assumption on the part-tool contact allows one to replace 
the tool actions by nodal forces without contact treatment. 
These two assumptions make the IA calculation very 
fast. 

The calculation of the trajectories of all material 
points from the initial billet to the known final part is 
done in one step by directly comparing the initial and 
final configurations. A Newton–Raphson algorithm is 
used to move the nodes in the initial billet in order to 
satisfy equilibrium in the final part. Thus, the strain and 
stress states are obtained. 

The PIA (or multi-step inverse approach) based on 
the IA has been developed to improve the stress 
estimation by considering the deformation history and 
the flow theory of plasticity. The main developments in 
the PIA can be summarized as follows [8,9]: 

1) Using the known shapes of the initial billet and 
the desired final part, some intermediate configurations 
are generated geometrically. Then, they are corrected 
using the given tool positions and a free surface method 
without contact treatment. These configurations allow a 
good prediction of the strain path even for very large 
increments. 

2) The large logarithmic strain increment is 
calculated by using the inverse formulation between the 
two successive configurations. Taking the last known 
configuration as reference and using the logarithmic 
strains for very large strain increments, the inverse 
formulation is largely simplified. 

3) At each step, the plastic integration scheme 
requires the strain and stress states at the previous step. A 
special transfer of the strain and stress fields is carried 
out between the two independent meshes (mesh at step 
n−1 on configuration Cn and mesh at step n on the same 
Cn). 

4) An efficient method for plastic integration called 
“Direct Scalar Algorithm” based on the flow theory is 

developed: using the equivalent stress notion and the 
tensile curve, the equations in terms of unknown stress 
vectors are transformed into a scalar equation, and the 
plastic multiplier can be directly calculated without 
iterations. The DSA is as accurate as the classical return 
mapping methods, but much faster and more robust, 
particularly for very large strain increments. 
 
3 Optimization problem 
 

The main aim of the perform optimization is to find 
the best preform shapes in the design space relative to 
different optimization criteria. An optimization problem 
is defined by three aspects: the design variables, the 
constraints and the objective functions. We should also 
specify the lower and upper limits of the design 
variables. 

The fast Pseudo Inverse Approach is taken as 
forging solver. It is combined with the NSGA-II 
algorithm (Elitist Non-dominated Sorting Genetic 
Algorithm) in the software Mode-FRONTIER4® [12] to 
minimize the objective functions. 

NSGA-II algorithm appears as one of the most 
efficient algorithms to find the optimal Pareto set with a 
great variety of solutions. Based on the elitism principle, 
it favours the non-dominated solutions and uses a variety 
of explicit solutions. NSGA-II begins with a random 
initial population Pt of N parent individuals. At this 
generation t, a population Qt of N children is created 
from the parent population Pt using the genetic operators 
(selection-crossing-mutation). Then, the two populations 
are combined to form a new population Rt of size 2N. 
The search of non-dominated solutions allows one to 
classify the individuals of Rt into several fronts of 
different ranks. It is carried out as follows: every 
individual of Rt is compared to all other individuals 
according to the concept of dominance. The 
non-dominated individuals belong to the front of the first 
rank (Pareto front). In removing temporarily these 
individuals, the operations are repeated to find the front 
of second rank, etc. 

Usually, a multi-objective optimization process 
requires a large number of forging simulations, so it is 
very time consuming. The use of meta-models may be 
complex, especially in the case of multi-objective 
functions. A surrogate meta-model allows to construct an 
approximate response surface of the multi-objective 
functions by using the real simulation results relative to 
the sampling points in the design space. In this work, the 
Kriging method is adopted to get the surrogate 
meta-model for two objective functions. 

The selection of DOE points (Design of 
Experiments) has an important influence on the accuracy 
and the cost of the surrogate meta-model. The difficulty 
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is to achieve an approximate response surface in good 
quality, but using the minimum simulations. In this work, 
the DOE is based on a random sequence method [12]. 
 
3.1 Objective functions 

The optimization problem consists in minimizing 
the objective functions. In this work, the two principal 
aims are to minimize the punch force during the forging 
process and to optimize the metallurgical quality in the 
forged parts. It is important to obtain a homogeneous and 
small grain size distribution in order to produce a part 
with a high resistance to fatigue [13]. 
3.1.1 Minimization of equivalent plastic strain 

Complex grain size evolution laws can be 
introduced in the simulation software, but finding the 
right parameters of these laws is not easy. In a simple 
way and from an industrial standpoint, a homogeneous 
distribution of the equivalent plastic strain provides a 
satisfactory approximated criterion. So, the following 
physical function is used: 
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where p

iε  is the equivalent plastic strain of the element 
i, p

avgε  is the average equivalent plastic strain, Nelt is the 
number of elements, Vi is the volume of the element i, 
and Vt is the total volume. 
3.1.2 Minimization of punch force during forging 

Another aim is to find the preform shape leading to 
the minimal punch force: 
 

II
obj maxminF F=                                (2) 

 
where maxF is the maximal punch force during the 
forming operation. 
 
