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ABSTRACT

Miedima’s theory has been applied to calculate systematically the mixing enthalpies of liquid bi- .

nary alkaline metal alloys and the formation enthalpies of solid binary alkaline metal alloys. The calculated values

for the liquid alloys are in good agreement with the experimental values available and those of the first-principle or
ab initio calculations. For solid alloys, the present results are in reasonable agreement with those of the first-prin-

ciple pseudopotential theory calculations.
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1 INTRODUCTION

A lot of theoretical calculation schemes
for the formation enthalpies of alloys have
been developed, which can be divided roughly
into two classes. One is the so called first
principle or ab initio calculation scheme, in-
cluding the augmented spherical wave method
(ASM)[, the perturbation method™, the

1, the density functional theo-

cluster method
ry method™!, the pseudopotential approach!®’
and the theory of energy bands'!. The calcu-
lation procedures of these schemes are rather
complex, and the different simplified approxi-
mations should be introduced for the different
calculation problems, so that the calculation
procedures have no universality and the accu-
racies of them are not high, though their
physical bases are reliable and only the atomic
numbers of the constituents of an alloy are
needed for the input parameters. Another
class of calculation scheme is the so called em-
pirical or semiempirical scheme, including the
empirical method of the energy bands'”', the
pair potential method™!, the embedded-atom
method model™ '™ and the Miedema thermody-

[11,12]

namical theory From several input pa-
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rameters and from comparing the calculation
results and the experimental data to revise
these input parameters, these schemes pre-
dicted the heats of formation for a numbers of
alloy systems. To compare the former calcula-
tion schemes, the calculation procedures of
these schemes are rather simple but universal,
the accuracies of these calculations are rela-
tively high, and the heats of formation for a
number of alloy systems can be calculated,
but the shortcomings of them are generally of
no deeply physical bases.

The alkaline metals have only one elec-
tron out of their nuclei as for the simplest
atomic structure in the cubic system, for
which the theoretical treatment is rather sim-
ple, so that Wigner and Seitz'"*! studied the
properties of the metal sodium with the quan-
tum mechanics method early in the thirties.
Later on, Harrison first calculated successful-
ly the energy difference of structures for the
alkaline metals''*l., Hafner calculated the mix-
ing enthalpies of the equiatomic liquid binary
alloys for the alkaline metals™® following the
same calculation scheme of Harrison. Singh!'®)
calculated the mixing enthalpies of liquid
NaK, NaCs and KRb alloy systems with the
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pseudopotential theory. Iniguez and Alonso
calculated the heat of formation of disordered
alkaline metal-alkaline metal solid alloys with
the density functional-pseudopotential ap-
proach"™. All of these works made the re-
search for the heat of formation of alkaline
metal alloys advanced,but the study still was
not systematically, also the agreement be-
tween the calculations and the experimental
data should be improved. Miedema and
Coworkers!t'! calculated the heat of formation
of almost binary metal alloys with the Miede-
ma theory, but those for the alkaline metal al-
loys were calculated very few. The mixing and
formation enthalpies for the binary alkaline
metal alloys, therefore, have been calculated
systematically with the Miedema theory in
this paper.

2 MIEDEMA THEORY

Miedema and Coworkers''®! developed an
empirical theory as so called Miedema theory
later to calculate the thermodynamical proper-
ties of metal alloys in the seventies, which has
been applied to a lot of respects, such as solid
solution™, the formation of amorphous al-
loys[zo]
formatoin energy of vacancy
lation of phase diagrams'®!, especially the cal-
culations of the formation enthalpy of the bi-
nary transition metal alloys!''"'?1, to which the
formation enthalpies of all binary alloys based
on the two or one transition metals have been
calculated and the agreement between the cal-
culated and experimental data was good so
that the theory was successful.

