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ABSTRACT

Research on the stochastic theory and its application have been conducted in China for 40 years. This paper

emphasizes on the basic theory of stochastic medium and its practice in predicting the ground movements and

deformations induced by underground and open pit mining, near surface excavation of tunnel and so on.
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TRODUCTION

In the past 40 years an extensive research
program has been conducted in China to pre-
dict the ground surface movements and de-
formations induced by underground mining
and near surface excavation. The aim is to
minimize damage to surface structures such as
buildings, railways and rivers from mining and
underground excavation of railway, storage
and other large spaces.

Recently, an increasing need for improv-
ing surface transportation and ecological as-
pects has led to increasing use of underground
space for railways, storage. garages and shop-
ping centers. These underground services are
now regarded as an essential part of life in
modern cities, and are placed close to the sur-
face for low cost and convenience of use. Ho-
wever, caving into these spaces is liable to da-
mage existing surface structures and services.
In some cases the potential surface damage
was estimated to be so great that the planned
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underground excavation project was pressed
for either changing or cancelling.

With the accumulation of engineering ex-
perience, a theoretical approach has been de-
veloped for predicting ground surface move-
ments, deformations and damage due to un-
derground excavation. This approach based
on a stochastic method has been used for the
past 30 years by design institutes and compa-
nies to design the extraction of coal seams be-
neath buildings, railways and rivers. it has also
been used to design underground railways.

For a quantitative approach to any me-
chanical phenomena and its effects, it is neces-

sary to d the physico. na-
ture of the stressed body. The intrinsic proper-
ties of an actual body existing in nature may
be very complex. However, when making a de-
tailed analysis of the mechanical behaviour of
a body, it is necessary to idealize the actual
body as if it is composed of a certain ideal me-
dium. In the past hundred years, several kinds

of idealized medium have been used in rock
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mechanics to model the real rock masses. lements. An with infinitesi unit
Among those frequently used are continuous thickness, width and length (d¢, d{, dn) is cal-
medium, and discontinuous medium. led an y ion. The i

Because of jointing, the rock mass can be
considered as a structure composed of a large
number of rock block, which are different in
size and shape but closely locked together. The
degree of freedom of a single rock block is too
large for classical mechanics to be able to de-
fine the motion trajectories of rock particles
precisely. In the middle of the 1950’s, taking
this fact into account that the movement of a
fractured rock mass is governed by a great nu-
mber of known and unknown factors, Litwini-
szyn, J. suggested a new method to compute

the rock mass motion"’.

According to Litwini-
szyn, a rock can be considered as a stochastic
medium and its motion problem can be solved
by the stochastic method.

In the past 30 years, this method has been
undergoing continual improvement by experi-
ments and has been widely applied to coal mi-
ning in Poland, China and USA.

Based on the stochastic medium concept a
series of solutions for rock movement calcula-
tions in different geological and extraction
conditions have been obtained. The solutions
have been used in mining practice and under-
ground construction to solve excavation prob-
lems under buildings, railways and rivers. Sa-
tisfactory comparisons have been made be-
tween theory and practice.

2 BASIC EQUATION FOR ELEMENTA-
RY SUBSIDENCE BASIN

According to stochastics, we can divide an
underground excavation into infinitesimal ex-
cavation elements. The effect due to the origi-
nal excavation will be equal to the sum of the

effects caused by these infinitesimal excavation

basin caused by an elementary excavaton is
called an elementary basin. The subsidence
and horizontal displacement of any point in
the elementary basin is called the elemntary
bsid (w,) and
displacement (U,).

horizontal

A rectangular cooridinate system is chos-
en with vertical axis z directed upward from
the elementary excavation. Based on probabili-
ty analysis, the occurrence of motion of a rock
mass element over the elementray excavation
may be a random event which takes place with
a certain probability. If the rock mass is
isotropic in the horizontal plane, then the
probability density function will be continuous
and symmetrical about the axis z. The occur-
rence of the event that subsidence occurs in an
infinitesimal area ds=dx dy at the horizon z
with point A (x, y, z) at its centre, is equivalent
to the occurrence of two events composed of a
subsidence in the horizontal strip dx through
A and simultaneously a subsidence in the hori-
zontal strip dy through A ( Fig. 1). Mathe-
matically we can write the probability separa-
tely for these two events by the function V3]
dx and f () dy respectively, where f is the
probability density function. The probability
for the simultaneous occurrence of these two
events is
p ) =1 (Adxf (y)dy=1 (D) (Pds (1)
Through the origin o, a new set of rectan-
gular coordinate axes (x;, y;, 2) is chosen such
that the coordinates of point A are (x;. y;- 2).
Using the new coordinates the probability will
be:
pds)=/ (Ddx/ GDdy, =/ (D GDds; @)
Based on the fact that the probability
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p(ds) does not change with the selection of the

system, if the excavation el
ry area ds=ds,, and point A does not change,
then
SEY =GR 60 G)
If the axis ox, passes through the point 4,
then
=x*y* and y,=0 )
Inserting Eq. (4) into Eq. (3) gives
LU ) =f (P )f O=Cf PHD) (5
le[erenuatmg Eq. (5) y!elds
+

