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EQUIVALENT CIRCUIT OF NONLINEAR EFFECT
OF SPECTRAL IP°®

He, Jishan Li, Daqing Tang, Jingtian
Department of Geology, Central South University of Technology, Changsha 410083

ABSTRACT A new nonlinear equivalent circuit was proposed to describe the mineral-electrolyte in-
terface when the nonlinear system being neared to equilibrium state, i.e, the induced current density is
not very high. The Volterra/Winner nolinear system theory was employed to analyse the equivalent cir-
cuit. A mathematical formula to calculate overvoltage response of the circuit to arbitrarily induced cur-
rent has been obtained, and cathode/anode polarization curves of pyrite and graphite were calculated
theoretically with the formula. Comparision of these curves with experiment results showed that the
proposed equivalent circuit is suitable to describe the nonlinear system composed of mineral-electrolyte,

it can be used to study the nonlinear effect of spectral IP.
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1 INTRODUCTION

The evaluation of IP anomalies is an im-
portant but difficult problem in practice. The
methods used can be devided into two groups,
the first uses the charging/discharging curves
or the spectral IP curves; the second measures
the nonlinear IP response.

In this paper, a new equivalent circuit to
describe the mineral-electrolyte interface when
the induced current density is not very high
will be proposed. Furthermore, a mathemati-
cal formula to culculate the overvoltage re-
sponse of the circuit to arbitrarily induced cur-
rent will be given. At the last, the cathode/
anode polarization curves theoretically calcu-
lated will be compared with the experimental
results.

2 ELECTROCHEMISTRY MECHA-
NISM OF IP NONLINEAR EF-
FECT

The system composed of mineral-elec-
trolyte is a very comprehensive physico-
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chemistry system, also is the electrode reac-
tions happened on the mineral-electrolyte in-
terface, those are related not only to the min-
eral component and the interface property but
also to the electrolyte component and its con-
centration, etc. , and play an important role in
the consideration of nonlinear IP effect.

It was found that the cathode/anode po-
larization curves of various minerals were al
most the same in shape, as shwon in Fig. 1,
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Fig.1 Typical curve of cathode/
anode polarization
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where the horizontal axis indicated the induced
current density( j ), while the vertical axis in-
dicated the overvoltage response (7). This
typical polarization curve can be explained as
follows according to the electrochemistry the-
ory:

(1) Section ab A double layer struc-
ture is formed around the mineral-electrolyte
interface due to various electrochemistry reac-
tions. The elctrode reactions arround the in-
terface are weak because little current flows
through the interface. The overvoltage re-
sponse has a linear relation with the current
induced density approximately.

(2) Section bc The polarization curve
begins to bend with increasing current densi-
ty. the electrode reactions becomes obvious
when the overvoltage increases to the value at
point b. Charges from the induced current are
mainly consumed in the electrode reactions,
little of it are concentrated on the interface.
Thus, the overvoltage doesn’t increase any-
more or increases very slowly with the in-
crease of induced current density at this sec-
tion &c. Most of the induced current would
flow through the interface. At this stage, ions
would be seperated out on cathode or dis-
solved on anode. the relationship of the over-
voltage response with the induced current den-
sity would become to nonlinear.

(3) Section ¢d The remained charges
are accumulated on double layer structure, so
overvoltage increases with the increase of in-
duced current density. Electrode reactions
would be dominated by diffusion process.

(4) Section de Hydrogen/oxygen be-
gins to be seperated out when the overvoltage
increaes to the value at point d. The overvolt-
age increases little with the increase of induced
current density.

(5) As for the non-dissolvable minerals
such as graphite, the polarization curve would
moves along the dashed line from & to d'.

3 EQUIVALENT CIRCUIT OF NON-
LINEAR EFFECT OF IP

According to the above analysis, one part

of induced current would charge to the double
layer structure, which was named as non-
faradaic current on electrochemistry theory.
Another part of the current would flow
through the mineral-eletrolyte interfaces,
which was called faradaic current. Thus, the
mineral-electrolyte system could be describle
as two parallel path, one is called faradaic
path, the other is non-faradaic path. Consid-
ered the electrolyte resistance, the system
could be equivalent to a circuit shown in Fig.
2.

