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Abstract: A non-linear continuum damage model was presented based on the irreversible thermodynamics framework developed by 
LEMAITRE and CHABOCHE. The proposed model was formulated by taking into account the influence of loading frequency on 
fatigue life. The parameters H and c are constants for frequency-independent materials, but functions of cyclic frequency for 
frequency-dependent materials. In addition, the expression of the model was discussed in detail at different stress ratios (R). Fatigue 
test data of AlZnMgCu1.5 aluminium alloy and AMg6N alloy were used to verify the proposed model. The results showed that the 
model possesses a good ability of predicting fatigue life at different loading frequencies and stress ratios. 
Key words: AlZnMgCu1.5 alloy; AMg6N alloy; continuum damage model; cyclic frequency; high cycle fatigue; loading frequency; 
fatigue life; fatigue crack 
                                                                                                             
 
 
1 Introduction 
 

Most engineering components are subjected to 
cyclic loading, hence, fatigue damage is one of the main 
forms of failure in engineering structures. Therefore, it is 
important to formulate a method for the assessment of 
reliability and prediction of engineering components. 
Conventionally, people paid more attention to the stage 
of fatigue crack growth [1,2]. However, the phase of 
fatigue crack initiation occupies even 80% or more of the 
total fatigue life for many components in service [3]. 
Scores of models based on fracture mechanics have been 
developed to model the fatigue crack growth rate 
successfully [4,5]. But the fatigue crack initiation life 
cannot be predicted using the fracture mechanics based 
on the existing models. Therefore, it is urgent to develop 
a new approach for predicting the total fatigue life. 
Fortunately, continuum damage mechanics (CDM) 
solves the problem successfully. Several models for high 
cycle fatigue have been proposed based on the 
continuum damage mechanics [6−8]. LEMAITRE [6] 
stated that the micro-plastic strain was responsible for 
the high cycle fatigue damage. However, XIAO et al [7] 
developed a high cycle fatigue damage model from a 
brittle damage mechanism. In order to describe the high 

degree of localization for high cycle fatigue damage, 
DESMORAT et al [8] proposed a three-dimensional two 
scale damage model. The modeling consists in the 
micromechanics analysis of a weak micro-inclusion 
subjected to plasticity and damage embedded in an 
elastic meso-element. But the influence of loading 
frequency on fatigue life is not taken into account in the 
existing models. Many studies showed that fatigue 
performances of some materials are insensitive to 
loading frequency, such as AlZnMgCu1.5 aluminium 
alloy [9], ULTIMET alloy [10] and Ti−6Al−4V [11], 
whereas, other materials, such as AMg6N [12], 
commercially pure tantalum [13], 1Kh2M steel [14], and 
low carbon steel [15], exhibit significant frequency- 
dependent fatigue behaviors. For the latter materials, 
ignoring the influence of loading frequency on fatigue 
life can lead to much waste of the materials or potential 
dangerous over-prediction of fatigue life. 

In this work, a modified high cycle fatigue model 
based on continuum damage mechanics is proposed, 
which takes into account the influence of loading 
frequency on fatigue property. The fatigue test data of 
frequency-independent material and frequency- 
dependent material are used to verify the proposed model, 
respectively. 
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2 Thermodynamics 
 
2.1 One-dimensional damage 

Damage is a progressive degeneration of material 
property caused by initiation and growth of microcracks 
and cavities. For one-dimensional case, the damage can 
be defined as a dimensionless quantity [16]: 
 

DS
D

S
=                                     (1) 

 
where S is the overall cross-sectional area and SD is the 
total area of all microcracks and cavities, as shown in  
Fig. 1. 
 

 
Fig. 1 Definition of one-dimensional damage 
 

For the propose of describing three-dimensional 
damage phenomena, CHABOCHE [16] and LEMAITRE 
[17] introduced state potential and dissipation potential 
based on continuum mechanics and irreversible 
thermodynamics. 
 
2.2 State potential 

The state potential, which is a function of state 
variables, is defined as the power involved in each 
physical process. Taking Helmholtz free energy as the 
state potential, which is a continuum scalar function, 
concave with temperature, convex with other variables 
[17]: 

e p( , , , , , , )T r Dϕ ϕ ε ε ε α=                       (2) 

where ε is the total strain tensor, T the temperature, εe the 
elastic strain tensor, εp the plastic strain tensor, r the 
damage accumulated plastic strain, α the back strain 
tensor, and D the damage variable. 