3.2 Constraints 

Even though the material incompressibility is 
ensured par the forming solver PIA, the volume variation 
should be still constrained in the optimization loop: 
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where initialV  and actualV  are the initial and actual 
volumes, and φ is a small admissible value of the volume 
variation. 
 
3.3 Design variables and tool shape parameters 
3.3.1 Generation of starting preform 

In this work, the generation of the starting preform 
is carried out as follows: 

1) The shape of the final forged part Cf is known. As 

an initial solution, the nodes at the contour of its FE 
mesh are mapped on the contour of the initial billet C0. A 
linear solution gives the positions of the other nodes 
(interior nodes) in the initial billet (Fig. 1). 

2) Then, we create a geometrically proportional FE 
mesh (Fig. 2): 
 

( )1 0 1 10 5 f f
p pU . X X X U= − ⇒ = −p        X          (4) 

 
3) Finally, we generate a starting preform using a 

B-Spline curve which fits well the proportional mesh 
contour except for the free surface part (Fig. 2). 
 

 

Fig. 1 Node mapping from final part to initial billet 
 

 
Fig. 2 Generation of starting perform shape 
 
3.3.2 Design variables 

The shape of the starting preform determined by the 
proportional method is then modified in the optimization 
loop to minimize the objectives functions. Its parametric 
B-Spline curve is defined as follows [14]: 
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where k denotes the order of the B-Spline, n+1 is the 
number of control points, Ni,k are the basis polynomial 
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functions, and pi is the position vectors of the control 
points. The B-Spline functions are defined by the 
recurrence formula of Cox Deboor [14]: 
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where xi constitutes the nodal vector: 
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and the parameter u on the whole B-Spline curve varies: 
0≤u≤n−k+2 

A B-Spline curve is defined by a polygonal contour 
having n+1 (n+1≥4) control points C1, …, Cn+1. These 
control points can be active or passive. Figure 3 shows 
an example with seven control points, and only their 
vertical displacements are taken as geometrical 
parameters to reduce the number of design variables. C2 
and C6 are the passive points having the same vertical 
positions than C1 and C7 in order to keep the horizontal 
tangents at C1 and C7, and other five control points are 
active points, giving only five optimization design 
variables. 
 

 
Fig. 3 Initial and improved preforms defined by B-Spline 
curves using five active control points and two passive ones 
 
4 Numerical results 
 

The multi-stage cold forging of an axisymmetric 
wheel is simulated and optimized in this work. The 
forging process is composed of a preforming stage using 
a preform tool (Fig. 4) and a forging stage using the final 
tool given by the final desired part (Fig. 5). 

The initial shape of billet is a cylinder (height of 
150 mm, radius of 175 mm). The geometry of the billet, 

the starting preform shape and the final tools are shown 
in Figs. 4 and 5. The symmetric boundary conditions are 
imposed on the horizontal and vertical axi-symmetric 
axis. A quarter of the section is meshed with 1734 nodes 
and 3298 triangle elements. The tools are supposed rigid 
and modelled by analytic rigid wires. The material of the 
billet is the aluminium with elastic modulus E=73 GPa, 
Poisson ratio ν=0.42, friction coefficient μ=0.05, and 
Hollomon tensile curve p 0.1783=170.068( )  MPaσ ε . 
 

 
Fig. 4 Billet and tool in preforming stage: (a) Initial billet; (b) 
Obtained preform 
 

  
Fig. 5 Tool and forged parts in forging stage: (a) Forging tool 
and preformed billet; (b) Final forged part 
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In this work, the PIA is used between the preform 
and initial billet, then between the final part and preform 
to obtain the strains and stresses. According to our 
numerical tests, the results of the PIA are not sensitive to 
the number of steps superior to 15 steps in both stages. 

In a multi-objective optimization, the concept of the 
best design is replaced with the concept of the 
non-dominant design. This set of non-dominant designs 
is called Pareto frontier [15]. The designer is interested in 
finding an optimal compromise for all objective 
functions considering other technical conditions. 

The distribution of the initial Pareto points in the 
objective function plan ( I

objF  and II
objF ) are obtained by 

using 200 PIA simulations (or 200 iterations in the 
NSGA-II optimization loop). Using these real simulation 
results, we obtain the initial Pareto points (Fig. 6) for this 
two-objective optimization problem. 
 

 

Fig. 6 Pareto points obtained by using real simulation results 
 

Figure 7 shows the evolution of the first objective 
function I

objF  versus the optimization iterations. It can 
be seen that I

objF  decreases from the initial value 
0.0228 to 0.015. The deformation uniformity is largely 
improved. 
 

 

Fig. 7 I
objF  versus optimization iterations 

Figure 8 shows the evolution of the second 
objective function II

objF  versus the optimization 
iterations. We note also that the maximum punch force 
decreases from the initial value of 347.5 kN to 233.8 kN. 
 

 

Fig. 8 II
objF  versus optimization iterations 

 
The comparison of the initial and final preform 

shapes (at the iterations 1 and 181) is shown in Fig. 9. 
Each contour is composed of two parts: the first one is 
determined by the contact with the preform tool, and the 
second is determined by the free surface method to 
satisfy equilibrium on the free surface (Fig. 9). Even 
though these contours are close to each other, the optimal 
preform shape enables to largely reduce the objective 
functions. 
 