The key for the Miedema theory is its
macroscopic atom picture, which is an exten-
sion for the Wigner-Seitz model. The basic as-
sumptions of the Miedema theory are that an
alloy or intermetallic compound is thought to
be built up of atomic cells of two metals and

, the surface energy of alloys'®!, the

t22) and the calcu-

alloying effect resulting from the contact in-
teractions which take place at the interface be-
tween dissimilar atoms. When two blocks of
different metals are brought in contact, the
charge redistribution will not be limited to the

inside of each block, but there will be not
charge transfer, governed by the difference in
contact potential between the two metals.
Charge will flow to places of lower potential
energy, until the resulting dipole layer com-
pensates the potential difference. Visualized
on an atomic scale, this charge transfer corre-
sponds to a negative, ionic contribution to the
enthalpy of formation. On the other hand,
when dissimilar cells are brought into contact
in the alloy, there will be discontinuities in
the electron density. Elimination of such dis-
continuities requires energy, in fact, electrons
have to be transferred to higher energy levels.
Hence a positive contribution to interfacial en-
ergies can be expected and thus to the en-
thalpies of formation. The enthalpy of forma-
tion of binary alloys come from the sum of the
two mentioned energies.

After analysing systematically, Miedema
et al obtained the key expression for the en-
thalpy of formation of binary alloys as fol-
lows :

2/3
AH = — 71/3VA B N—1/3

(nws) + (nws)

X [— P(AP~)?

+ Q(Anyd) — R] )
AP* = d; — d}, the difference in potential ,
An., the difference in electron density, 7., the
electron density at the boundary of the Wign-

er-Seitz cell for the pure element in the metal-
lic state, A and B the two metals in an alloy,
V*#* the contact-surface area, and P, Q, R
constants. For the binary alloys consist of two
alkaline metals,

P =10.6 (2)

Q/P=9.4 (3)

R comes from an addition energy contri-
bution for the alloys of transition metals with
non-transition metals. Because of study on the
alloys of one valence alkaline metals in present
case, therefore

R=0 (4)
so equation (1) becomes
V2/3
AH = —; 4

(nws) '3 4 (nis) ™ ?
X [— P(AD" )* + Q(AnkHY] (5)
The concentration dependence should be
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considered. If x4 is the atomic concentration of
metal A, the degree to which an atomic cell of
metal A is in contact with dissimilar atomic
cell ( B) on average [} is:

fi=1—0Cy (6
for a statistically ordered alloy in the liquid
phase, and is:

fe=Q —Co{l + 8[Cy

X (1 —Coh) o)
for ordered alloys, where 7 is the surface
concentration of metal A

Cy = 2 Vi / [ 2, VY®

+ (1 — x)VEY] (8)
where V, and V are the molar volumes of
metal A and B, respectively.

The volume of a metal in an alloy will be
changed, Miedema used the following simple
approximate relationship

VD = (V) iren

X [1+a fi

X (P — D) ] 9
where ais a constant, which is derived from
experimental volume contractions in com-
pounds. a = 0. 14 for the alkaline metals.

In summary, the enthalpy of formation
/AH"™ can be obtained for arbitary concentra-
tions from

AH" = x,fi0H (10)

It should be noted that, since fiis a func-
tion of V¥*, the calculation of (V¥*), in
principle requires an iteration procedure, but
as pointed out by Miedema only two steps can
lead to a sufficient accuracy. When calculating
the mixing enthalpy, equation (6) for /% is-
used, and when calculating the enthalpy of
formatian for solid alloys, equation (7) for f%
its used. The parameters of the alkaline mertals
are listed in Table 1.

3 RESULTS AND DISCUSSION

3.1 Mixing Enthalpy for Liquid Al-
loys
According to the calculation procedure
mentioned in the above section, the calculated
results are obtained. Fig. 1 shows the mixing
enthalpy as a function of the composition(dash

