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Abstract: In order to dynamically analyze a crack in a functionally graded materials layer for plane problem under dynamic loadings,
a stochastic model is established for plane problem in which the material properties of the functionally graded materials layer vary
randomly in the thickness direction, and the crack is parallel to the materials faces. A pair of dynamic loadings applied on the crack
faces are treated as stationary stochastic processes of time. By dividing the functionally graded materials layer into several sub-layers,
this problem is reduced to the analysis of laminated composites containing a crack, the material properties of each layer being
random variables. A fundamental problem is constructed for the solution. Based on the use of Laplace and Fourier transforms, the
boundary conditions are reduced to a set of singular integral equations, which can be solved by the Chebyshev polynomial
expansions. The stress intensity factor history with its statistics is analytically derived. Numerical calculations are provided to show
the effects of the related parameters. The results show that the increase of crack length, random field parameter £ and crack location
ratio hy/h leads to the increase of the mathematical expectation and standard deviation of normalized stress intensity factor history.

Key words: functionally graded materials; crack; dynamic response; stochastic; stress intensity factor

1 Introduction

Cracks may be induced in functionally graded
materials (FGM) during manufacturing process, as well
as in-service loading conditions. Crack failure is one of
the most dominant failure mechanisms in the materials.
MA et al [1] analyzed the dynamic behavior of two
collinear cracks in an FGM layer bonded to dissimilar
half planes under anti-plane shear waves. YUE et al [2]
presented the analysis for an elliptical crack that is
perpendicular to a functionally graded interfacial zone
between two fully-bonded solids. MA et al [3] studied
the time-harmonic response of two parallel cracks in
FGMs. LI and GUO [4] analyzed the transient response
of a crack lying at the interface between an FGM strip
and an elastic substrate of finite width under antiplane
shear impact loads. CHEN and CHUE [5] dealt with the
anti-plane problem of two bonded functionally graded
finite strips. TORSHIZIAN and KARGARMOVIN [6]

studied an internal crack located within an FGM strip

bonded between two dissimilar half-planes and
anti-plane loading was considered. Both the conventional
finite element method and the boundary element method
are also widely used in the analysis of dynamic fracture
of FGMs, such as TAN and MEGUID [7], WUNSCHE
et al [8]. HE et al [9] studied the effect of fiber
characteristics on fracture behavior of C¢/SiC composites.
LOU et al [10] analyzed the fracture behavior of
B2-ordered iron aluminide with Mn addition.
KOSTREVA et al [11] considered the modeling of
fatigue fracture under stationary stochastic loading
conditions. LI et al [12] presented high cycle fatigue and
fracture behavior of 2124-T851 aluminum alloy.
GAIDAI et al [13] discussed the effect of fatigue-
induced crack propagation on the stochastic dynamics of
a nonlinear structure. GAO et al [14] dealt with the
fracture behavior of high strength Mg-Gd—-Y—Zr
magnesium alloy.

In those studies, material properties, loadings and
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crack geometry were always assumed to be deterministic.

Thus, a deterministic approach might be applied for the
analysis. Nevertheless, because of the difficulty in
manufacturing process, material properties of FGMs may
not be tailored exactly as the same as they are expected.
In fact, their magnitudes can only be guaranteed within a
reasonable range. For most cases, material properties of
FGMs change randomly with field position and should
be described as random fields. Actual loadings, such as
wind and seismic loading, usually vary randomly with
time. It is no longer reasonable to describe loadings in a
deterministic way, and a stochastic description of loading
process is required. All of these show the random nature
of material damage processes, which suggests a
probabilistic rather than a deterministic approach to solve
the problem associated with dynamic fracture of FGMs.
Recently, ZHANG et al [15] proposed a stochastic model
of FGMs, and both random dynamic response and
reliability were analytically obtained for a crack in an
FGM layer between two dissimilar elastic half planes
subjected to anti-plane loading.

Presently, this model is extended to the case of
plane problem. Random dynamic analysis is performed
for a crack in an FGM strip. The material properties of
the strip vary randomly in the thickness direction, and
the loadings applied on the crack faces are treated as
stationary stochastic processes of time. In order to obtain
the solution, the FGM strip is divided into several
sub-strips, and the material properties of each sub-strip
are reduced to random variables by an average method.
Based on the use of Laplace and Fourier transforms, the
boundary conditions are reduced to a set of singular
integral equations, which can be solved by the
Chebyshev polynomial expansions. The stress intensity
factor history with its statistics is analytically derived.
Numerical calculations are carried out to show the effects
of the related parameters.