For high cycle fatigue, the total strain tensor ε=εe, 
and  

e( , )T Dϕ ϕ ε=                                (3) 

The analytical expression for φ is chosen through 

the “State Kinetic Coupling Theory” [18]. For an 
isothermal process, 
 

e e1 1 (1 )
2 ijkl ij kla Dϕ ε ε

ρ
⎡ ⎤= −⎢ ⎥⎣ ⎦

                     (4) 

 
where aijkl is the fourth order elastic stiffness tensor; ρ is 
the density. 

The law of elasticity coupled with damage is 
 

e (1 )ij ijkl kl
ij

a Dϕσ ρ ε
ε
∂

= = −
∂

                    (5) 

 
by inversion for the isotropic material: 
 

e 1
1 1

ij kk
ij ijE D E D

σ σν νε δ+
= −

− −
                    (6) 

 
where E is the elastic modulus, ν  poisson ratio and δij 
the Kronecker delta. 

The variable Y, called “the strain energy density 
release rate” and associated with D, is defined as [17] 

2
eq v

22 (1 )

R
Y

D E D

σϕρ ∂
= − =

∂ −
                      (7) 

where σeq is the Von Mises equivalent stress, 
 

D D 1 2
eq

3( )
2 ij ijσ σ σ=                            (8) 

 
Rv is the triaxiality function, 
 

2H
v

eq

2 (1 ) 3(1 2 )( )
3

R
σ

ν ν
σ

= + + −                   (9) 

 
where D

ijσ and σH are stress deviator and hydrostatic 
stress, respectively. 
 

D
Hij ij ijσ σ δ σ= −                             (10) 

 

H
1
3 kkσ σ=                                  (11) 

 
2.3 Dissipation potential 

Dissipation potential, associated with the state 
potential φ, describes the kinetic laws of damage 
evolution. 

Starting from the Clausius-Duhem inequality: 

( ) 0i
ij ij i

T
sT q

T
σ ε ρ ϕ ⋅− + − ≥&& &                    (12) 

With the definition of associated variables, for an 
isothermal case, it is required:  
 

0YD ≥&                                     (13) 
 

According to the principle of thermodynamics, 
damage evolution is derived from a dissipation potential, 
which is a scalar continuum convex function of dual 
variables, and the state variables act as parameters. 
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For an isothermal case, using Legendre-Fenchel 
transformation, a dual dissipation potential can be 
obtained: 

( , ; , )Y D rψ ψ π= &                             (14) 

where π is microplastic strain, r is dual variable for π. 
Then [6], 
 

D
Y
ψ∂

=
∂

&                                    (15) 

 
3 High cycle fatigue damage model 
 

For high cycle fatigue, plastic strain is negligible 
compared with elastic strain, and microplastic is 
considered as the main causing of fatigue damage. 
Therefore, the law of damage evolution for high cycle 
fatigue can be represented as [17] 
 

2 2
2 1

2 2 1
cE d eD Y Y
l n

η η
η

η
η −

−
=& &                      (16) 

 
where η, c are material dependent coefficients; d, e, l and 
n are geometrical parameters of the microstructure; E is 
the elastic modulus. Considering no plastic strain 
occurring for high cycle fatigue, microplastic strain is 
introduced into the law of damage evolution. Here, Y is 
related formally to microplastic strain rate π&  through 
plastic constitutive equation: 
 

~ pD Y π& &                                   (17) 
 

So the proper expression is chosen as 
 

1

1
pB Y

p
ϕ π+=

+
&                              (18) 

 
where B, p are material and temperature dependent 
parameters. In a similar way as for plastic strain, π is 
microplastic strain, 

1/
eq( / ) MKπ σ= %                             (19) 

or, in reverse 

eq
MKσ π=%                                 (20) 

where eqσ%  is effective stress, 

eq eq /(1 )Dσ σ= −%                            (21) 

and M is strain hardening exponent. The studies by LIN 
and CHEN [19] and LUO et al [20] showed that, for 
some metallic materials, strain hardening exponent is 
dependent on strain rate. Hence, M is not a constant but a 
function of loading frequency f under different 
frequencies for cyclic load, 
 
M=M(f)                                    (22) 

 
From Eq. (15), we have  

2 ( ) 1
eq eq

2 ( ) ( )

( )

(2 ) (1 )

p M f p
vp

p p M f M f

M f B R
D BY

Y E D K

σ σψ π
+ −

+
∂

= = =
∂ −

&
& &    (23) 

Defining fatigue damage criterion: 
*

2 ( ) 1
eq eq *

2 ( ) ( )

