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Abstract: A non-linear continuum damage model was presented based on the irreversible thermodynamics framework developed by
LEMAITRE and CHABOCHE. The proposed model was formulated by taking into account the influence of loading frequency on
fatigue life. The parameters A and ¢ are constants for frequency-independent materials, but functions of cyclic frequency for
frequency-dependent materials. In addition, the expression of the model was discussed in detail at different stress ratios (R). Fatigue
test data of AIZnMgCul.5 aluminium alloy and AMg6N alloy were used to verify the proposed model. The results showed that the
model possesses a good ability of predicting fatigue life at different loading frequencies and stress ratios.
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1 Introduction

Most engineering components are subjected to
cyclic loading, hence, fatigue damage is one of the main
forms of failure in engineering structures. Therefore, it is
important to formulate a method for the assessment of
reliability and prediction of engineering components.
Conventionally, people paid more attention to the stage
of fatigue crack growth [1,2]. However, the phase of
fatigue crack initiation occupies even 80% or more of the
total fatigue life for many components in service [3].
Scores of models based on fracture mechanics have been
developed to model the fatigue crack growth rate
successfully [4,5]. But the fatigue crack initiation life
cannot be predicted using the fracture mechanics based
on the existing models. Therefore, it is urgent to develop
a new approach for predicting the total fatigue life.
Fortunately, continuum damage mechanics (CDM)
solves the problem successfully. Several models for high
cycle fatigue have been proposed based on the
continuum damage mechanics [6—8]. LEMAITRE [6]
stated that the micro-plastic strain was responsible for
the high cycle fatigue damage. However, XIAO et al [7]
developed a high cycle fatigue damage model from a
brittle damage mechanism. In order to describe the high

degree of localization for high cycle fatigue damage,
DESMORAT et al [8] proposed a three-dimensional two
scale damage model. The modeling consists in the
micromechanics analysis of a weak micro-inclusion
subjected to plasticity and damage embedded in an
elastic meso-element. But the influence of loading
frequency on fatigue life is not taken into account in the
existing models. Many studies showed that fatigue
performances of some materials are insensitive to
loading frequency, such as AlZnMgCul.5 aluminium
alloy [9], ULTIMET alloy [10] and Ti—6Al-4V [11],
whereas, other materials, such as AMg6N [12],
commercially pure tantalum [13], 1Kh2M steel [14], and
low carbon steel [15], exhibit significant frequency-
dependent fatigue behaviors. For the latter materials,
ignoring the influence of loading frequency on fatigue
life can lead to much waste of the materials or potential
dangerous over-prediction of fatigue life.

In this work, a modified high cycle fatigue model
based on continuum damage mechanics is proposed,
which takes into account the influence of loading
frequency on fatigue property. The fatigue test data of
frequency-independent ~ material and  frequency-
dependent material are used to verify the proposed model,
respectively.
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2 Thermodynamics

2.1 One-dimensional damage

Damage is a progressive degeneration of material
property caused by initiation and growth of microcracks
and cavities. For one-dimensional case, the damage can
be defined as a dimensionless quantity [16]:

S
pD==D 1
S (1)
where S is the overall cross-sectional area and Sp is the

total area of all microcracks and cavities, as shown in
Fig. 1.

o
Fig. 1 Definition of one-dimensional damage

For the propose of describing three-dimensional
damage phenomena, CHABOCHE [16] and LEMAITRE
[17] introduced state potential and dissipation potential
based on continuum mechanics and irreversible
thermodynamics.

2.2 State potential

The state potential, which is a function of state
variables, is defined as the power involved in each
physical process. Taking Helmholtz free energy as the
state potential, which is a continuum scalar function,
concave with temperature, convex with other variables
[17]:

p=09(&,T, &%, 6", r,a,D) 2

where ¢ is the total strain tensor, T the temperature, &° the
elastic strain tensor, & the plastic strain tensor, » the
damage accumulated plastic strain, a the back strain
tensor, and D the damage variable.

