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Abstract: The random distribution problem of dendrite preferred growth direction was settled by random grid method. This method 
was used to study the influence of forced laminar flow effect on multiple grains during solidification. Taking high pure succinonitrile 
(SCN) undercooled melt as an example, the forced laminar flow effect on multiple grains was studied by phase-field model of single 
grain which coupled with flow equations at non-isothermal condition. The simulation results show that the random grid method can 
reasonably settle the problem of random distribution and is more effective. When the solid fraction is relatively low, melt particles 
flow around the downstream side of dendrite, and the flow velocity between two dendrite arms becomes high. At the stage of 
solidification time less than 1800Δt, every dendrite grows freely; the upstream dendrites are stronger than the downstream ones. The 
higher the melt flow rate, the higher the solid fraction. However, when the solid fraction is relatively high, the dendrite arm 
intertwins and only a little residual melt which is not encapsulated can flow; the solid fraction will gradually tend to equal to solid 
fraction of melt without flow. 
Key words: phase-field method; multiple grains; laminar flow; preferred growth direction; computer simulation; solidification; flow 
velocity 
                                                                                                             
 
 
1 Introduction 
 

Quality and service performance of casting are 
determined by microstructure which is formed during 
solidification process of casting [1]. Forced laminar flow 
and natural convection have great effect on 
microstructure [2−3]. Phase-field model (PFM) based on 
Ginzburg–Landau theory has been widely used to study 
microstructure during solidification [4−5], for its easily 
coupling with temperature field, velocity field, 
concentration field and other fields [6−7]. At present, the 
study about forced laminar flow effect growth of dendrite 
is a research focus, which is useful to understand 
solidification theory and provide scientific basis on 
forecasting and controlling casting microstructure [8]. So, 
there is important significance of theoretical research and 
potential value in practical engineering about this study. 

Growth processes of single grain and multiple 
grains have been simulated with PFM [9−11]. The results 
showed that multiple grains grow competitively and 
dendritic arms of different grains affect each other. But 
some scholars assumed that the preferred growth 
directions 〈100〉 of all the grains were same in simulation 
domain [12]. There was a contradiction between the 
result and the theory that preferential growth direction of 
dendrite distributes randomly in NDS solidification. 
What’s more, the simulation results were in disagreement 
with conventional experiment results [13]. In addition, 
some scholars considered random distribution of dendrite 
preferred growth direction and gave a random number γi 
for every grain in PFM of single grain. However, some 
of them didn’t consider undercooled melt flow [14], 
thermal disturbance or latent heat [10]. 

In the present work, PFM of single grain which 
coupled with flow field was used. Random grid method 
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was designed by present author to settle the problem of 
random distribution of dendrite preferential growth 
direction. Latent heat and thermal disturbance were 
considered. Flow equations were solved numerically 
using algorithm sola method which was erected by self 
-adaptive pressure iteration method. Taking high pure 
succinonitrile (SCN) as an example, dendrite topography 
characteristic of multiple grains and undercooled melt 
flow law were simulated under non-isothermal condition. 
At last, the relationship between melt inflow velocity and 
solid fraction was studied. 
 
2 Model and numerical calculation 
 
2.1 Model control equations 

The PFM control equation of multiple grains which 
couples with flow field is almost the same as PFM of 
single grain coupled with flow field. Phase field 
variables Φ=−1 and Φ=+1 refer to the bulk liquid and 
solid phases, respectively. Phase field equation of pure 
material multiple grains including anisotropic parameter 
is showed as follows [6]: 
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where τ(n) and w(n) are the relaxation time and the 
interface thickness parameter, respectively, and they are 
all the functions of the interfacial normal n: 
τ(n)=τ0[as(n)]2; w(n)=w0as(n); as(n) is the anisotropic 
parameter; as(n)=1+εcosk(θ0+θ); ε is the anisotropy 
strength of the surface energy; k is the symmetry factor; 
θ0 is the angle between n and dendrite preferential 
growth direction; θ is the angle between the dendrite 
preferential growth direction and x direction of 
coordinate system. τ0=1.000 and w0=1.000 are the scales 
of time and length, respectively. u is dimensionless 
temperature: u≡(T−Tm)/(L/cp), where T is the 
dimensional temperature of bulk liquid and Tm is the 
dimensional melting temperature; L and cp are the latent 
heat and specific heat capacity, respectively. The 
coupling constant λ of temperature and phase-field is 
λ=a1·w0/d0, where d0 is the capillary length and a1=  
0.883 9. 