76" )d/ ) Ca/(.\'
) alx” +
o d/(x2 ) Ay
i) ox” +y°)
finally
L T2(C 0 DU T4 ¢ &
SG) A& o) dp)

Both sides of Eq. (6) must equal a con-
stant K, thus

4 (") /d") = Kf () } @

a67 /A0 =K1 G

Solving the differential Eq. (7) and consi-
dering the condition that as x and y appro-
aches * infinity then p(ds)=0 gives

£ 6A)=g(Dexpl-nx® / ()]

[ () =q@expl-ny’ / r(2)]
Hence

®)

p(ds) = g° ()expl —

Then the three dimensional density func-
tion will be

Sy =

4’ @expl — -2 (x* +h1 )
2)

where ¢(z) and r(z) are the coefficients de-
pendent on the z axis. The above density func-
tion governs the geometric law for distribution
of subsidence of rock particles due to the ele-
mentary excavation. As the elementary exca-

vation is a component of the original excava-
tion, which is large enough to cause the rock
mass above the goaf move, then the elementa-
ry subsidence must be factual in this case. By
equating the subsidence distribution of the el-
ementary basin with the density function gives

Fig. 1 Influence of elementary excavation

Wx,p.2.0= ¢ (Dexpl-n(x*+1?) /
()] x déd¢dn (10)
From (10), the volume of the elementary
basin will be

= | | ¢’ @expl—n(x” +y") / r* @] x

dédtdndxdy an
The subsidence basin develops with time
as the overlying rock mass presses onto the
goaf at a rate governed by
dv,/ dt=c(1-V,) (12)
where ¢ is a coefficient. Under the condition
t=0, V,=0and t—>o0, V,=d¢, d{, dy, the so-
lution to Eq. (12) is
V()= [1-exp(—c nld&dtdn (13)
Substituting (11) into (13), gives
4(@)=—l1-exp(~c ]/ () 14)
Substituting (14) into (10), produces
Wxy.z.0 =[1—exp(—c 0] / r(z) x
expl—n(x*+y%] / r¥(z) x
dé&didn 1s)
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For two dimensional problem. the length
of elementary excavation is infinite in the y
axis direction. Integration of Eq. (15) gives

Wx,z,0=[1—exp(—c 0] / r(z) x

expl—nx’ / P(2)ldédn (16)

Aftter Knothe, St. Pthe coefficients R and
P are called the main influence range and main
influence angle respectively and are related by

r(H)=R=H/ tanf§ a7
where H is the excavation depth.

Finally, the elementary subsidence in the
elementary basin on the ground surface is giv-
en by:

W (x,p,0 =[1—exp(=c D]/ R* %
expl—n(x*+y?) / Rldédn (18)

This is the basic equation for the analysis.
By integrating the ground surface subsidence
caused by a rectangular excavation will be
(Fig. 2):

Wx,0=[1-exp(=c )] / R

expl—mx’ / R)d&dldn (19)
W(E, {) is the roof subsidence

Like the ground surface subsidence hori-

where

zontal displacement of the ground surface is
also generated due to the underground ele-
mentary excavation. In the study of horizontal
displacement, it is assumed that the rock mass
is incompressible at any moment, and for a
plane strain state

EAE+E.=0,and E,=0 @n

thus
oU,/ ax+oW,./ az=0 @2
where E,, E,, E. are the strains of rock mass

in x, y and z direction respectively. Solving Eq.
(22) yields
U, = —[oW (x)/ozdx +c 23
Inserting Eq. (16) into Eq. (23) and as-
suming the boundary conditions x—> + oo,
U,=0, produces the expression for the hori-

zontal displacement on the ground surface in

the elementary subsidence basin
U(x,0)=—2nBx[1—exp(~c )] / R* %
exp(—nx®/ R)dédn 4)
B is the horizontal displacement coe-

where
fficient.
B=1/2n-a2)/ 2z

Ucmae/ Wemax ~ (25)

4 %5

w0

2y

Fig.2 Two-dimensional extraction

3 GROUND SUREACE MOVEMENTS A-
ND DEFORMATIONS DUE TO NEAR-
SURFACE TUNNELING

An example is shown in Fig. 3 of a long
horizontal tunnel of depth H with arbitrary
cross-section. It is clear that the problem can
be reduced to that of a plane strain state.