For high cycle fatigue, the total strain tensor e=¢°,
and

¢ =¢(T,&°D) (3)

The analytical expression for ¢ is chosen through

the “State Kinetic Coupling Theory” [18]. For an
isothermal process,

11 e e
p= ;[an%% a —D)} (4)

where a;; is the fourth order elastic stiffness tensor; p is
the density.
The law of elasticity coupled with damage is

0

oy = P—¢ = ayuep(1=D) Q)
ag,.j

by inversion for the isotropic material:
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where E is the elastic modulus, v poisson ratio and J;
the Kronecker delta.
The variable Y, called “the strain energy density
release rate” and associated with D, is defined as [17]
aq) (o} 2 R

eq 'ty
99 __ %y 7
PaD " 2E(1-DY @

where o, is the Von Mises equivalent stress,

0 =G ool (®)

eq /]
R, is the triaxiality function,
2
R, =5 (4+v) 431 21y iy 9)
eq

where O'[]j) and oy are stress deviator and hydrostatic
stress, respectively.

D

oy =0y _51‘,'0'H (10)
1

2.3 Dissipation potential

Dissipation potential, associated with the state
potential ¢, describes the kinetic laws of damage
evolution.

Starting from the Clausius-Duhem inequality:

i T.
Uyéij—p(¢+ST)—q[—TlZO (12)
With the definition of associated variables, for an
isothermal case, it is required:
YD >0 (13)

According to the principle of thermodynamics,
damage evolution is derived from a dissipation potential,
which is a scalar continuum convex function of dual
variables, and the state variables act as parameters.
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For an isothermal case, using Legendre-Fenchel
transformation, a dual dissipation potential can be
obtained:

y=y({,7;D,r) (14)

where 7 is microplastic strain, » is dual variable for 7.
Then [6],

- oy
D= 15
oY (13)

3 High cycle fatigue damage model

For high cycle fatigue, plastic strain is negligible
compared with elastic strain, and microplastic is
considered as the main causing of fatigue damage.
Therefore, the law of damage evolution for high cycle
fatigue can be represented as [17]

2 n/2
. :ncE”/ d" e ynfr-1y

12/ (16)

where #, ¢ are material dependent coefficients; d, e, / and
n are geometrical parameters of the microstructure; £ is
the elastic modulus. Considering no plastic strain
occurring for high cycle fatigue, microplastic strain is
introduced into the law of damage evolution. Here, Y is
related formally to microplastic strain rate 7 through
plastic constitutive equation:

D~YP7 (17)
So the proper expression is chosen as
B

p=——Y"% (18)
p+1

where B, p are material and temperature dependent
parameters. In a similar way as for plastic strain, 7 is
microplastic strain,

7 =(6.q/K)"M (19)
or, in reverse
6oy =K (20)

where &, is effective stress,

Gog = Ooq /(1= D) 1)

and M is strain hardening exponent. The studies by LIN
and CHEN [19] and LUO et al [20] showed that, for
some metallic materials, strain hardening exponent is
dependent on strain rate. Hence, M is not a constant but a
function of loading frequency f under different
frequencies for cyclic load,

M=M(f) (22)

From Eq. (15), we have

2p+M (/)1 5 p
p=2¥ _gyry - MIBo a3
oY (QE)"(1- D)2P+M(f)KM(f)

Defining fatigue damage criterion:
D=0 (c <o)
o M(f)BO'equ*—M(f)_lO.' RP (24)

eq vy *
T 2EY (1= Dy MO KM (o >0)

where o, is the fatigue limit, and ¢ is the damage
equivalent stress, o = R,6-
Let O(/)=BM () [2E)" KM 11, q(fy=2p+M(f)-1,
Eq. (23) reduces to
9ok 64 R"
(I_D)q(f)+1

(25)
For uniaxial cyclic loading, o.=|o| and there are two
cases for different stress ratios R (R=0in/0max), as shown

in Fig. 2.
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Fig. 2 Typical cases for uniaxial cyclic loading in form of
sinusoidal waveform: (a) R<0; (b) 0<R<1

Case I: R<0, for proportional loading, R,=I.
Integrating Eq. (25) over one cycle gives

oD 9(ppr
[P ap oo e QLR
D 0 (1_D)q(f)+1 &q

9(f)p p
2,[ e O(f)Oeq” 'R, q

0 (1- D)q(f)+1 Oeq (26)
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namely,

oD 20(/)R” a4, Gal)+
= [ e eqm (27)
N [g(f)+1]0-D)"" Lo ot

Case Il: 0<R<I, integration of Eq. (25) over one
cycle gives

%)
o Q0GR

D+

I ~ap- ZI o (I=DyDi 7 (28)
namely,

D 20()R/

I+ _ sa(f)+l (29)
q(f)+ eqM eqm
N [q(f)+D](1-D) [ ]

