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ABSTRACT

A new method based on deformation theory for analysing shape extrusion or drawing

was described. The processes of the extrusion or drawing of regular polygonal or rectangular sections
from cylindrical billets were discussed. The calculated results have been compared with known data ob-
tained from upper bound method and were found to be in good agreement.
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1 INTRODUCTION

Since stress-total strain relations were in-
troduced by Hencky for a von Mises material
in 1924, a great deal of discussion has fol-
lowed on the question of whether the deforma-
tion theory could adequately represent an elas-
tic-plastic material. While it is now evident
that it cannot, due to its comparative simplici-
ty as opposed to the incremental theory and its
capability to approximate, rather than replace
incremental theory, the deformation theory
has gained a number of application and yielded
some good results. In the 1970s’, Martin'’
pointed out that the stress-total strain rela-
tions are appropriate to represent an elastic-
plastic material if and only if a deformation is
along the so called ‘extremal path’, thus gave
the deformation theory a theoretical basis. In
the field of metal forming, the theory was
mostly used to analyse sheet metal forming
processest? %1, the tube sinking™, cylinder
and ring upsetting processes'’?, and cold Pil-
gering processes'® were also analysed. The re-
sults of those works show the viability of the
deformation theory on analysing the large de-
formation processes of metal forming.

As to the complicated three-dimensional
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deformation processes like the shape extrusion
or drawing, upper bound method has been
used by the majority of researchers, such as
Kiuchi ez al®® '], Yang et all'* 13, Gunasekera
et all™ %1 in the past two decades. Different
kinematically admissible velocity fields were
assumed and some processes of simply-shaped
sections were calculated. But this technique
needs a complicated process of setting up a
kinematically adimissible velocity field which
makes it quite difficult to analyse working
processes of complicated sectional products.
FEM has also been used to analyse the similar
problems more and more now, but its need of
computation resource is much greater. Those
drawbacks now become a major discourage-
ment for the engineers who may want to use
these approaches as a practical design tool.
Thus a simple method is in much desire.
From the above reason, a new method
based on deformation theory for analysing the
3-D deformation of shape extrusion or drawing
is developed in this paper. By neglecting the
strain history effect, the analysis can be great-
ly simplified. Through the analysis of a spe-
cific problem, the extrusion or drawing of reg-
ular polygonal or rectangular sections, this
paper describes and discusses this new method
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and gives it a theoretical basis.

2 ANALYTIC EXPRESSION OF EX-
TRUSION OR DRAWING OF REG-
ULAR POLYGONAL OR RECT-
ANGLAR SECTIONS FROM
CYLINDRICAL BILLETS

As indicated by the deformation theory,
when the geometries of a deforming body be-
fore and after the deformation are given, the
strain field as well as the deformation work of
the deformation process is solely specified. So
by considering the geometries of the billet and
the product of an extrusion or drawing pro-
cess, all the information about the deforma-
tion can be obtained. A specific problem, the
extrusion or drawing of regular polygonal or
rectangular sections is discussed as follows.
Here the deforming material is considered in-
compressible and non-strain-hardening and its
velocities along the cross sections at the exit
and the entrance of the deformation zone are
assumed constant.

As shown in Fig. 1, OAB is half section
of any of the polygon’s sides and OA,B, is the
corresponding section of the cylindrical billet
with its radius of R, i. e. the section OA,B,
move onto section OAB after deformation pre-
serving the extrusion (or drawing) ratio. If
point ( X, Y, Z ) on section OA,B, move onto
(x, ¥, =) on section OAB after deformation,
suppose a constant deformation ratio along the

Yy

B« B B,
0 b—oA X(x)

Fig. 1 Geometry of billet and produt

exit cross section, the displacement field of
the process which meets the needs of the
above assumptions can be easily gained as:

z=bvX*+Y*/R

y = %b v (X? +Y2)arctan§— ¢))
z=AZ
where
PR }
btana 2
K = tana/f

The components of the right Cauchy-
Green tensor C of this field are

C=K'[X*+K?*(Xarctan(Y/X)—Y)?]