2 Formulation of problem

Consider an FGM strip with a crack as shown in
Fig. 1. A set of Cartesian coordinates (x, y, z) is chosen
such that the x-axis is directed along the crack line and
y-axis is perpendicular to it. The crack faces are
subjected to a pair of dynamic loadings o(¢), which can
be described in a stochastic process:

o(t) =0, H(t)+ o, cos(at + @) (D)

where o7 and o, are constants, 0'5 = J: S(@)/(27) dw; w

is a random variable and its probability density function
is flw), f(a))zS(a))/(2n0'§); @ is a random variable
uniformly distributed in [0, 2n] and independent of w.
Furthermore, suppose that S(w) may be described by a

low-pass white noise process as
G, |a)| <o
S(w) = (2)

0, |a)|>a)1

where G, and w; are constants.
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Fig. 1 Geometric configuration of problem

Elastic modulus, density and Lame constant of the
FGM strip are assumed to be non-uniform fields of
position in the y-direction, and take the form of
#(y) =exp(By) (), p(y)=exp(fy)py(y) and Ay)=

exp(fy)A,(¥) , respectively, where 1,(y), p1(y) and 4,(y)
are assumed to be uniform fields, and f is a parameter.

The constitutive relations for the FGM strip can be
expressed as

8u(x y,t) ov(x, y,1)
oy

= A ]+2#(y)% (3a)

A )[Gu(x , V1) Gv(); , V,0)

L)
y

au(x y,t) ov(x, y,t)
ox

HI ] €
where o,, 0, and o; are stress components; u(x,y,t) and
v(x, y,t) are displacements.

The equilibrium equations are given by

30‘ az—xy 3214()( y t)
i S iid S P AL 4a
> o p) o (4a)

or,, 0o, %v(x, 1)
SR 0] Eand AL 4b
x o pL) o (4b)

Substituting Eqs. (3a), (3b)and (3c) into Egs. (4a)
and (4b) results in the following governing equations:

{,1( )(Gu(x y,t) ov(x, y,t))+2 (y )8 u(x, y,t)}
{ (y )(Gu(x , V1) Gv(); y,t))}
X
0%u(x, y,0)
p(y)”a% (52)
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{ (y )(8u(x , V1) 8v(x y,t))}

Ox
{,1( )[8u(x , V1) 8\1(2 y,t)]
vV
2
2y(y)—av(2;y ’t)} = p(y) 20 V(;;y 2 (5b)

In order to obtain the solution, the FGM strip is
divided into n sub-strips, and each sub-strip has the same
thickness of L, as shown in Fig. 2.

z

0 X0 /0 0 \LO
hy 20) N
A 1 Pttt PRI
\ —a‘H H‘a ﬂ(m+1) p(m+1)/z(m+1)/Lm
hy o . .
P
PRSIV CAN L

[
L1777 777777777777777777777777 7

Fig. 2 Division of FGM layer into sub-layers

The elastic modulus, density and Lame constant of
the kth layer are averaged by

— |y
b _ Lk
HU=T | 5, Oy,

1L
pY=—], oy,
= 1L
A= a0y, k=12, (6)

Then, the material properties of each sub-strip are
reduced to random variables.

Substituting Eq. (6) into Egs. (5a) and (5b), we
obtain

a® +#<k>){52u(x,y,t)+6ZV(x,y,t)

— (k)2
+ Vou(x, y,t)+
o oxdy } H (x, »,1)

{ﬂ_(k)(au(x y,t) ov(x, y,t))}
Oox
2
,(_)(k) 0 u(xayat) kzl: 2’.

P E N (7a)

G 1 7%y o%u(x, y,t) *v(x, y,t)
0Ox0y oy’

2OV 3,0 + AL I+
Oox oy
2
1( )av(x y,f)] ,(_)(k)a V(xazyat)’kzl’z’ LR
ot
(7b)

The analysis is performed by using Laplace and
Fourier transforms over time and space, respectively.