In linear condition, G, can be expressed as
(1w z )°in frequency domain, while G, is pure

G,
1
| N
R,
1 .
L r G,
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1

Fig. 2 The equivalent circuit of
mineral-electrolyte system
R, —the electrolyte resistance; G, —the equivalent ad-
mittance of non-faradaic path; G, —the equivalent ad-
mittance of faradaic path

conductance with G, = 1/R,. Then Fig. 2 can
be redrawn as Fig. 3, which is the cole-cole e-
quivalent circuit in frequency domain. The
transfer impedance of cole-cole equivalent cir-
cuit is

. - - 1
Z(w) = Z(0){1 —m( 1T Gury (iwr)°)} 1)
where Z(0) =R, + R,;
m = Rc/(Rb + Rc);
T = X(R)"
Fig. 3 Cole-cole equivalent circuit of IP
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Z (o) is the impedance when angle fre-
quency is equal to zero. mis called chargeabili-
ty, and 7 is the time-constant. ¢ is named as
frequency related coefficient, which indicates
the relationship between the impedance and
the angle frequency.

The linear relation between the overvolt-
age and the induced current density would be
broken when the current density increaesd to a
threshold value, and the cole-cole equivalent
circuit was not suitable for a nonlinear system
anywise.

It could be supposed that the equivalent
admittance of the non-faradaic path, G,
which relates to the double layers structure, is
still ( fzwX)° when the induced current density
is not very high. The equivalent admittance of
faradaic path, G,, is a complex response of
various electrode reactions related to the non-
linear effect. By analysing the equivalent ad-
mittance of various electrode reactions, it can
be assumed that

2 3

G2=Go+a§°Vz+bS_gV§ 2>
where G, is a pure conductance with G, =
1/R., which indicates the linear effect of
faradaic path; a and b are parameters related to
nonlinear effect of faradaic path, which have
the dimensional relation with the induced cur-
rent density: [a] = [j]7!, [6]=[j]17% Sin-
dicates the effective section area of various
electrode reactions; V, is the overvoltage re-
sponse of faradaic path.

Substituting G, /G, in Fig. 2 with above e-
quivalent admittance, the equivalent circuit to
describe the mineral-electrolyte system is es-
tablished as shown in Fig. 4.

Because G, is a function of V,, the rela-
tionship between V,and the current density j is
nonlinear. Analysis methods and conclusions
in linear system are not suitable here. It
should deal the circuit with nonlinear system
in next paragraph.

Supposing the nonlinear system composed
of mineral-electrolyte satisfies the time-invari-
ant and causality. According to the Weier-
strass theorem, the response of any such a
nonlinear system to arbitrary input can be ex-

pressed as a convolution seqgence:

y@) = J_ h(t)u(t — o)dr

+Jm J.Do hz(fu Tz)

—o0y —oo

X u(t — r,)dr,dr,

+J°_" J"’_" .r_o hy(Ty5 Tyy T3)
Xult —rDult — r)ult — 13)

X drdr,dr; + - €))
y(¢) indicates the response of a non-
linear system to the input #(¢). Equation(3) is
a series presented by the Italy mathematician,
Vito-Volterra in 1880. Winner N first used it
to analyse nonlinear system in 1942. In the se-
ries, h, (1), h,(t,, 7,), h;(z,, 7,5, T3)** are
named as Volterra Kernels, which define the
nonlinear system exactly.

oo

where

G:(t) = Go + alvz(l) + b'Vz(t)z

NG :
1) ri.‘ B
G
1, ) E'(“
L Vl(l) l V:(‘) l
L ‘—]- hammn §
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Fig. 4 Equivalent circuit of nonlinear
electrolyte-mineral system

In Fig. 4, the response of the equivalent
circuit, V(¢) can be written as

V) =V,@ +V,@®) 4
where V,(2) is the overvoltage response of
faradaic path, which can be expressed as a
Volterra series with the input I(z).