C=K'[Y?+K?(Yarctan(Y/X)+X)*]

C, =X
C,=C,=K'[XY+K*(Xarctan(Y/X)

—Y)(Yarctan(Y/X)+X)]
C;=C;,=C3;=Cy=0 3)
where

KI — bZ/l:RZ(Xz + YZ):]
The principle values of tensor C are
2

b Y
M= m{l + K?(1 + arctan? 7)

+ \/[(l + K*(1 + arctan® 2))* — 4K*])

M3 = A €Y

As proposed by Hill?®), the logarithmic
strain E =InC/2 is choosen as the measure of
the finite strain of the deformed body.

E, ,=Iny, ,/2

E, =Ini (5)

The principle direction of the strain is the
same as that of the right Cauchy-Green
tensor’s, i. e. one principle axis is parallel
with Z-axis and the direction cosine of the oth-
er two, [, m, are

I— C.
N2 2
“/[(Cll ) +C12:| 6)
Ch—p
m

V(€ +CE,]
It can be easily proved that ¢, p,u; =1, so
the law of incompressibility is satisfied.
The effective strain is

E. = A/[2(E* + E2 + E?)/3] Q)

The work consumed per unit time of any
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point “i” is
W(E}) = o,E,; (8
where o, is average yield stress of the pro-
cess.

3 DISCUSSION

(1) The exact solution for the problem,
obtained incrementally, is characterized by
displacement u, strain E; and consumed work
W (E?). The solution obtained by above ap-
proach is represented as u}, E:, W(E}).

Because of the fact that E} is obtained
from an extremal path, E}and thus W(E; ) are
equal to or less than the integrated deforma-
tion strain and work obtained from incremen-
tal measurement of the real process which pro-
duces the same change in shape'. Besides,
the supposed displacement #§ takes no consid-
eration of displacemnt difference of adjacent
points along Z-direction and thus takes no
consideration of shear work along Z-direction,
SO

W(ED) << W(ED )]
i.e. W(E?) is the lower bound of the true de-
formation work.

Generally, the deformation whose con-
sumed work hasn’t any redundant work is
called ideal deformation. It has been proved
that the deformation theory’s solution of any
given elastic-plastic problems has the mini-
mum potential work 550 the ideal deformation
can be strictly defined as that obtained by the
deformation theory. This indication confirms
the Majiles et al’s demonstrationt that their
approach based on deformation theory is spe-
cially useful to metal forming processes that
occur under an idealized homogeneous mode of
deformation. Similarly, the approach de-
scribed above would also give its results spe-
cially accurate in the analysis of an idealized
homogeneous deformation and the strain cal-
culated in eqaution (7), the work calculated in
equation (8) can be approximately called ideal
strain and ideal work respectively.

(2) As indicated above, W(E} ) , the in-
ternal power of a deformation, is accounted
for only by the ideal portion. To make a con-

trast, its total deformation work Wz(E* ) ob-

tained from the upper bound method is the
sum of the deformation work Ws(E; ) inside
the deformed body and the shear work Wy
(E; ) along the velocity discontinuity surfaces
near the inlet and outlet of the extrusion or
drawing dies, i.e.

Ws(ED) =W (E}) + W (E) ao

Considering W (E} ) is the consumed work
along extremal path while W (E: ) is of a kine-
matically adimissible velocity field, thus

W (ED) < W (E) an

So W(E}) gives a too low result com-
pared with Ws(E? ) which strongly supports

the addition of the shear or redundant power
along surfaces of velocity discontinuity, i. e.
Ws(E) = W(E) + W (ED) 12)
Similar procedure was once adopted as a
modification of equilibrium approach for wire
drawing"” ' and showed more of an upper
bound naturet™, The derivation of W, (E; ) in
this paper also follows that by them"” 1*J,

4 RESULTS

The calculated results and some corre-
sponding results given by published upper are
showed in Fig. 2 and Fig. 3, where the avarage
effective strain and relative stress is defined as

J Wo(EDAF
E.=—— =P/, 13)
J o dF
F
where F is the cross sectinal area of prod-

ucts.

