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ABSTRACT The basic characteristics of strain state at the instant that the deformation of material element

bearing every kind of tensile loading enters the instable phase from the stable deformation phase were analysed

firstly by the principle of minimum strain energy. It was found that at this instant the strain path of this ele-

ment is not monotonous. The original strain path ends at this moment and a new strain path begins and be-

comes effective at the same instant. These analyses indicate, from the physical concept, the scientific basis to

distinguish the critical state of instability as well as the analysis method which should be adopted for the kind of

problems of tensile instability.
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1 INTRODUCTION

The shortcomings of the exisiting theo-

=51 on the tensile instability lie in the fact

ries
that they all do not relate the tensile instability
to the formation and development mechanisms of
instable deformation. However, these theories
are still widely used up till now'®'. The author
believes that the tensile instability has its own
inherent mechanisms like the compression insta
bility. Why they have not been revealed yet is
due to the fact that the existing theories have not
grasped the fundamental characteristics of the
critical state of the tensile instability and no ap-
propriate analysis methods have heen estab-
lished. This paper aims to explain the former
problem theoretically for the convenience to solve

the later problem.

2 MEANING OF INSTABILITY

What s the sign of instability? Is it that the
loadtbhearing ability reaches the limit or that the
instable deformation begins? The existing theo-
ries have the former in mind, therefore the con-

cept of instability is ambiguous. On the con-
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trary, when the onset of the instable deforma
tion is taken as the sign of instability, the con-
cept of instability is very clear. Because it ap-
pears by changing the original deformation pat-
tern of the deformed body, the instable deforma-
tion is visible to the naked eye. Moreover, ow-
ing to the constraint of the volume constancy
condition, the instable deformation occurs in
three-dimensions, therefore there exists the sole
standard. It will be convenient for the study of
the instability to take the onset of the instable
deformation as the sign of instability.

3 CHARACTERISTICS
DEFORMATION

OF INSTABLE

The experimental phenomena show that the
instable deformation is one different from the
original deformation pattern; it occurs sponta
neously when the load-bearing hody is deformed
to a certain level by changing the original defor-
mation pattern. If the original deformation is
uniform, then the non - uniform deformation
begins; if the original deformation is norr
uniform, then another kind of nomuniform de

formation begins.
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Whether this understanding is reliable can
be proved by the following analyses. Considering
the generality of the analyses, take an enough
small element as studying object: 0; and 0, are
the principal stresses of plane stress problems; X

0,/ 01; Pq= Olfland P>
= 0yf; are the loads in the corresponding direc

is their ratio and X =

tions; S stands for the progress of the deforma
tion of the material.

3.1 Compression instability

From Py = Oy and d& =- df /f 1,
dP/dS can be rewritten as
dP do dfy

s =S ras T 9 gs

d d
TR (n

Ineq. (1), (do/dg -

hardening behavior of the material;

0y) is related with the
df 1/dS is
related with the change of the geometric dimen-
sions of the deformed hody.

(doy/dg -
01) is always larger than zero. Therefore,

dP1/dS = 0 only occurs when df /dS = 0.

This means that if the deformation does not ter-

In compression deformation,

minate at this moment, it must go on in the pat-
tern of bending and there are no other possibilr
ties. Compression deformation turning into
bending deformation is inevitably accompanied
by the nomuniform changes of stresses and
strains along the pole and on the transverse sec
tion. According to eq. (1), these nomuniform
changes are completely allowed to germinate un-
der the conditions of dP/dS = Oanddf 1/dS =

0. Whether these nonuniform deformations nec
essarily occur or not has been demonstrated in
other works by the principle of mimimum strain
energy.

3.2 Tensile instability

In tensile deformation, df/dS # 0,
dP1/dS = Oonly occurs in the case of d0;/d &—
0, = 0; and it is not ruled out that df/dS

(namely d € ) changes nomruniformly at this mo-
ment, because this is not contrary to eq. ( 1).
Thus it can be seen that the essential distinction
between the tensile instability and the compres

sion instability is: the former is determined by
the material behaviors, the latter by the geomet-
ric dimensions( ratio of length to diameter) .

If the transverse section of the tensiled ob-
ject is non-uniform, that is, the orginal deforma-
tion is normuniform, then the material which
first meets the relation d 0;/d € - 0;,= 0, name
ly reaches the condition dP/dS = 0, is that the
deformation is the largest. The deformations of
other materials depend on their influence.