V() = J Z,(0)

oo

X I(t — t)dr
+ J_ J_ Zz(r1a Tz)I(t - T])
X I(t — t,)drdz,

+JD_O J“j Jio Z3(1y, Ty Ty)
XTI —t))I@—t)It —1y)
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X drydz,dry + <o (5)
Z (1), Z,(1yy T3), Z;(Ty, T,y T3)eee
are Volterra Kernels of the nonlinear system

Assuming the current 1(¢) is arbitrarily,
it can be expanded in the power series, then:

I@) = D) Le* (6)

k= —oo

where

Substituting 1(¢) in equation (5) with expres-
sion (6), then get

Vo) = D) Zi (kDI et

k= —oo

+ D7 D) Zylkys k)

k]:—ookz=—oo

>< Ibl , kbzei(k1+k2)col

+ D0 D D) Zyky, &y

kb =—ook,=—ocok,=—co
k3)Ikll,lzijeI(bl+k2+k3)w, N
Z(ky)y Zy(Ckyy ky)y Zy(hyy kyy koy)ees

are Volterra Kernels in frequency domain

7, (k) — r 7, (t)e~*dr

where

A ST B ACIES
X efl'blwr efx'kztur

X dr,dr, L

Z3(k1’ kzv ka) = J7 J: JL Za

X (1, T,)e ™

(8)

>< e—ikzwre—ibawr

X dr,dzr,dr,
Thus the response of a linear system can
be gotten by letting the Volterra Kernels with
high-order ( Z,, Z;+* ) be equal to zero in e-
quations (5) or (7), and the response of any
system can be calculated with equation(5) or
(7) as long as the Volterra Kernals are
solved.
In Fig. 4, the relation between currents is
It) =1 + 1, €))
where I;(¢) is the current through non-
faradaic path, which is defined by a convolu-
tion with V, and G, ;

o= Govie—od a0

where  I,(¢) indicates the current in nonlin-

ear faradaic path, i.e.
L) = G@)V,@&)
= GV, () + a Vi)
+ Vi) 1
In equation (11), @ = aG3/S%, b = b +
G3/S%. Because of the formula;

f@ = [ 8@ —ode

where &(¢) is a Diract function. Equation

(11) can be rewritten as

1) = r G.0(DV, (¢t — t)dr

+ 77 asaea

X V,(t — )V, — r,)drdr,
+[7 7] e

X a(rz)a(ra)vz(t - rl)

X V,(t — )V, (¢t — 13)

X dr,dr,dr, 12)

put equations(6), (10) and (12) into equation
(9), then get;

S L — r [Gd(D) + G, (D]
it o

X V,(t — t)dr

o R LSS

X V,@t — DV, (¢t — r,)drdr,

+7 [ J_ B8

X 0(1,)0(1y)

X V(¢ =)V, — 15)

X V,@t — ty)dr,dr,dr, a3
substituting V,(¢) in equation (13) with ex-
pression (7), after hard work and comparing

the right side with the left side of the equa-
tion, then have;

Z,(k)[G, + Ghwy)] =1

ZyChyy k)D[Gy + iRy + k)wX)*]
+dZ,(k)Z,(ky) = 0

Zi(kyy byy BD[Gy + 1Ry + &,

+ k)wX) ] + dZ, (k) k) Z5(ky)
+a'Z, (b, kDZ (k)

B Z,(k)Z, (k) Z (k) = O
from eguations(14), the Volterra Kernels are
solved as follows

L (14)
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Z,(k) = 1/[G, + Gkw))*]
Zy(kyy ky) =— a,Go/{[Go + (kyw))©]
[Go + GkywX)°][Go + Gk + k)wX) ]}
Zy(K,, K;, K3) =
(1/{[Go + (ikle)C][Go +
[:Go + (ikan)C]
X [Go + Gk, + &k, + ks)'LUX)C]})
X (a'zGé/[Go + Gk + kz)wX)°]
+ a*Gi/[Go + ik, + kD)w)<]
—b6GY)

(iksz)C]