Define a Laplace transform pair by

£ (=[] fOexp(-pryde
1 8)
S0 =5,/ (Pexp(pidp

where Br denotes the Bromwich path in transformed
complex plane and p is the transform variable.

In the Laplace transform domain, the governing
Egs. (7a) and (7b) are converted to

(ﬂ(k)+—(k))|:a u'(x,y, P) M (x, y,p)}

ox? Ox0y
_ . ou"(x,y,t
R

LDy 2500 5. p)
ax 2 2 b

k=1,2,-,n (9a)

(ﬂ(k)_’_—(k)) d’u (x Y P)+52V (x, yap)
0Ox0y o’

o' (x,v,0) |

ﬁ("’Vzv*(x,y,p)+ﬂF("{
Ox

oy

av*(x,y,r)}+
oy

27 ® 5V*(xay,f)1 _

PPN (x,y,p), k=1,2,-.n (9b)
The boundary conditions can be expressed as

' (x,h,p) =0,

o V(x0,p)=0, 7.0(x0,p)=0,

v (x,h,p)=0, —o<x<om (10a)
O-;(k) (xa Lkap) = O-;(kJrl) (xa Lkap) s
*(k)(x Lkap) =7 (kJrl)(xaLkap) s
u*(k)(xaLkap) = u*(kJrl)(xaLkap) s
V*(k) (xa Lkap) = V*(kJrl) (xa Lkap) s
k=L--m-1m+1--n-1 (10b)
0;(’”)()6: hl:p) = 0;(ﬂ1+1) (x: hl:p) = _0(}7) >
x € (—a,a) (10c)
0;(’”)()6: hl: p) = 0;("1+1) (x: hl:p) >
W™ (x, by, p) =™ (6 by, p) L x 2 (—a,a) (10d)
o (e, p) =T (hy, p) =0, xe(=a,a)  (100)
o by, p) = T (6l p)
VO ek, p) = v (kL p) L x € (—asa) (109)
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3 Solution method

The general solutions for displacements in the
Laplace transform domain are obtained by solving
Egs. (9a) and (9b) as follows:

w5y, p) === I (4, pexp(r{Vy)+)

A (é,p)exp(yé"’wA<">(§,p)exp(y§"’y)+

AP E prexp(riv)lexp(-ig)dé, k=12,,n
(11a)

VO Gy p) = [ Ll @40 € prexoir ) +

an’(f)A“"(f p)exp(y<"’y)+

aly) (&) 4 (&, prexp(r{F y) +

alf:’(f)A“‘)(f prexp(r{y)lexp(-i&n)de,
k=12, (11b)

The stresses are found to be

oy (x,y.p) =2LIDO (a3 () 4" (&, p)-

exp(y“"y)+a“"(§)A“"(§ prexp(rsy)+
a$y (&) AP (&, p)exp(r{y) +

asy (§)A(")(§ p)exp(y{)y)lexp(-i&n)de,
k=1,2,-, (12a)

* 1 @
ay(k)(x,y,p)=2_j [a57 (A (&, p)-

exp(y“"y)+a“"(§)A“"(§ prexp(rsy)+
a$s (A (&, prexp(rsHy) +

a$y (&)AP (&, p)exp(y{Vy)lexp(-i&)dé,

k=1,2,--,n (12b)

i (%, p) == I [ ()4 (£, p)-

exp(y“"y)+a“"(§)A“"(§ prexp(rsy)+

aly (A&, prexp(r{y) +

a$y (&)AP (&, p)exp(y{Vy)lexp(-i&)dé,
k_1,2,~-, (12¢)

In the

A0 p) k=12,
solved. a®(&),a$)(&),a{)(&) and a)(&) (=1, 2,
3, 4) can be expressed by solving Egs. (3), (4) and
Eq. (9).