The energy conservation equation coupled with 
flow field and thermal disturbance of pure material is 
shown as follows: 

2(1 )U qt tu u D uψ ψ∂ + − ⋅∇ = ⋅∇ + ∂ −∇ ⋅           (2) 

where ψ can be considered a solid fraction: ψ=(1+φ)/2, 
ψ∈ [0, 1]; 

2 2
0 0| |U x yU U= +                            (3) 

where bulk solid can be assumed to be rigid and the bulk 
liquid velocity is |U|; U0x and U0y are the dimensional 
variables of melt inflow velocity along x and y directions, 
respectively, their dimensionless forms are: U0xd0/D→Ux, 
U0yd0/D→Uy. The dimensional thermal diffusivity is 
denoted by D and cast into dimensionless form as 
DTτ0/(w0)2→D; the noise cited from Ref. [2], q, stands 
for the thermal noise vector and obeys a Gaussian 
distribution as: 

'
m u mn( , ) ( , ) 2 ( ) ( )nq t q t DF t tδ δ′ ′ ′= − −r r r r       (4) 

where Fu is the magnitude of the thermal noise and 
Fu=10−3; δmn is the random variable; δ is the delta 
function；r and r′ are position vectors; t and t′ are time 
variables. 

Ignoring the density difference between solid and 
liquid and assuming that the viscous force is constant, in 
two dimensions, the conservation equations for mass and 
momentum of incompressible liquid are 
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where p is the pressure; ν is the kinematics viscosity; ρ is 
the density of liquid. 
 
2.2 Random grid method 

The problem of random distribution of dendrite 
preferential growth direction must been considered when 
studying the effects of forced flow on dendrite. This is 
the only difference between the multiple grain and single 
grain. SCN is body centered cubic (bcc) structure. Once 
nucleation, the dendrite preferred direction 〈100〉 of 
single crystal does not change. However, during the NDS 
solidification process, the distribution of different grains 
is different and random in simulation domain. When 
domestic and foreign researchers were dealing with 
random distribution of preferred growth direction, two 
main methods were used to simulate more faithfully the 
force flow effect on dendrite growth: 1) capturing grains 
around unit according to the situation of dendrite 
preferred growth direction parallel axis and then getting 
any angle through rotating coordinate axis; 2) including 
the random preferred growth angle in a capture law 
which controls the grain growth process. The first 
method is very convenient in dealing with the problem of 
single grain. But its computational complexity is large 
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when dealing with multiple grain problem. The latter 
method is difficult to take into account the continuity of 
grain [13]. Random grid method which was designed by 
present author to settle the problem of random 
distribution of dendrite preferred growth direction was 
described in detail as follows. 

The random grid method is shown in Fig. 1. The 
whole simulation region is divided into small areas (n×m 
grids, m and n are all smaller than the total grid number), 
which are separated by dotted lines. The preferred 
random orientation factor R[i, j] ( [1, ]i m∈ , [1, ])j n∈  
is set in every small area [i, j]. R[i, j] takes a random 
number from 0 to 1. The relationship between R[i, j] and 
θ is 

arccos [ , ]R x yθ =                             (7) 
where θ=0 when R[i, j]=1.0, that is to say, [100] direction 
of dendrite coincides with x-axis direction, as shown in 
Fig. 2(a). When R[i, j]=0.707, θ is π/4，the angle between 
[100] direction and x-axis is π/4, which is shown in Fig. 
2(b). Figure 2(c) shows that [100] direction coincides 
with y-axis direction when R[i, j]=0 and θ is π/2. So, an 
random angle between the preferred growth direction of 
dendrite and the axis of simulation system can be got 
when R[i, j] changes from 0 to 1. 
 