0 ( )

( )
 ( )

(2 ) (1 )

l
p M f p

v
lp p M f M f

D

M f B R
D

E D K

σ σ

σ σ
σ σ

+ −

+

⎧ = <
⎪⎪
⎨

= >⎪
−⎪⎩

&

&
&

      (24) 

where σl is the fatigue limit, and σ* is the damage 
equivalent stress, *

eqvRσ σ= % . 
Let ( )( )= ( ) /[(2 ) ]p M fQ f BM f E K , q(f)=2p+M(f)−1, 

Eq. (23) reduces to  
( )

eq eq
( ) 1

( )

(1 )

q f p
v

q f

Q f R
D

D

σ σ
+

=
−

&
&                        (25) 

 
For uniaxial cyclic loading, σeq=|σ| and there are two 

cases for different stress ratios R (R=σmin/σmax), as shown 
in Fig. 2. 
 

 
Fig. 2 Typical cases for uniaxial cyclic loading in form of 
sinusoidal waveform: (a) R<0; (b) 0<R<1 
 

Case I: R<0, for proportional loading, Rv=1. 
Integrating Eq. (25) over one cycle gives  

eqM
( )

  eq
eq( ) 1  0

( )
d 2 d

(1 )

q f pDD vN
q fD

Q f R
D

D
σ σ

σ
∂

+
∂

+
= +

−∫ ∫  
 

eqm
( )

 eq
eq( ) 1 0

( )
2 d

(1 )

q f p
v

q f

Q f R

D
σ σ

σ
+−∫                (26) 
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namely, 

( ) 1
( ) 1 ( ) 1

eqmeqM
2 ( )

[ ( ) 1)](1 )
q f

p
q f q fvQ f RD

N q f D
σ σ+

+ +∂ ⎡ ⎤= +⎣ ⎦∂ + −
   (27) 

Case II: 0<R<1, integration of Eq. (25) over one 
cycle gives 
 

eqM

eqm

( )
  eq

eq( ) 1  

( )
d 2 d

(1 )

q f pDD vN
q fD

Q f R
D

D
σ

σ

σ
σ

∂
+
∂

+
=

−∫ ∫          (28) 
 
namely, 
 

( ) 1
( ) 1 ( ) 1

eqmeqM
2 ( )

[ ( ) 1)](1 )
q f

p
q f q fvQ f RD

N q f D
σ σ+

+ +∂ ⎡ ⎤= −⎣ ⎦∂ + −
   (29) 

 
The two cases mentioned above are identical for 

R=0, namely,  

( ) 1
( ) 1

eqM
2 ( )

[ ( ) 1)](1 )
q f

p
q fvQ f RD

N q f D
σ+

+∂
=

∂ + −
             (30) 

 
In this model, microcrack closure effect is ignored, 

meanwhile, D is considered a constant over one cycle. 
For the overall periodic loading, 

 
 1
 0
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σ
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⎪
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⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
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∫

 

(31) 
The number of cycle to failure NR is obtained by  

Eq. (31) with the initiation conditions: N=0, D=0 and 
N=NR, D=1. We have 
 

[ ]
[ ]

[ ]
[ ]

[ ]
[ ]

1( ) 1 ( ) 1
eqmeqM

1( ) 1 ( ) 1
eqmeqM

1( ) 1
eqM

( ) 1
  ( 0)

2 ( ) 2 ( )

( ) 1
 (0 1)

2 ( ) 2 ( )

( ) 1
  ( 0)

2 ( ) 2 ( )

q f q f

R p
v

q f q f

R p
v

q f

R p
v

q f
N R

q f Q f R

q f
N R

q f Q f R

q f
N R

q f Q f R

σ σ

σ σ

σ

−+ +

−+ +

−+

⎧ ⎡ ⎤+ +⎪ ⎣ ⎦= <⎪ +⎪
⎪ ⎡ ⎤+ −⎪ ⎣ ⎦= < <⎨

+⎪
⎪

⎡ ⎤⎪ + ⎣ ⎦⎪ = =
+⎪

⎩

 (32) 

when R=−1, σeqM=σeqm, 
 

1( ) 1
eqM[ ( ) 1]

   
4[ ( ) 2] ( )

q f

R p
v

q f
N

q f Q f R

σ
−+⎡ ⎤+ ⎣ ⎦=

+
                 (33) 

 
4 Identification and validation of model 
 

To simplify Eq. (33), let us define 
[ ( ) 1]( )

4[ ( ) 2] ( ) p
v

q fH f
q f Q f R

+
=

+
                  (34) 

( ) ( ) 1c f q f= +                              (35) 
 

Equation (33) reduces to 
1( )

eqM( ) c f
RN H f σ

−
⎡ ⎤= ⎣ ⎦                         (36) 

H(f) and c(f) may be identified from S—N curve. 
 