~—

15
Since V,(¢) = Z RyI.e™", put it and the e-

b=—oo

quation (15) into equation (4) and (7), and
note that;

a = aGi/S, b = b+ G}/S?,
then get:
Ve =V,@) +V.@®

N R,
B kIZ [Rb 1+ Gk

+ i S (= aR/{[1 + Ghwe)e]

ﬁ =—o0

[1 + (zkzwr) M1+ Gy + kDwr)]})
InIbZ

Go = ]-/Rc’

:IIRle'k 1w

ei(lt1+lz2)

—oo

Msm

(R./{[1 + Ghkwr)]

[

1

«[1+ (zkzwr) 1 + Gkwr)©)

« [14 Gy + by + kDw) D)
< (@ /{[1+ Gk + kwr)]
+a*/[1 + Gk, + kDwr) ] — b}
R Ibllslezzlkse.'(bl+k2+k3>wz) (16)
7 = ¥(R)"* Equation(16) is the for-
mula to calculate the overvoltage response of
the nonlinear equivalent circuit to arbitrarily
induced current I(¢). There is only the first
item in the formula if a = & = 0, its corre-
sponding complex impedance in frequency do-
main 1is

Z(w) = V(w)/I

where

R,

=Ry, + 1T Gt an

It is the same as the impedance of the
cole-cole equivalent circuit, which is a special
case of nonlinear equivalent circuit at a rela-
tively small induced current density.

4 THEORETICAL CALCULA-
TION AND EXPERIMENT
RESULTS OF CATHODE/

ANODE POLARIZATION
CURVES

Supposing the induced current in Fig. 4 is

I@) =1, + I,coswt (18)

There are only three exponential items af-

ter expanded in power series, i.e. #=—1, 0,

1, the corresponding amplitude is [, =—1,/2,

I,, 1,/2, respectivly. Put them into formula (
156 ), resolve the overvoltage v(z ) in time do-
main, then the overvoltage v(@ ) in frequency
domain with Fourier transform can be gotten.
In the expression of v(w' ), there is not only
the items containing angle frequency w = w,
0, 2w,
3w. etc. It is an important characteristic ap-
peared in overvoltage response, which has
been once measured by Illay6 106 et al. to eval-
uate the nonlinear effect of mineral polariza-
tion.

but also that items containing w =

For the frequency w = w, the complex
impedance is defined still as Z(w) = V(w)/I,
but Z(w) is the function of the induced cur-
rent here.

For the actual mineral-electrolyte, the
nonlinear parameters a and & are usually small
when the induced current density is not very
high. If the direct current I, is much greater
than the alternate current I; in the induced
current, then the approximate expression of
the impedance can be gotten as:

R.
2 =R T Gey
L B B 1
=Z1l—mQ TS m,)c]
19)
where
Z'(0) =R, + R,
. R
m = R+ K 20)
T = X(R)*

and
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Thus, the impedance Z (@) of a nonlinear sys-
tem is of the same form as the impedance of a
linear system. The only difference of them is
that the parameters (Z' (o), m', v, R'.) are
not only related to nonlinear parameters a and
b, but also related to the induced current den-
sity for a nonlinear system.

For dissolvable minerals (such as metal
sulfates), the nonlinear effect of IP is deter-
mined mainly by the electrochemistry reac-
tions on the mineral-electrolyte interface when
the induced current density is not very high.
Fig. 5 shows the electrode polarization curves
theoretically calculated with equations (19)~
(21) for the dissolvable minerals. The most
important characteristic of these curves is the
“cathodic polarization dominant”, which be-
comes more obvious with the increase of in-
duced current density. That means the 1P re-
sponse on the cathod is greater than on the an-
ode for the dissolvable minerals.