Yang et al''* proposed a kinematically ad-
missible velocity field with smooth transition
from the die entrance to the die exit. Due to
their adoption of effective die surface with
small friction, the deformation obtained by
them, both theoretically and experimentally,

was quite homogeneous, especially when the
extrusion ratio is small. Fig. 2 compares the
results obtained in this paper (curve 1, 2) with
theirs. It can be seen from the figure that,
just as predicated, the curve 1 which is calcu-
lated by substituting equation (8) into equa-
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tion (13) has the smallest value and is quite
similar to that obtained by Yang et al especial-
ly when the reduction of area is small. Besides
the curve 4 which is calculated by substituting

Product shape; rectangle
Length/width=1.5

Relative die length=2. 0

Friction factor=0. 001

Pt
o0

Average effective strain/E,

—
S

1. O

——the auther’s
— —Yang’s

50 60 70 80
Reduction of area/%

Fig. 2 Comparision with Yang for
the extrusion of rectangle
1—Results without taking account of redundant work;
2—Results having taken account of redundant work

1. 6

A Round to regular hexagon
\ Reduction of area 60%
\ Friction factor 0. 1

—
S

Relative stress P/o,
—
[a%]

Lob~—l 7
~——the author’s
— — Gunosekera’s
0.8 .
0.5 1.0 1.5 2.0

Relative die length L/R

Fig. 3 Comparision with Gunasekera for
the extrusion of regular hexagon
1, 3—Results without taking account of redundant
work; 2, 4, 5—Results having taken account of whole
deformation work

equation (12) into equation (13) has higher
value than that of curve 3, which shows it is
an upper bound of the true solution already.

Fig. 3 shows the results obtained by sub-
stituting equation (8) and (12) into equation
(13) (curve 1, 2) and the results provided by
Gunasekera et all'*''®! who adopted straight
flow line supposition (curve 3, 4) and the
smooth flow line supposition (curve 5). The
relative die length L/R in the figure is the ra-
tio of deformation zone length L and the
billet’s radius R. It can be observed that curve
1 has the smallest value and curve 2 is higher
than curve 5, which share the same regularity
with Fig. 2. Furthermore, when L/R goes
greater and greater, curve 2 approachs its
mininum relative stress value and becomes al-
most the same as curve 4.

5 CONCLUSIONS

Based on the deformation theory, the dis-
tribution of strain and the deformation work
of the extrusion or drawing of regular polygo-
nal or rectangular sections from cylindrical bil-
lets are explicitly formulated from a supposed
displacement field in this paper. The sub-
structure of the solution is discussed and its
characteristic of lower bound and the physical
meaning are pointed out. Furthermore, a
modified method is developed to modify the
above lower bound solution to an upper bound
solution. The calculated results show their
similarity to homogeneous deformation and
upper bound solutions just as predicted.

The present method shows its preponder-
ence of simplicity in analysing the working
process of complicated sections, which may be
make it possible for engineers to use it as a
computerized design tool. Extending the
method presented in this paper to other gener-
ally shaped sections is easy and the further
work will be published soon.
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5 CONCLUSIONS

(1) There was not interface phase in the
specimen after quenching and subsequently
aging at below 800 °C. This means that the
forming of the interface phase is related to
heating temperautre and cooling rate.

(2) There was interface phase in the
specimen after treating at 950 'C for 1 h and
water-quenching followed by aging at 800 C.
The interface phase had a double-layer struc-
ture with it. The monolithic layer was fcc and
its orientation is (001),// (110)sand [110]./
[111 Js. The striated one was HCP with
(1011)¢1012) twin relationship to @ phase. Its
thickness was about 100~ 300 nm.

(3) When the interface phase formed, the
composition gradient at the interface oc-
curred, which resulted in gradient of electron
concentration. This probably is the main fac-
tor to create the interface phase in the titani-
um alloys. If no interface phase was formed,
the concentration of alloying elements was dis-

has nothing to do with the thinning method
for TEM specimens and the so-called titanium
hydride.
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