 

Fig. 1 Schematic of random grid method 
 

 
Fig. 2 Effect of random preferred orientation factor on dendrite 
preferential growth direction: (a) R[i, j]=0; (b) R[i, j]=0.707; (c) 
R[i, j]=1 
 

Assuming that once embryos forms, the location of 
grains is fixed and the radius is larger than the critical 
nucleus radius, all the initial grains can grow successfully. 
The position of initial nucleation randomly distributes in 

the simulation domain. In addition, a plane which is 
constituted by all grain’s axes is parallel to the plane of 
two-dimensional simulation, which is shown in Fig. 2. 
The [100] direction of each grain is controlled by its 
random preferred orientation factor R[i, j]. 
 
2.3 Numerical issues 

After considering the random distribution of 
dendrite preferred growth direction, the numerical 
calculation of anisotropic parameter shown as follows: 
the variable ξ is instead of the random preferred 
orientation factor R[i, j] of any grid region in order to 
express conveniently. 
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(8) 
where the subscripts x and y mean the partial derivatives 
by x-axis and y-axis, respectively: 

x xφ φ= ∂ ∂ ， y yφ φ= ∂ ∂                       (9) 

The calculations of other variable are the same as 
those of single grain in Ref. [6]. So the calculation in 
detail will not go into there. 

The simulation domain is 500Δx×400Δy. The 
staggered grid is used, whose calculation precision is 
high. The space step is Δx=Δy for simple calculation. The 
pressure and the phase-field control unit lie in the grid 
center, Ux and Uy at the boundaries of east and north of 
grid, respectively. The flow equations are solved 
numerically using sola algorithm method which is 
erected by self-adaptive pressure iteration method. 
Pressure does not need boundary condition. Based on the 
simulation experience of forced flow effect on single 
grain, the double dimensionless time steps are used. The 
phase field calculation time step Δt and the flow field 
calculation time step Δtf are 0.06 and 0.01, respectively. 
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Figure 3 shows the initial condition and boundary 
condition. Assume that there are four grains with the 
diameters of 2r, and distribute randomly in simulation 
domain. Incompressible non-Newtonian melt flows into 
at the left boundary and flows out at the right boundary, 
and the flowing into velocity is Ux. The initial pressure is 
0, and all the conditions are shown as follows: 

2 2 2

2 2 2

,  1,  0,  0,  0, 0

> ,  1,  ,  0,  0, 0
x y

x y

x y r u U U p

x y r u U U p
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 (10) 
Assume that the slip condition is at upside and 

underside boundary, and the no-slip condition is at a 
sharp solid-liquid interface of each grain. The 
Zero-Newman condition is used in phase-field and 
temperature field boundary. 
 

 
Fig. 3 Schematic diagram of initial condition 
 

SCN has properties of metal and bcc structure with 
growth type of non-small-plane, Jackson factor of 0.97 
and melting point of 58.1 °C. The optical transparency, 
and complete data on physical and chemical properties 
were from Ref. [15]. Consequently, SCN was simulated 
in this work. The material parameters and computational 
parameters are listed in Table 1. 
 
Table 1 Material parameters of pure SCN and computational 
parameters 

L/(J·kg−1) ρ/(kg·m−3) cp/(J·kg−1·K−1) 
46.250 1.020 2.000 

Tm/K w0 τ0 Δx=Δy Δt 
331.10 1.000 1.000 0.80w0 0.060 
Δtf Δ ε d0 D 

0.010 0.800 0.080 0.355 1.560 

 
3 Results and discussion 
 

C language was used to make program with VC++ 
6.0 as development platform, MATLAB and Tecplot as 

results visualization and data analysis softwares, 
respectively. The simulation run on PC: Intel(R) 
Core(TM) 2CPU 6600 @2.4GHz, 2.39 GHz, 1.00GB. 
 