As for the non-dissolvable minerals such
as graphite, the nonlinear effect IP is domi-
nated mainly by the reaction in which the hy-

-4 000

- cathode curves
- - - anode curves 4 3
—— =0 curve z

3000

2000

- InV/i, Q

2000 5000 6006 7000 8000
Re(V/I)/0

0 logo 2 600 3 OLOO

Fig.5 Cathod/anode polarization
curves theoretically calculated for
dissovlable minerals, in calculation:

Z(0) =100002, m =0.985, r =50s,

¢=0.7,a=0.004cm?/pA, b =0. 0001 cm*/pAZ

For curve 0, j, =0pA/cm?; 1and 1', j, =4pA/cm?; 2
and 2', j, =8pA/cm?; for curves 3 and 3', j, =16 A/
cm?; for curves 4 and 4, j, =32 uA/cm?

drogen and oxygen are seperated out. Their
theoretical impedance curves are shown in
Fig. 6. The most obvious characteristic in
Fig. 6 is the “anode polarization dominant”,
Which means that the IP response on anode is
greater than on cathode for the nondissolvable
minerals.

Fig. 7 and Fig. 8 show the experimental
cathode/anode polarization curves of pyrite
and graphite, respectively. Comparing these
figures with Fig. 5 and Fig. 6 respectivly, it is
clear that the curves shown in Fig. 7 and Fig. 8
are almost the same in shape as those in Fig. 5
and Fig. 6. This fact indicates that the equiva-
lent circuit and the formulae proposed above
are suitable to analyse the mineral-electrolyte
system.

It is found from the comparision that the
nonlinear characteristics on cathode/anode po-
larization curves for the metal sulfate and
graphite are different. (1) The polarization
curves for the dissolvable minerals such as
metal sulfate are “cathode polarization domi-
nant”, while those for the non-dissolvable
minerals such as graphite are “anode polariza-
tion dominant”. This is because of that the
electrochemistry mechanism of nonlinear IP
effect for different minerals are different. (2)
The nonlinear effect of IP for the sulfate is
much greater than that for the graphite be-

1 600,
""" cathode curves

-=-= anode curves , ,
curve of =0 2 1 2 1

1200

RO

— Im(V/IDN

4G0]

0760 <260 300 4Uu 50U 6§00 700 &00 900 1000 1100
Re(V/I)/8

Fig. 6 Theoretical cathode/anode
polarization curves for
non-dissolvable minerals
(The parameters are the same
with Fig. 5 except t=2000s)
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Fig. 7 Experimental cathode/anode
polarization curves of pyrite
S =23.40cm?. L =4.2cm,
71 =1,/8=0.53 pA/cm?
For curve 0, j, =0pA/cm?, for curves 1
and 1', j, =4. 24 pA/cm?;
for curves 2 and 2', j, =16. 96 uA/cm?
1600
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I —— r=0 curve -
12004
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Fig. 8 Experimental cathode/anode
polarization curves of graphite
S =28.50cm?, L =3.2cm,
1 =1,/S =0. 85 ps/cm?
For curve 0, j, =0pA/cm?,
for curves 1 and 1', j, =6.8 pA/cm?;
for curves 2 and 2', j, =27. 2 pA/cm?

cause the time-constant for graphite is usually
much greater than those for the sulfates. This
means that the value x for graphite is much
greater than those for the sulfates when Re
and c are approximately equal for the two
kinds of minerals. Thus, G; = ((wz)® would
increase with the increase of x, and the role
played by the nonlinear equivalent admittance
G, becomes weaker relatively. That is why the

nonlinear effect of IP for graphite is weaker
than that for sulfates. Beacuse z determines
the compactive reactance of the double layer
structure, which is related closely to the min-
eral property, The nonlinear effect of IP for
different minerals is different.

5 CONCLUSIONS

A new equivalent circuit to describe the
mineral-electrolyte system has been proposed
and the overvoltage response of the circuit in-
duced by any arbitrary current is calculated.
The circuit proposed is proved to be reason-
able and computing reliable by comparision of
theoretically calculated cathode/anode polar-
ization curves of sulfates and graphite with
those curves of experiment reuslts. It has
been found that the nonlinear effect of IP is
different for different minerals. In general,
electrode polarization curves for dissolvable
minerals are “the cathode polarization domi-
nant”, while those for non-dissolvable miner-
als are “the anode polarization dominant”.
The nonlinear effect of IP for dissolvable min-
erals is much greater than that for the nondis-
solvable minerals usually. Thus, it can be
used to evaluate IP anomalies.
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