Fig.3 Tunnel excavation

Consider an extreme case where the un-
derground tunnel has totally collapsed. The
maximum subsidence will be reached after an
infinite time (¢—~oc) following the total col-
lapse. A sufficiently large area of excavation
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can be treated as being composed of infinite
numbers of infinitesimal elementary excava-
tions dxdy which have the same influence on
the surface. The equation for the final surface

bsi caused by el
can be obtained from Eq. (19) for r->oc as

'y excavation

W (x.H)= —exp[

HE] v *Jdzdn (26)

The ground surface subsidence due to the
total collapse (area Q can be obtained using
the principle of superposition and considering
that () =n cotp, that is

W(x) = [[tanp / nexp[ — mtan’ p x

(=& /n’ldedn @

The total collapse of the tunnel represents
the worst case producing subsidence outside
the acceptable limits, it also provides the upper
estimate of maximum ground surface subsi-
dence.

Experience in underground engineering
has shown that, when the tunnel is excavated
and supported correctly only small move-
ments develop in the surrounding rock. Hence,
ground surface movement depends on the na-
ture and extent of the convergence over the
cross-section of the working. After excavation,
the area of cross-section Q converges to o and
the amount of surface subsidence is equal to
the difference between subsidence due to exca-
vation area Q and w. The difference is
W) =W, (x)—w (x)= [ tanf/nx

e
explrtan’Bx — ) / n'ldédy  (28)

If a tunnel of circular cross-section with
the initial radius, a converges to b. after a long
period of time, then the surface subsidence can
be obtained from Eq. (28)*

wx)= tan/f{j [ expl—ntan’ B/ n’ x
(= ldedn — [ x
expl—ntan’B(x — &) / n’Médn  (29)
where A=H-a; B=H+a

c=-va’ —(H—n)’
D=Na'—(H -y’
E=H-b, F=H+b
G=—Nb'— (-’
K=Nb>—(H—-p)

The performance of the above equation is
compared with the observations from a case
history described in ref. [5]. In this case the
tunnel is 17.4 m below surface with a crossec-
tion of 4.5 m (height) x 5.7 m (width). The
area of convergence is 0.76 m>. The parameter
B which characterizes the behavior of the rock
mass is determined by comparison of the area
of subsidence basin cross-section with that of
the convergence cross-section. The assumption
implies that both are equal. For this case
tanfi= 137, a comparison between the calcu-
lated curve and measured values is shown in
Fig. 4.

16

Fig.4  Comparison between the caculated (curve)

and measured (circle) subsidence

The horizontal displacement of the grou-
nd surface is determined from
Ux)=(BH /tanf)dW(x) /dx  (30)
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The horizontal strain of the groundsur-
face is given by
E(x)=dU(x)/ dx a1

4 GROUND SURFACE MOVEMENTS
AND DEFORMATIONS DUE TO UN-
DERGROUND MINING

Practice and model experimenlsmhave sh-
own that, when mining an inclined coal seam,
the center of the elementary subsidence basin
shifts from the point above the center of the
excavation B to a new point A. The tilt of the
subsidence basin does not change the symmet-
ry of the basin shape (Fig. 5).

Fig.5 Extraction of an inclined coal seam

The angle between the horizontal and the
line passing through maximum subsidence
point and the center of excavation is called the
angle of extraction influence and denoted by

0=90 (°)—aK(z) 32)
where K(z) is a coefficient dependent on the
properties of the rock mass and 8<<K(2)<(1

From Fig. 5

p(2)=2/ tan[90 (°)—aK(2)] 33)

Applying Eq. (20) to the two-dimensional
case and substituting x—p(z) for x. produces
the elementary subsidence basin for inclined

strata as >0

W)=l =2 "exp {—n/ r(=2)x
[x=S=p(z=2)F }dédn (34)
Thus from Eq. (23) the elementary hori-
zontal displacement will be
r(l*[)QI(Z_ z)3W ) (X)
oz ox

U (x)=

°"‘Z Dy () 39
== B
Integrating Eq. (34) gives the surface sub-
sidence due to the extraction of an inclined
coal seam with extraction width L maximum
and minimum extraction depth H and h.
wx)=w,, tanff’ (h+ Stana) ' x

exp{ — nlx — S — (h + S tanx)cotd] x
tanf/ h+ S tanw)’ }dS (36)
where A =S,cosa B=(L—S,)cosx
Combining Eq. (36) and (35), gives the
surface horizontal displacement as

UGx)= —BW__| M[X,S,
"4 (h + Stana)”

(h + S tana)cotd] x
— (h + S tana)cotd)”
—(hi+Stan)’tan
dS — W(x)cot 37
The maximum possible subsidence is
W nax = Wi manSind = Mnsing (38)
where W, ., and M, are the maximum gr-
ound surface displacement and effective coal
seam thickness in the direction of .
1f M= M / cos[(1-K)a]
then W,,,.=M ncos(k o) / cos[(1-k)a]  (39)
The inclination of ground surface is