 
Fig. 9 Preform shapes at iterations 1 and 181 
 

The multi-objective optimization algorithms require 
a large amount of calculations, so it will be very 
expensive to minimize the objective functions entirely 
using real FE simulations. The Kriging method is 
adopted to build the surrogate meta-model for the two 
objective functions. Kriging method is a nonparametric 
interpolation model which interpolates the responses 
exactly at all sampling points. Figures 10 and 11 show 
respectively the surrogated meta-models of the two 
objective functions I

objF  and II
objF  using Gaussian 

Kriging method. 
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Fig. 10 Kriging Surrogate Meta-model of I
objF  

 

 
Fig. 11 Kriging Surrogate Meta-model of II

objF  
 

To get the optimal design values after building the 
Meta-model, an appropriate optimization algorithm 
called NSGA-II is used. The distribution of the Pareto 
points obtained by using NSGA-II algorithm coupled 
with Gaussian Kriging model is shown in Fig. 12. During 
the optimization, lots of new solutions are generated. The 
final generation contributes to more optimal values on 
the Pareto front giving the final optimal solutions    
(Fig. 12). 
 

 
Fig. 12 Pareto front given by NSGA-II/Kriging algorithm 

The validation of the forming solver PIA is done by 
using the software ABAQUS®/Explicit. We choose the 
optimal solution at the iteration 181, giving the punch 
travels equal to 38.11 and 50.08 mm at the two stages. 

Figure 13 shows the distributions of the equivalent 
stress obtained by the PIA and ABAQUS. We observe 
that the equivalent stress distributions are very close to 
each other.  The maximum equivalent stresses are in 
good agreement: 66.05 MPa by PIA and 69.93 MPa by 
ABAQUS. The relative error is very small (5%). 

 

 
Fig. 13 Equivalent stress obtained by PIA and ABAQUS®: (a) 
Pseudo inverse approach; (b) BAQUS®/explicit 

 
The CPU time for the forming modelling of the 

wheel is also compared: ABAQUS incremental approach 
uses 6600 s, the PIA uses only 385 s (a ratio of 17 times). 
The PIA can be still much faster if the software 
programming is optimized. 
 
5 Conclusions 
 

1) A new method called “Pseudo Inverse Approach” 
(PIA) has been developed for the multi-stage cold 
forging process. The PIA exploits at maximum the 
knowledge on the final part shape, which makes the 
formulation very simple and the calculation very fast. 
The tool actions are simply represented by some external 
nodal forces to avoid contact treatment. In order to 
consider the strain path, some intermediate 
configurations are determined geometrically and then 
corrected mechanically by using a free surface method. 
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An efficient Direct Scalar Algorithm for plasticity 
integration is also developed to take into account the 
loading history to obtain good stress estimation. These 
assumptions make the PIA simulation much faster than 
the incremental approach. 

2) The PIA is implemented in an optimization 
procedure for the optimal preform design of multi-stage 
forging process. The preform tool shapes is represented 
by B-Spline curves. The vertical positions of the control 
points of B-Spline are used as the design variables. In the 
optimization loop, these parameters are modified to 
improve the objective functions, leading to an optimum 
preform shape. A surrogate meta-model based on the 
Kriging method is used to reduce the calculation time for 
this strongly non-linear problem. The distributions of the 
equivalent plastic strain and equivalent stress of the 
optimal solution obtained by the PIA are very close to 
those obtained by ABAQUS®/Explicit. The fast PIA can 
be a good tool to optimize the preliminary preform 
design and other parameters of the forging process. 

3) In the future, other objective and constraint 
functions will be tried to find the best optimal solution; 
the Response Surface Methodology (RSM) will be 
adopted to provide an approximate response surface of 
the objective functions based on the real evaluations. A 
simplified damage model will be implemented for the 
forging modelling. The formulation of visco-plastic and 
thermo-mechanical models will be developed in the PIA 
for the hot forging process. 
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基于伪逆算法的冷镦坯模具的优化 
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摘  要：基于对最终产品形状的认识，提出一种新的快速的针对多工步轴对称冷锻建模方法—“伪逆法(PIA)”。
为了考虑变形路径，引入了一些中间构型并且采用自由表面对这些中间构形进行修正而不采用接触算法。利用等

效应力的概念和拉伸曲线，提出了一种新的快速而健壮的塑性积分直接算法。数值试验表明：与增量法相比，伪

逆法速度非常快。PIA 被用于多工步冷锻工艺预制体模具优化设计过程中，该优化过程以最大限度减少在锻造过

程中产生的等效塑性应变和需要的冲压力为目标，预制体模具的形状采用 B 样条曲线描述，以 B 样条曲线控制点

的纵坐标为设计变量。目标函数的演变表明了模具形状优化对锻造件的质量和节能的重要性。通过与传统增量法

的结果相比较，体现出了 PIA 的高效性和准确性。 
关键词：冷锻；伪逆算法；预制坯设计；B 样条；形状优化；Pareto 前沿 
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