If the transverse section i1s uniform, theo-
retically the relation d 0;/d & - 0= 0 is satisfied
simultaneously anywhere, but how the nomunr
form deformation germinates? For this, the
strain energy is examined as follows.

Take the plane stress state as an example.
The strain energy in unit volume material, d W,
can be written as

dW = 01d€1+ 02d€2

- J1- x4+ x? 0,d &

- ads (2
where the flow rule
d& 3 d & 3 d&
2 01— x4+ x2 20 X 2x-1
_d&
T 1+ X (3)

and the definition of (= JO%— 0,0,+ 05 =
J1- x4+ X2 0y) are introduced. If there occurs
then dW/d&(= G
is a function of both the deformation level, &,
and the length of tensiled ohject, /. Therefore,
the complete differential of d W/d E;- 1S

nomuniform deformation,

ath) = Lt S ae
_X= 1/2 2x, L 5_1
= (S LS ey o
where the relation %_[E;'Z = G is used, and the
hardening equation 0, = kg introduced.
Thus, the partial differential of %_[E;'Z to [ is
dg 1_ x+ x2 ol
1 a_l n 0§
ol T € al) (4)

As mentioned above, there occur nomunr
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form changes in S’[I"i‘iln 1n(:remegt) anad stress 1 o /2 M/
crement, therefore in eq. (4) /0l = 0 and 1_ X+ X2 0l o1~
0&/0l = 0. From eq. (3), there is d&/d g =

Jx m a_EL 5_81) (6a)
(2X-1)/(2- X); by using this relation, Y n 8 ol" 0l
eq. (4) can be expre@%ed as og e a_l

Because =, > 0, dependingonthe m- val

al 3d€1 ol
(2— X)(1=2X} O
3d e 0,48 (5)

dy 0

. o0
It is clear that 11"a d& Z 0, then 7 ald%ﬁz

[

should not be zero at the same time. For the ex-

treme case of 3 d& = 0, this equation gives the

[
sign of % directively. éald & Z 0 means that

there occurs change in the shape of element, that
is, the curvatures of principal stress lines. The

X . ..
states of % can be determined qualitatively from

the equilibrium equation. These cases give that,

in the stress field of X> 1/2, % and éald € are

of different signs; in the stress field of X< 1/2,
they have identical signs. Furthermore, consid-
ering the positive sign or negative sign before

oX

o & the critical state eq. (4) can be rewritten

as
%(%)/ ‘adelz

_le_M 0

1_ X+ X 8[ ol

The case being equal zero only occurs in the

deg <0

boundary-element given by the external force.
All other cases being smaller than zero means
that the energy is smaller where d& is larger,
and the nomuniform deformation will germinate
and develop.

3.3 Superplastic materials
Following the analyses above, introduing
the characteristic equation of superplasticity 0; =

11

& gives

%(M)/

_&dﬂ

ue and the stress state, al(

)/ al may be

larger or smaller than zero, that i1s, at the condr
tion dP1/dS = 0, instable deformation does not
necessarily occur. What is the critical m -value
when there does not occur instable deformation?
This m- value can be estimated as follows: Using

the éi ~ éz relation in superplastic flow rule like
o€
that expressed by eq. (3), there is 'L a_? = ‘L
€, &
08 _x- 1/2 L ax ..
oLt (1= x+ @~ x- 172/ g andintror
ducing it into eq. (6a) gives
il d_[ﬁ _1 1+ m
AT v
(x- 2 OV
m &, 28
/ 6h
e o1’ 0l (65)

The no instability condition is 'a(dﬂ)/ 2

0. As stated above, in the stress field of & <O,
namely X K1/2, if there germinates in%table de

08 08 2x, 08
X

at] >0 i
formation, then al/ Y , al al 0; in
the stress field of & >O namely X 21/2, then
b 0y, 2y 0h o, o 10E
017 01 Z 0, al al 0. Because .82 Y /

de €
El 20 always, the minimum of éal(il_[f)/ El

if the value of

o0&
1s reached when az = 0
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al(d.e )/ 31 is to be nomnegative, then

1+ m m 0X
[1_ Xt 2~ [ x- 1/2)2] and ( X- 1/2) al/
g

57 Mmust have the same signs; because the latter

is norrpositive, then the former should also be
nomrpositive. T herefore,

M Z24/3(X= 1/2)2 21/3 (x= 0)
It is not surprising that it is deduced in experr
ments that only the materials of m > 0. 3 have
superplasticity.