T(x) = dW(v) ,,Ij 2ntan’ f8 _x
(h + S tana)
[x — S — (h + S tana)cotd] x
eRpl et e
(h + S tana)”
(h+ S tanw)eotf]’ }ds (40)
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Ground surface curvature is given by
d7(x) _
dx

I omtan’p
2o (h +S5 lana)‘

2rtan’f
(h+ S tang)’
(h+ S tanw)cot6]’} x

ntan’
(h+ S tana)’
[x—S—(h+S tana)cotd]’} ds (41)

The horizontal strain of ground surface is
E (x)=dU(x) / dx

K(x)=

{1 [x—5—

expl— x

v [ 2ntan’ B e
" (h + S tana)”
:
T T

(h+ S tana)’

mtan Zﬁ
(h+ S tanx)”
[x—S—(h+ S tana)cotd’ }dS —
T(x)cot) “2)

S tana)cosb]}exp{ —

5 GROUND SURFACE MOVEMENTS
AND DEFORMATION DUE TO OPEN
PIT EXCAVATION

Vertical and horizontal movement beyond
the perimeter of an open pit will be resulted if
the development is deep and extensive. The
surface point always moves towards the center
of the open pit. The surface movements are
not only great in relation to the stability of the
open pit slope and the safety of mining opera-
tion but also are of significance to the stability
of structures.

Recently, some studies on factors con-
tributing to the surface movements have car-
ried out. Particular attention has been paid to
prediction of vertical and horizontal move-
ments and horizontal strain and careful as-

sessment of their influence on existing struc-
ture in the adjacent area.

A small amount of excavation leads to a
small amount of movement on the surface,
and the resultant movements of a point are
given by the sum of movements caused by the
excavation of different areas.

In the following analysis only the two-
d. Let W be
the subsidence on surface, and subtituing
@)=k into Eq. (10)gives
W, =h@expl—h’G )x—x)'1/N7  (43)

Fig. 6 shows the cross-section through the
open pit where H is the excavation depth. the

di I problem is

plan equation for the top level of the open pit
is z=0, for the bottom is z=—H, and for the
slope is z= xtana.

®
Xo

Fig. 6 Schematic section of open pit

Consider a point P(x,, z,) in the excava-
tion area where an induction subsidence has
taken place in the horizontal level z=z,. In
terms of Eq. (43) produces

AWe)=[" Az '

expl =4’z ) —x,)ldx,  (44)

h(z,)x x

The small amount of increment of the dis-
tribution function of subsidence /\ W(z,) can
be considered to be a result of the small
amount of induction subsidence.

Bearing in mind the range of the main in-
fluence, Eq. (44) may be presented in the fol-
lowing form
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we={" 17 b )/ x

expl—h’(z,)x —x ) ldx dz,  (45)
After some operations Eq. (45) becomes

o b

W) =["_, [ tanp/ z exp

[—z, mtan’plx — x,) "My, dz,  (46)

Using of the main influence range gives

47
(48)

Substituting Eq. (48) into Eq. (46) gives
W) =0.5" (1 —erflz, 'V tanf x
(x +z,cota]}dz,, (49)

Maximum subsidence is only attained at
x=0, it is meaningless when x>0,

W, =0.5H[1 — erf 7 tanficot)] (50)

Solving the Eq. (23) we can obtain the
horizontal displacement of ground surface
U(x)=2ntanp) ™ [° yexpl—ntan’p / 5 x

(zgcotortxg)ldz, (51)

Maximum horizontal displacement is at-
tained at x=0. it is meaningless when x> 0.
Upay = Hexp(—ncot’atan’p)2ntanp)™  (52)

As to other cases, the subsidence W and
horizontal displacement U can also be ob-
tained using Eq. (49) and (51), only upper and
lower limits must be rewritten according to the
boundary conditions.

The common excavation form of open pit
is shown in Fig. 7 where the respective slope
angles on the two sides are o, and o, The
depth of open pit is H and the width at the
button is L. In this case the subsidence of
ground surface is determined by
W(x)=[2,ftanp / zyx

expl—ntan’f / z(x—xldx,dz,  (53)
where A =—zycoty;
B= Hcota,+L+(zy+H) / tana,

Fig.7 Schematic section of an open pit

The horizontal displacement of the gro-
und surface is given by
U(x) = [ yfhtanp / zi(x—x) %
expl—z; mtanB(x—x,)"dxodx, (54)
The horizontal strain of the ground sur-
face is given by
E(x)=dU(x) / dx (55)

6 CONCLUSION

Mining and underground engineering
show that the theory of the stochastic medium
can be used in practice for solving the prob-
lems of prediction of the ground surface move-
ment and deformation.

In mining design. it is essential to deter-
mine the characteristic parameters of rock ma-
ss. That is the angle of main influence.
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