Table 1 Model parameters for calculating
the enthalpy of formation

for the alkaline metals

Symbol - nl/’ vens a
Li 2. 85 0.98 5.33 0.14
Na 2.70 0.82 8. 27 0.14
K 2.25 0. 65 12.77 0. 14
Rb 2.10 0. 60 14. 65 0.14
Cs 1. 95 0. 55 16. 86 0. 14

curve) in 10 binary liquid alloys. The experi-
mental data available, the calculation by
Singh''"*’ with the pseudopotential theory for
the K-Na, K-Rb and Na-Cs alloy systems,
are shown in the figure too. For Na-Rb, K-Cs
and Rb-Cs alloy systems, the experimental
data available are included. As for the four al-
loy systems related to metal Li, the calcula-
tions by Hafner and Jank™'! and the experi-
mental data for Li-Na alloy system are pre-
sented, but for the other three alloy systems
only the present results are inclcuded because
of no any experimental data or theoretical re-
sults found in the literature.

From the calculation results, it can be
seen that there are some general features for
the mixing enthalpy of the alkaline liquid al-
loys. One is all of the mixing enthalpy are
positive. Another is the mixing enthalpy in-
creases as increasing the distance between the
locations in the period table for the two com-
ponents in alloys. The third is the asymmetry
for the mixing enthalpy as a function of the
composition also increases as increasing the
departure between the location in the period
table for two constituents in alloys, and the
asymmetry is partial to the side of the smaller
radius of atom.

It can be seen from Fig. 1 that the calcu-
lations for all other alloy systems except Rb-
Cs system are in good agreement with the ex-
perimental data and those calculated by the
first principle. For Rb-Cs system, the calcu-
lated results are in contrary to the experimen-
tal data, but the magnitudes for both two val-
ues are rather small, and the difference of
them can be understood by conditions in ex-

periment and the selection of imput parame-
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ters in the calculation.

Table 2 shows the calculated results for
the mixing enthalpy of equiatomic liquid al-
loys, the experimental data available and
those calculated by the first principle. It can
be found from the table that the agreement be-
tween the present calculations and the experi-

Table 2 Mixing enthalpy for liquid
equiatom alloys(eV /atom)

T 0.05 0. 057
€ 0. 04 10.04 §
50.03 10.03
> 0.02 -~=~\ 10- 02>
20. 01} o7 o e N\ {0,012
Eo.oo St LN N0, 00
Na K Na Rb 4
0. 05 0. 0025
0. 04 o s+ 10.0020
0.03 -\ _am. 0. 0015
- ~ * NI
0. 02} & N\ |2 A {0.0010
0. 01ffp s+ evey N M. 0005
0.0 ’ — 0. 0000
Na Cs K Rb
0. 0025 z 0. 003
0. 0020 {0. 002
0. 0015 - . 0. 001
0. 0010} ¥ -te) == 0. 000
0. 0005} 4#° A Tet,, .+* {—0.001
0. 0000 —0. 002
K Cs Rb Cs
0.10 0. 25
0. 08 0. 20
0. 06 {o.15
0.04 / gucn, (77NN 0. 10
Y "\ {0. 05
0. 00. R 0. 00
L Na Li K
0. 25 .25
0. 20 0. 20
0.15} [/ -« TN\ {0-15
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Fig. 1 Mixing enthelpy and formation

enthalpy as a function of the composition
in binary alkaline metal alloys
------ the present calculations for the mixing enthalpy of

liquid alloys. —— the present calculations for the for-

mation enthalpy of solid alloys.

— the ca

lculations

for the mixing enthalpy of liquid alloys by Singh''*'and
Hafner et al-*'-.
ing enthalpy of liquid alloys. A the experimental data
for the formation enthalpy of solid alloys

+ the experimental data for the mix-

AH (present work) AH2] AHM

RbCs 0.0003 —0.0013 0. 0026
KRb 0.0002 0.0013 0. 0052
KCs 0.0010 0.0012 0. 0092
NaK 0.0142 0.0072 0. 0204
NaRb 0.0198 0.0126

NaCs 0.0258 0.0095 0. 0812
LiNa 0.0361  0.03q0r 09829,
LiK 0.1149

LiRb 0.1382

LiCs 0.1607

mental data is better than that between the
calculations by Hafner with the first principle
and the experimental data. Though the agree-
ment of calculations for NaK and KRb sys-
tems by pseuopotential approach with experi-
mental data is better than that for the present-
calculations, but for NaCs systems, our re-
sults are more close to the data. For RbCs
system, both calculations by the present au-
thors and by Hafner are positive, which is in
contrary to the experimental data, but the
magnitudes for the pressent results are more
close to the data. For Li-Na system our re-
sults are in good agreement with the experi-
mental data and theoretical results.