3.1 Relationship between force laminar flow and 

growth morphology of multiple grains 
Figures 4(a), (b) and (c) show phase fields of 

undercooled melt without flow at solidification time of 
t=900Δt, 1 800Δt and 4 500Δt, respectively. Figures 4(d), 
(e) and (f) show the phase-velocity fields when 
dimensionless flow velocity Ux is 0.06 at the same 
solidification time as Figs. 4(a), (b) and (c), respectively. 
The direction and length of arrowheads in the figures 
represent the melt particles flow direction and flow 
velocity, respectively. The contour legend in Fig. 4(f) is 
suitable for Figs. 4(a), (b), (c), (d) and (e), too. It can be 
found from Fig. 4 that the preferred growth directions of 
dendrite distribute randomly after using random 
preferred orientation factor R[i, j] with random grid 
method. The simulation result is mostly consistent with 
the objective fact. The computation time for getting   
Fig. 4(c) is 208 s, or 3.467 min. The computational 
efficiency is higher compared with Ref. [14]. 

Figures 4(a) and 4(d) show that each dendrite grows 
independently no matter the melt with flow or without 
flow. This is because the distance between each two 
grains is relatively far in early growth period. 

Figures 4(b) and 4(e) show that the adjacent 
dendrite arms meet for dendrite with solidification going 
on. The melt flow direction becomes complex and the 
velocity value fluctuates violently. It is found from   
Fig. 4(e) that the direction and length of arrowhead 
change greatly for the effect of dendrite morphology, 
which represents that melt flow direction and velocity 
value change greatly. 

In Fig. 4(e), several melt flow gaps caused by 
flowing through cross-section width become small at 
regions A and B. Effect of grain C on inflow 
cross-section width is little, so it is ignored. So, inflow 
capacity (cross-section width×flow velocity) is constant. 
With the growth of dendrite, the cross-section width 
becomes narrow and the flow velocity becomes high at 
the gap. As a result, the length and width of arrowhead 
become long and wide at the gap. 

Comparing Fig. 4(b) with Fig. 4(e), we can find that 
the secondary or higher dendritic arms in upstream for 
melt with flow are more developed than those without 
flow. However, the dendritic arm in downstream side is 
dim and the secondary dendritic arm does not appear 
distinctly. What’s more, the dendrite perpendicular to 
flow has a tendency that grows toward to upstream. 
Because the latent heat is easier to spread in upstream of 
dendrite where is scoured by melt, the temperature 
gradient increases and the temperature boundary layer  
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Fig. 4 Dendritic patterns of melt at flow velocity of 0 (a, b, c) and phase velocity field at dimensionless flow velocity of 0.06 (d, e, f) 
at different time: (a), (d) t=900Δt; (b), (e) t=1 800Δt; (c), (f) t=4 500Δt 
 
thickness become thin. On the contrary, the latent heat is 
hard to spread in downstream side so the temperature 
boundary layer is thick there. The changes of 
temperature boundary layer can be found in Figs. 5(a) 
and 5(b). Because undercooling is the driving force of 
solidification, the higher the temperature gradient, the 
more conducive the heat to the dendrite growth. In 
addition, tubercles of higher dendrites which are induced 
by thermal disturbance on the solid-fluid phase boundary 
will extend into undercooled melt and do not melt easily 
by latent heat. The tubercles will be successfully evolved 
into secondary or higher dendrite. Figure 6 shows the 
velocity field of forced flow effect upon 13 dendrites, in 
which the preferred growth direction randomly 
distributes in simulation. The study was made by 
AL-RAWAHI and TRYGGVASON [16]. It is found that 

the preferred growth direction distributes randomly and 
the upstream dendrite is more developed, the flow field 
is more complex by the effect of dendrite morphology. 
The entire conclusions agree well with our simulation 
results and conclusions. 

When t=4 500Δt, the phase field for melt without 
flow and phase-velocity field for melt with flow are 
shown in Figs. 4(c) and 4(f), respectively. The dendrite 
morphology has been very developed, the dendritic arms 
grow competitively and interlace. All of them have a 
“one-sided” tendency toward upstream. For melt with 
flow in Fig. 4(f), there are arrowheads in liquid region 
near left boundary and underside boundary where the 
dendritic arms are sparse. That is to say, the residual melt 
can flow only in this liquid region. However, the residual 
melt cannot flow in other region without arrowhead.  
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Fig. 5 Temperature−velocity field when dimensionless flow 
velocity is 0 (a) and 0.06 (b) at t=1 800Δt 
 

 
Fig. 6 Velocity field of forced flow effect on 13 dendrites [16] 
 
Because the solid fraction is higher, the dendritic arms 
connect each other and almost occupy whole area of 
simulation. As a result, the melt flow channel is blocked 
or the residual melt is wrapped by dendritic arm in 2D 
simulation domain. The forced laminar flow imposing on 
the left boundary of simulation cannot affect the residual 
melt. 
 