The two cases mentioned above are identical for
R=0, namely,
oD _ 20(/)R”
N q()+n1a-D)""

In this model, microcrack closure effect is ignored,
meanwhile, D is considered a constant over one cycle.
For the overall periodic loading,

ol (30)

JJa-pyan=
N2Q(f)RVp )+ +
J, m[azqw Lot AN (R <0)
b +1
.[0 (1-D)"dD =
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3

The number of cycle to failure Ny is obtained by

Eq. (31) with the initiation conditions: N=0, D=0 and
N=Nyp, D=1. We have

[61(f)+1][0eqq(h51)+1 Ugl(n{)ﬂ] | (R < 0)
T 2lg(N+2]0N)R,”
1
_ [q(f)“‘1][O'eqq(l\];1)+1 Ug&m} (0<R<1) (32)
R 2[q(f)+2]O(N)R
2R i IS
" 2lg(n+2]o(NR,”

when R=—1, GeqM=0cqm,

(N + 1o ]
4q(/)+210()R,”

R= (33)

4 |dentification and validation of model

To simplify Eq. (33), let us define

[g()+1]
H(f)= (34)
! 4Hq(f)+210(/R”
c(f)=q(f)+1 (35)
Equation (33) reduces to
Ne=HD[o ] (36)

H(f) and c(f) may be identified from S—AN curve.

4.1 Fatigue behavior of frequency-independent

material

Fatigue behaviors of some materials are insensitive
to loading frequency. The result of fatigue tests
performed on AlZnMgCul.5 aluminium alloy with fully
reversed tension—compression loading (R=-1) at 100 Hz
and 20 kHz does not indicate a frequency influence on
the fatigue properties, as shown in Fig. 3 cited from
Ref. [9]. Hence, the fatigue lives of AlZnMgCul.5
aluminium alloy with different frequencies may be
predicted using the same model with constant A and c.

Np = (1.83534x10")0"° (37)
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Fig. 3 Fatigue life of AlZnMgCul.5 aluminium alloy with

cyclic frequencies of 100 Hz and 20 kHz

4.2 Fatigue behavior of frequency-dependent material

The results of studies on the influence of cyclic
frequency for AMg6N [12], commercially pure tantalum
[13], 1Kh2M steel [14] and so on, reveal a pronounced
frequency influence on fatigue behavior. Therefore, H(f)
and c(f) are no more constants but functions of loading
frequency. Figure 4 shows the results of fatigue tests of
AMg6N at different frequencies with R=—1. The arrows
indicate unbroken specimens. Increasing of loading
frequency leads to increasing fatigue lives for AMg6N.
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The data are from Ref. [12]. The values of H and ¢ for
each frequency rise with increasing loading frequency, as
summaried in Table 1. The fitting curves of c(f) vs lg f
and 1g[H(f)] vs lg f are plotted in Fig. 5 and Fig. 6,
respectively. Thus, for AMg6N, the fatigue lives at
different frequencies can be predicted using the
following model, which exposes the influence of loading
frequency on fatigue properties. Good agreement is
obtained.

N =H (o
c(f)=9.76+0.731e"%71/ (38)
Ig[H(f)] = 26.46+1.507¢%3%%1¢/

Table 1 Values of H and ¢ for each frequency

fIHz c(f) H(f)/MPa Fatigue damage model

35 1232 9.57x10° Ng =9.574x10" ool
500  18.05  7.36x10™ Ng =7364x10% 510
3000 2423 417x10°  Ng =4167x10° 0, 5%
10000 33.71  7.75x10% Ng =7.753x108 oo !
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Fig. 4 Fatigue life of AMg6N alloy with loading frequency
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Fig. 6 Fitting curve of relationship between Ig[H(f)] and 1g f°

5 Conclusions

1) A new continuum damage model for high cycle
fatigue was presented, which took into account the
influence of cyclic frequency on fatigue life.

2) The parameters in the model H and c¢ are
constants for frequency-independent materials, but
functions of loading frequencies for frequency-dependent
materials.

3) The proposed model exhibits an excellent
capacity of predicting the fatigue life both for
frequency-independent and frequency-dependent
materials.
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