By substituting Eqgs. (11) and (12) into the boundary
conditions (10), we find

A& p) = R p)A™ (€. p)+ By (6. p) A (6. p)
(13a)

A& p) and

n) are unknown functions to be

above formulations,

A& ) = B (& p)A™ (6 p)+ Fy(G p) A3 (€, p)
(13b)

A"(E, p) = F5(&, p)A™ (&, p)+ Fo(&, p)AS™ (£, p)
(13c)

A" (& p) = Fy (6 ) A" (& )+ Fy (€, ) A" (&, p)
(13d)

A"V (& p) = By p) A" (&, p) + g (6. 0) A" (6. p)
(13e)

AV E p) = Fy (& DA™ (€. p)+ Fiy (6, p) 4™ (£, p)
(13%)
In the above, F (¢, p) —F, (&, p) can be derived by
solving Egs. (10—12).
We now introduce the following dislocation
functions

a *(m *(m
Pl e by, p) =™ (e ly, )],

p(x,p)=1 (¥ <a) (14a)
0, (a< |x| < )
a *(m *(m
—[" " kg, p) =V (el )],
Ox
P, (,p)=1 (x<a) (14b)
0, (a< |x| < )
and these functions must satisfy
[ o@.pyda=0 (15a)
[ p(a, prda =0 (15b)

Substituting Eqs. (11) and (13) into Egs. (14a) and
(14b) yields

I o m
oi(x.p) == IELRs (& A" (& p)+
T

F4 (&, p) A" (&, p)lexp(-i&x)dé (16a)
1 poo
020 p) == [ ilFs(E A" p)+
T
Fg (&, p) A" (&, p)lexp(-i&x)dé (16b)

where

F5(&, p) = exp(7{" )+ F (£, p)exp(y{™hy) +

Fy(&, p)exp(ry ) — F5(&, p)exp(y\™hy) —
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Fy (&, p)exp(rS™ ) — Fy (&, p)exp(r{™" ) —
F (& p)exp(ri™h)

F4 (&, p) = exp(rS ) + Fy (&, pexp(yy™hy) +

Fy (&, p)exp(y{" ) — Fy (&, p)exp(y™ hy) —
Fy(&, p)exp(yy" b)) — Fy (€, p)exp(yi"hy) —
Fy (&, p)exp(y{™hy)

Fis(&.p) =a{" (&) exp(r{"™h)+ R (£, plai’ (&)
exp(73" ) + B (£, p)aiy’ (£) exp(y"hy) -
Fy(&,p)al (&) exp(r{" ) - F; (&, p)ay” (£)-
exp(73" ) — Fy (£, p)aiy’ (£)exp(y" hy)
Fy (& paiy’ (&) exp(y{™hy)

Fis(&.p) = a3 (&) exp(ys" )+ Fy (&, p)aly) (&)
exp(A" ) + Fy (£, p)aly” (&) exp(y{"hy) -
Fo(&, p)al” (&) exp(y"hy) - Fy(&, p)aly” (£)-
exp(y"hy) = Fyo (£, p)ay” (&) exp(A™hy) -
Fy(&.p)afy () exp(y{™hy)

By using Egs. (16a), (16b) and Fourier transforms,

we have
Fs(&, ) A" (&, p) + Fiy (6, p) A" (&, p) =

—% [* o1(a. p)explicara (17a)

Fis(& YA (&, p)+ Fig (&, p) A" (&, p) =

2] e pesmiizaxia (17b)

From Egs. (17a) and (17b), we have

16 (&, p)

A(m4) —
(6.0 17(¢,P)

SB[ (o, p)expicar)da -

Fl4(§,p)
igF7(S, p)

my) — _1:15 (éap)
B )
ES(éap)
i¢F7(S,p)

where

F17(8, p) = Fi5 (S, PYF14 (S, p) = Fi3 (S, P)Fi6 (S, P)
By substituting Egs. (18a) and (18b) into Egs. (10c)
and (10e), we have
1 J'“O s p)
» &l (S, p)
1 J' = F9(S,P)
“*¢h7(S,p)

[ o2(a, prexplica)da (18)

[* a(a. prexplidaxia+

[ o2(a, prexplica)da (18b)

2P g (@, p)explica)daexp(-ig)dé +

J.,aa 0, (a, p)exp(ida)a-

exp(-i&)dé =1y,

Lp Fy(&p)
© &y (£, p)

x| <a (19a)

22 L2 7 g (@, p)explica)da exp(-ig)dé +

1= Fu(6p) o I
Y I ICICRO L G

exp(—igx)dg =0,
where
Fig(85 ) = 529 (8)F16(S5 P) =530 (S)Fr5(S, p)
Fi9(85 P) = =559(8)F14 (S5 ) + 530 (S)F13(5, p)
Fy (S, p) = 533(9)Fr6(S, P) =534 (S Fi5(S55 p)
15155 p) = =533(S)F14 (S, P) + 534 (9 Fi5(S55 p)