4.1 Fatigue behavior of frequency-independent 

material 
Fatigue behaviors of some materials are insensitive 

to loading frequency. The result of fatigue tests 
performed on AlZnMgCu1.5 aluminium alloy with fully 
reversed tension—compression loading (R=−l) at 100 Hz 
and 20 kHz does not indicate a frequency influence on 
the fatigue properties, as shown in Fig. 3 cited from  
Ref. [9]. Hence, the fatigue lives of AlZnMgCu1.5 
aluminium alloy with different frequencies may be 
predicted using the same model with constant H and c. 

44 16.16
eqM(1.83534 10 )RN σ −= ×                    (37) 

 

 
Fig. 3 Fatigue life of AlZnMgCu1.5 aluminium alloy with 
cyclic frequencies of 100 Hz and 20 kHz 
 
4.2 Fatigue behavior of frequency-dependent material  

The results of studies on the influence of cyclic 
frequency for AMg6N [12], commercially pure tantalum 
[13], 1Kh2M steel [14] and so on, reveal a pronounced 
frequency influence on fatigue behavior. Therefore, H(f) 
and c(f) are no more constants but functions of loading 
frequency. Figure 4 shows the results of fatigue tests of 
AMg6N at different frequencies with R=−1. The arrows 
indicate unbroken specimens. Increasing of loading 
frequency leads to increasing fatigue lives for AMg6N. 
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The data are from Ref. [12]. The values of H and c for 
each frequency rise with increasing loading frequency, as 
summaried in Table 1. The fitting curves of c(f) vs lg f  
and lg[H(f)] vs lg f are plotted in Fig. 5 and Fig. 6, 
respectively. Thus, for AMg6N, the fatigue lives at 
different frequencies can be predicted using the 
following model, which exposes the influence of loading 
frequency on fatigue properties. Good agreement is 
obtained. 
 

( )
eqM

0.87lg

0.899lg

( )

( ) 9.76 0.731e

lg[ ( )] 26.46 1.507e

c f
R

f

f

N H f

c f

H f

σ −⎧ =
⎪⎪ = +⎨
⎪ = +⎪⎩

             (38) 

 
Table 1 Values of H and c for each frequency 

f/Hz c(f) H(f)/MPa Fatigue damage model 

35 12.32 9.57×1031 31 12.32
eqM9.574 10RN σ −×=  

500 18.05 7.36×1044 44 18.05
eqM7.364 10RN σ −×=  

3000 24.23 4.17×1059 59 24.23
eqM4.167 10RN σ −×=  

10000 33.71 7.75×1081 81 33.71
eqM7.753 10RN σ −×=  

 

 
Fig. 4 Fatigue life of AMg6N alloy with loading frequency 
 

 
Fig. 5 Fitting curve of relationship between c(f) and lg f 

 

 
Fig. 6 Fitting curve of relationship between lg[H(f)] and lg f 
 
5 Conclusions 
 

1) A new continuum damage model for high cycle 
fatigue was presented, which took into account the 
influence of cyclic frequency on fatigue life. 

2) The parameters in the model H and c are 
constants for frequency-independent materials, but 
functions of loading frequencies for frequency-dependent 
materials. 

3) The proposed model exhibits an excellent 
capacity of predicting the fatigue life both for 
frequency-independent and frequency-dependent 
materials. 
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一个金属材料高周疲劳损伤力学模型 
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摘  要：基于不可逆热力学提出一个新的高周疲劳损伤力学模型，该模型考虑载荷频率对疲劳寿命的影响。模型

中的参数 H 和 c 对于无频率效应的材料是常数，而对于有频率效应的材料则是与频率有关的函数。同时，讨论了

不同应力比时模型的表达形式。利用 AlZnMgCu1.5 和 AMg6N 两种材料在不同频率下的疲劳实验数据验证提出的

模型。结果表明，该模型能够准确预测材料在不同加载频率和应力比条件下的疲劳寿命。 

关键词：AlZnMgCu1.5 合金；AMg6N 合金；连续介质损伤模型；频率；高周疲劳；加载频率；疲劳寿命；疲劳
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