Many works sought to explain the alloy-
ing formation of metals. The famous and suc-

cessful theory is the Hume-Rothery empirical
26]

theory'**’, which concludes that the main fac-
tors affecting the formation of alloys based on
simple metals are the size fator, eletronega-
tivity and relative valency effect. For the alka-
line metals, there is only one electron in the
outer shell, therefore only the size factor and
electronegativity should be considered. Gener-
ally speaking, the electronegativity for the al-
kaline metals are closed though decreases
slightly as increasing the atomic number, so
the effect of electronagativity is also not im-
portant.

That is to say the mixing enthalpy 1s
mainly affected by the size factor. In order to
understand the effect of the size factor, Fig. 2
shows the mixing enthalpy as a function of the
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size factor, where the atomic radius is repre-
sented by half of the empirical interatomic dis-
tance of elements. We can see from the Figure
that all of the points are located on or closed
to three lines, one is relevent to the alloys
containing Cs as a constituent, another to
those containing Li as a constituent, the third
to other alloys. It belongs to the group of al-
loys of Li for the alloy of Li with Cs. As for
the end elements of the alkaline metal group,
Li has the smallest atomic radius and the
largest electronegativity, and in contrary Cs
has the largest atomic radius and the smallest
electronegativity. Fig. 2 therefore just pre-
sents the features of the two elements during
forming alloys, also shows that the size factor
has very important effect but the effect of
electronegativity cannot be ignored when the
alkaline metals form alloys.

3.2 Formation Heat for Solid Alloys

The present calculations for the heat of

AH,, .. /eV « atom™!

1.0} Cs(Li)
0.9t Rb(L1)
)
0-8 BA) = Bin A
0.7t
0.6
0.5
0. 4}
0.3 )
Rb(Na)
0.2f| NaWl/NaRo)y™ gy g,
—0.1 Cs(Na)
K —Na(Cs)
0.0 Cs (K)
0. 1 Rb(CS) ‘CS(Rb) ) \
0 0.2 0.4 0.6 0.8

l"A —rgl/ra

Fig. 2 Mixing enthalpy for the
equiatomic alloy versus size factor

formation of solid alloys are shown by the sol-
id curve in Fig. 1. If combining them into one
figure, the results is shown in Fig. 3. Tt can
be found from the two Figures that all of the
heat of formation for the solid slloys are the
same as those for liquid alloys, i.e. are posi-
tive but the magnitudes for the former are
larger than those of the later. The heat of for-
mation increases as the departure between the
locations of elements in the period table in-
creases. The curve for the heat of formation
versus the composition of alloys also is not
symmetry, but partly to the side of the ele-
ment having smaller atomic radius.

Fig. 3 is similiar to the results calculated
by Iniguez and Alonso''? with the density
functional-pseudopotential approach, i. e.
Fig. 1 in Ref. [17]. But there are two points
are different. One is the order of increasing
for AH, ours is KRb, RbCs, KCs, NaK,
NaRb, NaCs, LiNa, LiK, LiRb, and LiCs,

0.25

0. 201

AH; /eV + atom™!

A ' ' B

Fig. 3 Heat of formation versus composition
in AB alloys. The curve correspond (in
order of increasing AH ) to the alloys
KRb, RbCs, KCs, Nak, NaRb, NaCs,

LiNa, LiK, LiRb and LiCs.