After performing the appropriate
analysis, the following results can be derived:

Fig(S,p)
M—m &F7(&.p)

19(6‘Z p)
\ﬂ—m &Ry (E,p)

F(.p)
\f\—m &R7(S.p)

(8, p)
\ﬂ—m R(S.p)

From Egs. (19a) and (19b), we obtain

x<a (19b)

asymptotic

78ign($) =
rpsign(&) =
rysign($) =

18ign(g) =

a ~ a a
J.fgkll(a’xﬂp)¢1(a)da +}/‘11I70 Zl(_x)da+

[ ki(@.x p)py(@)da +
J’ P, () P\ 44 =

¢ a—-x

-noy,|x|<a (20a)

0~ a o
J.fgkzl(aaxa p)¢1 (a)da +r21].7£1 Zl(—)? da+

[ kn(@.x p)gs(a)da+

da =0,

x|£a

- (@) (20b)

a4 a—-x

where

[ Fs(&p)

k(@ p) = ER4 (&, p)

—m}in(f(a —x))dg,

[ Fo(&,p)

haaxp) =y

- ﬁz}sin(f(a —x)d¢,

[ Fy(&,p)
| &R (S, p)

k() =[ " —rzl}sin(é(a — N,
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(6, p)
k7 (S, p)

Egs. (20a) and (20b) are singular integral equations
of the first kind. Their solutions include the well-known
square-root singularity and can be expressed as

kp(@,x,p)=| *‘”{ hz}sin(f(a—x))dé

o p)=5 P 1 (ala) (21a)
@n=3 0
() (21b)

@) =37 (afa)
p»la, p et
J=04/1— az/

where T;(e/a) is Chebyshev polynomials of the first
kind, and B;(p) and E;(p)are unknown constants.
From the orthogonality conditions of Chebyshev
polynomials, Eq. (14) leads to B,(p)=0 and E,(p)=0.
Substituting Eqs. (21a) and (21b) into Egs. (20a) and
(20b), the following algebraic equations for B;(p) and
E;(p) are obtained:

0

D[y (. p)+1U;(x/a)B,(p)+

Z[Lnj (x,p)+ ’/12Uj—1 (x/a)]Ej (p)=-0y,

x| <a
j=1
(22a)
DLy (v, p)+ Uy (x/ @)]B, (p)+
j=1
DLy ; (6, p)+ U (X @)E(p) =0, |x|<a
j=1
(22b)

where U ;(u) represents Chebyshev polynomials of the
second kind, and

Ly (x,p)= Iﬁ
Ly (x,p) = fﬁ
Ly, (x,p) = fﬁ
Ly (x,p) = fﬁ

Truncating the Chebyshev polynomials in Egs. (22a)
and (22b) to the Nth term and assuming that Egs. (22a)
and (22b) are satisfied at N collocation points along the
crack faces,

ky(a,x, p)T(afa)da
ki (@, x, )T (af a)dex
kyy (., x, p)T;(er) a)dex

ke (e, x, )T () a)dex

X, = acos| ——— |, m=12,-N (23)
N+1

we obtain the following linear algebraic equations:

N

Z[Ln](xm,p)wsm( D/ m(

Jj=1

)}B i(p)+

N
Z[Ln](xm,pwnsm( /s (—)}

Jj=1

E;(p)=-0c"(p), m=12,-N (242)
N
Z|:L21](xmap)+r2181n( )/ n( )}Bj(PH
j=1
ﬁ Ly, (60 p) 47 sin2™ ) /sin( ™) |
y 22 \Xp> P) T 1 N+l N+l
E/(p)=0, m=1,2,-,N (24b)

Then, the dynamic stress intensity factors can be
evaluated using the following expressions:

