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ABSTRACT The fluid movement inside and outside a bubble rising in a liquid medium was investigated by

taking the interfacial tension gradient and the potential variation along the bubble surface into account, then

the potential distribution within the double layer and the electroneutral area outside the bubble was determined

in order to get the normal and tangential potential gradient on the surface; Finally, a formula describing the

electrophoretic mobility was reached, which is obviously distinet from that for solid particles and has been

found to be in consistence with experimental results.
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1 INTRODUCTION

The electrokinetic phenomenon of liquid -
gas interface is one of the important properties of
bubbles. The thorough and correct understand-
ing of the phenomenon has essential significance
in a wide variety of industrial processes, and,
therefore, has been an attempt of a series re-
searchers since Quinckel'l who first studied the
electrophoresis of bubbles as early as 1861. How-
ever, although many experimental observations
have been made ( Brandon'?! and Yurdakul !, in
their Ph. D. theses, gave good reviews on the
experimental aspects of the subject, respective
ly), the theoretical investigation of the bubble
electrophoresis is still far from satisfactory. As a

_7]

4
consequence, researchers! had to calculate

values of &potential from their experiments by
invoking the classical Smoluchowski equation'®!
which, strictly speaking, is valid only for solid
liquid interface.

According to Overbeek and Wiersema *',
the only detail theoretical analysis of the elec
trokinetic phenomena of nonrigid particles. in-
cluding liquid drops and gas bubbles, was given
by Booth' "

Booth derived the electrophoretic mobility of a

Neglecting the relaxation effect,
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fluid sphere with arbitrary electrical conductivity
on the basis of Herry/ s workl "' of solid particles.
Following three cases have been discussed in
Booth’ s paper: (a) no electric charge within the
sphere; (b)
throughout the sphere and (¢) ionic double layer

uniform distribution of charge

in the sphere. The case (a) refers to the bubble

situation.  Unfortunately, the application of
Booth” s result to bubbles led to the conclusion
that bubbles have zero electrophoretic mobility,
which is contradictory to the observed facts.
Booth himself attributed the contradiction to the
variation of the viscosity which was not taken in-
to account in his work as the double layer was

27 .
I introduced surface con-

traversed. Sengupta '
ductivity to modify Booth' s theory and found
that the bubble electrophoretic mobility is in-
versely proportional to the bubble size, which,
however, is inconsistent with the experimental

(2. 131 I also

observations Jordan and Taylor' ™
discussed the internal circulation correction for
the case in which there is no charge within the
sphere. They corrected Henry/ s formula by mul
tiplying the formula with a factor which is 3/2
for bubbles, on the basis of the fact that the
Stokes friction is decreased by the internal mo-
tion inside the sphere. Jordan and Taylor/ s result

. / .
contradicts Booth s but also does not agree with
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the observed facts.

Raygents and Saville! ! examined the elec-
trophoresis of drops and bubbles and found some
new aspects which are different from solid partr
cles by computing the electrophoretic mobility as
a function of the &potential and several other pa-
rameters.

In this paper, we are going to start our
work by investigating the fluid movement inside
and outside a bubble rising in an electrolyte solu-
tion. As expected, the bubble rise rate was found
to be related with the properties of the bubble
and medium, the interfacial tension gradient and
the potential variation on the bubble surface.
Therefore, an effort was made to work out the
potential distribution within the areas outside the
bubble, including the double layer and the elec
trical neutrality zone. Finally, the bubble elec
trophoretic mobility was derived when the exter-
nal electrical field parallel to the bubble rise di-
rection is applied. The formula is certainly differ
ent from that of solid particles but will be proved
elsew here to be consistent with experimental re-

sults! 101

2 FLUID MOVEMENT INSIDE AND OUT-
SIDE A BUBBLE

Let us consider a bubble of radius a rising at
rate of U in an infinite liquid medium. The
adopted sphere polar coordinates with its origin
at the bubble center and moving together with
the bubble is shown in Fig. 1.

For the bubble above, we make following
assumptions:

(a) The fluid velocities in bhoth sides of the
the flow Reynolds
1, that the inertial force can be

bubble are so small, 1i. e.
number Re <
neglected;

(b) The electrical double layer immediately
outside the bubble is much thinner than the bub-
ble radius ( @ ), i.e. ¥a >1, here Kis the De-
bye— Huckel parameter and its reversal is the
measured thickness of double layer;

(¢) Compared with the outside solution, the
dielectric constant and conductivity of the bubble
itself are negligible;

(d) The direction of the external electrical

Fig. 1 The Adopted Sphere Polar

Co- ordinates

field is parallel to thez axis, therefore the poten-
tial and ionic concentrations outside the bubble
are symmetric about zaxis in bhoth presence and
absence of the external field;

(e) What we are concerned here is just the
situation in which there exists internal circulation
within the bubble, as for that of no circulation
where the bubble hehaves like a solid particle is
not considered in this paper.