3.2 Relationship between forced laminar flow velocity 

and solid fraction of multiple grains 
Figure 7 shows the relationship between the 

solidification time and the solid fraction when the 
dimensionless flow velocities are 0, 0.02 and 0.04. It can 
been seen that whether melt with flow or without flow, 

the solid fraction curve increases linearly when the 
solidification time is earlier than time point A (89×50Δt); 
when the solidification time is later than point A, half of 
the simulation domain is occupied by dendritic arm, and 
the increment rates of solid fraction curves slow down 
for the effect of dendrite interaction between the dendrite 
and simulation boundary. 
 

 
Fig. 7 Relationship between solid fraction and solidification 
time at different melt inflow velocities 
 

It is found from Fig. 7 that the solid fraction 
increases with melt inflow velocity becoming high. This 
is because heat will spread not only by diffusion, but also 
by thermal convection. In addition, the higher the melt 
inflow velocity, the more intense the thermal convection. 
The change is not distinct at the initial stage of 
solidification for the effect of initial condition. 
Accordingly, latent heat spreads into bulk undercooled 
melt earlier and does not accumulate easy at solid-liquid 
interface. So, the solid fraction will increase with 
increasing inflow velocity. 

The higher the melt inflow velocity, the easier the 
solid fraction equivalent to solid fraction for melt 
without flow. In Fig. 7, point B is intersect point of solid 
fraction curve of Ux=0.04 and Ux=0 at time B(109×50Δt). 
Solid fraction is the same when the two curves coincide 
after time B′. Solid fraction curves of Ux=0.02 and 
Ux=0.00 intersect at point C when the solidification time 
is C(122×50Δt). Point B′ is earlier than point C′ by about 
650Δt. Because the higher the inflow velocity is, the 
higher the dendrite growth rate is, and the smaller the 
region where residual melt can flow at the same time. So, 
solid fraction for melt with flow will gradually tend to be 
equal to solid fraction for melt without flow. What’s 
more, the higher the melt inflow velocity is, the earlier 
the solid fraction tends to be equal to solid fraction of 
melt without flow. 
 
4 Conclusions 
 

1) The problem of dendrite preferred growth 
direction was solved by random grid method designed by 
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author. The simulation results are reasonable and the 
computational efficiency is higher. 

2) Dendrite morphology, melt flow interact, and 
dendritic arm have “one-sided” tendency toward 
upstream. Melt flow velocity direction and value change 
greatly. 

3) Solid fraction is in direct proportion to melt 
inflow velocity when the solid fraction is lower. 

4) Little residual melt can flow when the solid 
fraction is higher. In addition, the higher the inflow 
velocity is, the earlier the solid fraction tends to be equal 
to solid fraction of melt without flow. 
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摘  要：为了更客观地再现强迫层流对多晶粒凝固过程的影响，自行设计了随机格子法以解决多个枝晶择优生长

方向随机分布问题。以高纯丁二腈(SCN)为例，采用耦合流场的单相场模型研究强迫层流对多晶粒非等温生长过

程的影响。结果表明：随机格子法可以更合理地处理枝晶择优取向随机分布问题，计算效率较高。当固相率较低

时，熔体质点绕过枝晶流向下游侧，两枝晶臂之间的熔体流动速度值变大；在凝固计算时间小于 1800Δt 时，各

个枝晶自由生长，上游侧枝晶臂均比下游侧枝晶臂发达；并且，熔体流入速度越快，固相率越高。当固相率较高

时，多个枝晶臂相互交织，仅有未被枝晶包裹的残留熔体可以流动；同时，固相率趋于与熔体无流动时的固相率

相同。 
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