Ki(t) = lim y2x(x—a)a\" (x,hy,1) =
xX—a

1 *
b [, K& (P)exp(pt)dp (25)
where
K (p)= —m\/EZBj(P)-ﬁz\/EZEj(P)
j=1 J=1

The mathematical expectation of K,(¢)is derived

as
E[K, (D]=
0 0 0 0 0 0 0 p2Wp0 21
—0 —0 J—o -0 J—00 —0 J—0d0 —o0d 0
(ﬁ(l)a"'ﬁ(n)aﬂ_'(l)a"'I(n)af_)(l)a'"/_)(n)awa¢at)'
S@ g f G0 AN )
f(o)f (¢))d_(l) (")dZ(l) ~-d/T(”)d,B(”
dpdwdp (26)
The variance of K;(#) becomes
DK, (t)]= E{[K, (O} } ~{E[K, (D]} (27)

4 Numerical results and discussion

Numerical calculations are carried out to show the
influence of pertinent parameters on the dynamic stress
intensity factor history. In the following, the FGM strip is
assumed to be ceramics [16], with a thickness #=0.1 m.
The mathematical expectation of elastic modulus, density
and Lame constants are E[u(y)]=11.811x10"exp(8y)
N/m?,  E[p(»)]=3900exp(Sy) E[A(»)]=13.8x
10"%xp(fy) N/m’, and the standard deviations are

Dlu(y)] =4.7244x10" N/m?, i/ D[ p(y)] = 1560 kg/m’,
D[A(y)] =5.52x10"exp(fy) N/m?, respectively. It is
also assumed that G,=o07/100 and @ =2. The

kg/m’,
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Durbin’s technique [17] is employed for the inversion of
Laplace transform in Eq. (8).

4.1 Effect of crack length

Figures 3 and 4 show the effect of crack length on
the mathematical expectation and standard deviation of
normalized stress intensity factor history Ki(¢)/ (o, \/E ).
Here, h,/h=0.5, f=1. With the increase of crack
length, both the mathematical expectation and standard
deviation almost remain unchanged, indicating that the
stress intensity factor history K;(f) is approximately
proportional to the static solution o/ 7a .

1.4
12F

T 10f

R

& 0.8F

= 0.6F

X

~0af — alh=0.01

--- a/h=0.03
02 I a/h=005
0 2 4 6 8 10 12

Fig. 3 Effect of crack length on mathematical expectation

1.5

0.5 — a/h=0.01
- a/h=0.03
------- alh=0.05

0 2 4 6 8 10 12

Fig. 4 Effect of crack length on standard deviation

4.2 Effect of parameter f

Figure 5 illustrates the effect of parameter S on the
mathematical expectation of K;(#)/(o; Jna ). The
increase of this parameter leads to the increase of E[K (¢)/

(oW ma)]. At the same time, the standard deviation

\/ D[K;(t)/(o} \/E )] becomes large (Fig. 6).

4.3 Effect of crack location
Finally, we examine the effect of crack location /,/A

on the mathematical expectation E[K(¢)/(oma)]

(Fig. 7) and the standard deviation \/ DIK;(t)/(oy \/E )]

(Fig. 8). It is observed that the increase in the ratio
hy/h leads to an obvious increase in both

LK (t)/(o1/7a)] andy DIK, (1) ((oyma)] .
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Fig. 7 Effect of crack location on mathematical expectation
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Fig. 8 Effect of crack location on standard deviation
S Summary

Dynamic analysis is performed for a crack in an
FGM strip subjected to plane loadings. The FGM strip is
modeled as a random medium, while the transient
loadings applied on the crack faces are treated as
stochastic processes of time. To derive the solution of
this problem, the FGM strip is divided into several
sub-strips, and the material properties of each sub-strip
are evaluated by the average method. Based on the use of
Laplace and Fourier transforms, the boundary conditions
are reduced to a set of singular integral equations, which
are solved by the use of Chebyshev polynomials. The
stress intensity factor history with its statistics is
analytically obtained. From the numerical results, the
following conclusions may be reached:

1) The normalized stress intensity factor history
Kl(f)/(q\/E ) is a non-stationary stochastic process of
time, even if the loadings are stationary. Both the
mathematical expectation and the standard deviation of
the dynamic stress intensity factor history vary with the
crack geometry.

2) The increase of parameter S leads to an increase
of both mathematical expectation and standard deviation
of normalized stress factor  history
K (t)(oma).

3) The increase in the ratio %,/h leads to an

intensity

obvious increase in both the mathematical expectation
and the standard deviation of K,(¢)/(ovma).
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