3.4 Hydraulic bulging
Under the action of hydraulic pressure,
there is an equilibrium equation

9 9%
P = (R1+ Rz)t

Ot
(14 P9

% L R
o P R (7)

T aking the logarithm of eq. (7) and differ

entiating to deformation progress S and rear

(X=

ranging gives

d
dp _ [Old'%%L+ (1+ pX)(d_(;l+ 0 o

dS R,
dR; 1 dg
da)]RldS (8)

In the stable deformation phase, d&/dS #
0; therefore, the condition of dp/dS = 0 occurs
when

01M+ (1+ Px) x

dg
do 0; dR
(@H 0 - gld—;): 0 (9)

and it is not ruled that abnormal change takes
place in d&€/dS. If the original stress field and
strain field are nomuniform, then the material
which first meets eq. (9), namely holds back the
continuous increase of the hydraulic pressure is
that the deformation is the largest; at the inte
grated state of dp/dS = 0, from eq. (8) other
materials can only have the solution of d&/dS =

0, but the abnormal change of the value of the
term in the brackets is not ruled out. The norru-

niform deformation starting from this moment is
different from the original.

In the original uniform stress field, theoret-
ically all parts of the deformed object should sat-
isfy eq. (9) simultaneously. But then how can
the normruniform deformation germinate?

First of all, it is appropriate to make clear
what kinds of deformed objects can have uniform
stress field and strain field. Obviously, only
those deformed objects of uniform geometric
shapes can do so, which are nothing more than
spherical shells and circular cylinders. Their cir
cular strain increment is d& = dR/ R1; there
fore the non—uniform change of d &, 1. e d & along

the circumference [ can he expressed by

Q.. 0 dRrRy
0148 = 5,0"r,/
__Lﬁ_dR_dilail
T Ry01TTYYT RY 01
dg OR
Ry ol (19

where the higher-order differential is neglected.
[t can be seen that the curvature radius reduces
at local thinning places, which agrees with the
physical concepts.

In order to make the strain energy analyses,
introducing eq. (7) into eq. (2) gives

L o= J1- x+ o

de ~
B J]— X+ X2pR;
- 1+ PX t

if there occurs nomuniform deformation, it will

also be nommuniform. Therefore, there is
dWw. = 0 dW 0 ,dW
e = S Setae

YRS S V. My DS E
B 1- X+ X200l 1+ Px

g(WH_L@_Rl

R, Ol
10t n
taz]d“ &d&/q’

where the relations 0 p / 0l = Oand 0 = K&

are introduced. T hus,

0 dW. — _X=1/2 0X
8l(d&)_ [1_ X+ X* 0l
_1 0

1+ anl(pX)Jr
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L OR, 1,
Ry 0l ~ 1 0l

n 0€
ek (11)
For a spherical shell, P= 1, X= 1; for a

circular cylinder, P = 0, at the moment when

the nomruniform deformation germinates, 5] =

1 OR; _1 0R,

MR o0 T R, ol

) = 0. Therefore, they all

ox OR,

satisfy al(pX) = Y and Y expressed as

eq. (5) and eq. (10), respectively, are related

Lléz_ﬂ _adel <o,

0o
with ald&, and - x+ 2 al Y

OR
;%]—1 El/ (_%d& < 0. At the moment when the

nomuniform deformation starts, &€ and ¢ are still

uniform, therefore

0 dW. 0
o1l ag ) 2198 =
9 OR :
R El/ éald € < Ofspherical shell)
(_1;_Mz_a_ d e
1- x+ x* 0l Tk
;%Ll aa_R;l/ éald € ) < Ofcircular=ylinder)

As a result, the nomruniform deformation
with the form of local curvature radius reducing,

namely local swelling can germinate at the condr

tiondp/dS = 0.

4 CONCLUSIONS

(1) dP = Ois not the intrinsic sign of insta
bility, but it is the indispensable condition for
the germination of abnormal deformation.

(2) Instable deformation is one that occurs
spontaneously to follow the strain path leading to
minimum strain energy when the deformation of
material develops to a certain level; it is always
nomuniform.

(3) The basic characteristic of the critical
state of instability is that the strain paths at this
instant are not monotonous: the original strain
path ends at this instant and a new one begins
and develops at the same moment.

(4) The methods which can reveal the
characteristic above should be adopted to discuss
the instability mechanisms, otherwise it is diffrr
cult to achieve the goal.
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