Vol.5 No.1

Formation Enthalpies for Alkaline Metal Alloys .99 -

and theirs 1s KRb, RbCs, KCs, KCs, Nali,
Nak, NaRb, NaCs, LiK, LiRb and LiCs. It
seems that our results are reliable and the re-
sults for LiNa calculated by Inquez and Alonso
by considering the order increasing of the size
factor for these alloys and the phase diagrams
of them — the series of solid solution for
RbCs, KRb and KCs, the eutetic for Nali,
NaRb and NaCs. the complex type for L.iNa,
and not mixing in liquid phase for LiK. An-
other is that their calculations are general
larger than ours, two to three times for the Li
based alloys, five to eight times for the Na
based alloys, and 15 to 20 times for the other
three alloys. But the calculations by Hafner
and Sommer!**!
wave based first-principles

using an orthogonalized-plane-
pseudopotential
method are closed to the present calculations
for the heat of formation of equiatomic solid
alloys, as shown in Table 3. The estimated
values for three solid alloys in Table 3% also
are closed to our calculations. Fig. 4 shows
the calculations and results calculated by
Hafner et a/'*) and Iniguez et al''"” for the heat
of formation of solid K-Rb alloys. One can see
from the Figure that the results by Iniguez et
al are much larger than those by the present
authors and by Hafner et al. Yokokava et al(?5
estimated the heat of formation of 0. 002eV/
atom, for K, ;3Rb, 4; extrapolated from liquid

Table 3 Heat of formation for
equiatomic solid alloys (eV/atom)

(ra — 1) /74 AH
AB (Present AHPT AH{] AHE,,
(%) results)
RbCs 7.4 0.0004 0. 02 0.005 0.0005
KRb 5.6 0.0004 0.0077 0.0063
Ko 3Rby. 7 5.6 0.0003 0.0067

KCs 13.4 0.0014 0.0053 0.029 0.0019
NaK 24.2 0.0210 0.10 0. 048 0. 007
NaRb 31.2 0. 029 0.16 0.013
NaCs 40. 9 0. 037 0.28 0.215
LiNa 22.4 0. 053 0. 094 0.074

LiK 51.9 0.160 0. 37 0.274
LiRb 60. 5 0.19 0.47
LiCs 72.4 0.215 0. 65

*  Extrapolated from liquid alloy data.

0. 020
= 0.015}
£
g Pt
©0.010 N
g / \
<. 005} - T~
:: S 7 ~ .,
L // A \\

0. 000

K " Rb

Fig. 4 Heat of formation for the
K-Rb alloy system

— —the presnt calculations
------ calculations by Hafner et a/l?*
— —calculations by Iniguez et all!"

Acextrapolated from liquid alloy data

alloy which is larger than the present value of
0. 000 3 eV/atom, but is much smaller than
those by Hafner et al/ and by Iniguez et al.
Therefore we can conclude that the present
calculations are in more good agreement with
the data.

In order to explain the calculations fur-
ther, we plot the heat of formation for e-
quiatomic solid alloys versus the size factor,
as drawn in Fig. 5. The present results show
that the heats of formation represent good lin-
earity according to the order of LiNa-LiK-
LiRb-LiCs, NaK-NaRb-NaCs and KRb-KCs,
respectively, which shows that the size factor
plays a very important role in deciding the
heat of formation of the alkaline metal based
alloys. The calculations by Iniguez and Alon-
so''" and Hafner'** using microscopic quantum
theory are also included in the figure. They all
are similar to the present results except the
linearity for the results by Iniguez and Alonso
is worse than that for ours. It should be noted
that the order of magnitude for the three
groups in the present calculations are 10 !,
10 %, and 107* eV, respectively. The agree-
ment with experimental data leaves to be ap-
proved because of no such data for the rest of
the alloys right now.
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0. 5} /
0. 4}

0. 3t

AH, /eV + atom™!

0. 2}
0.1

}

Z L o—~O0—"0
0.0f €7 NaKNaRb
0.002} . KCs
0. 001}

0. 000 RbCs . . . .
o0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
(rb_rl)/rl

Fig. 5 Heat of formation for equiatomic
solid alloys versus size factor
)~ the present results;
A —the calculation by Hafner®!;
A —the calculatons by Iniguez and Alonsol'"]
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