Then the Navier— Stokes equation govern-
ing the flow of fluids inside and outside the bub-
ble can be written as

Nviu- Vp,= PvVW (1)
Veu=20 (2)
where u is the fluid velocity vector, Ilis the

fluid viscosity, P the net charge density in the
liquid , W the potential distribution, p, the
modified pressure being related with the fluid
static pressure, p , as! !

pm= p+ sgrcosl (3)
where s the fluid density and g the gravitational
acceleration.

T he solution of equations (1) and (2) is
?= [érL+ Br+ Cr+ Dr'] sin®0 (4

where ® is Stokes function which has relation

with the normal and tangential velocity compo-
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nents as follows:

1 ge
"7 r%sinB 06
_1 0%
and  up= - rsin® Or (5)

The arbitrary constants A, B, C, and D are

determined by boundary conditions' ' 1.
—

a r oo

¢ U sin° 8
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where VY is the interface tension, & the relative

fluid dielectric constant and the superscript/
refers to the fluid inside the bubble. The terms
of electrical stress across the interface in Egs.
(10) and (11) are derived from the Maxwell
stress tensor' '*1. It should be noted that the elec-
trical stresses in the bubble side, being included
in ref. [ 10], have been neglected in the equations
above because the dielectric constant of bubbles is
much smaller than that of the solution outside.
In addition, the term dY¥/dr , not taken into
account in ref. [ 10] but is included here.

From Eqns. (6) ~ (10), we determine the
eight arbitrary constants as:

Sep. 1996
A" =0
B =0
c = 3U ga’(s— s/)+ al’
4 61 31
D o= _ 3U+ gls— s/)_ F
4-@2 61’1 31’1@
A = Ua3_ ga’(s— s/)+ AF| (12
2 61 31
B ga’(s— s B a’F
B 6N 31
U
t=-7
= 0 r
where
1 & QWow

sin© 43T(L(ar ae)” “ (13)

In order to obtain more information of the
fluid movements inside and outside the bubble
and, furthermore, the electrophoresis mobility of
the bubble, one must find out the potential dis-
tribution within the double layer. Meanwhile, it
is necessary to point out that the potential should
be proportional to cos because F must be inde
pendent of 0 (Noting that C',D", A and B are
constants), in other words the terms containing
higher power of cos0, i.e. cos® 0, cos’ Oand so
on can be neglected during the derivation of po-
tential distribution, which is important for sim-
plifying the analysis.

3  POTENTIAL DISTRIBUTION OUTSIDE
THE BUBBLE

There are three regions to be considered
when the potential distributions are investigated.
One is the region within the bubble where no
charge exists and Laplace equation is applied,
second is the double layer area in which the net
charge density P is not zero and then Poison
Laplace equation is satisfied, the third region is
outside the double layer where the electrical neu-

19.20 1

trality can be assumed approximately'
Laplace equation is invoked again.
Because the potential inside the bubble is not
included in Eqn. (13), what we are concerned
here is just the areas outside. The relevant po-

tential equations are
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VoW = - . SW, = —acosO— Ercos (21)
& r?

a Sr Sa+ X (14) where By and B, are arbitrary constants and on-

Vi, = 0, ly the terms with cos0 are remained according to

r Za+ X (15) the analysis at the end of previous section .
here W) and W, are the potential distributions As for the potential distribution W, within

within and outside the double layer with thick-
ness X, respectively. In general, the potential
can be divided into two parts, one is the equilib-
rium potential, W? dependent only on r and de-
noting the potential distribution when the bubble
is supposed to be at rest; the other is the pertur-
bation 6W, a function of hoth r and 0, caused
by bubble rise, internal circulation and external
electrical field. This kind of method has been
widely used in the theoretical study of elec
trophoresis for solid particles. Additionally, it is
very reasonable to assume that the disturbance
term is rather small compared to the equilibrium
one' I which will be important for our analysis
later.

T he potentials within and outside the double
layer are restricted by following boundary condi-

tions:

asr= a+ X

W= Wand 5W = §W, (16)

asr= a+ X

20Ul oW

or ~—  Or

25w, 5, (17)

or ~—  Or

asr oo W= 0 (18)

- 06w

as r 0o, FZ:— E cost (19)

where FE is the external electrical field which,

in direction, is parallel to the bubble rise velocity
vector. When giving these conditions, we have
assumed that the dielectric constants of solutions
in and out the double layer are the same and that
the double layer thickness X is much smaller than
bubble radius a .

In the electrical neutrality area outside the
double layer, both equilibrium potential and per-
turbation satisfy Laplace equation and the solu-
tions are easily obtained as

- b (20)

r

the double layer, the procedure to the solution is
much more complicated. The exactly analytical
solution of Eqn. ( 14) can be approached only
when the potential W, is independent of 0 and its
value is small. However, what we are concerned
here is the general case. With the assumption
that the net charge density within the double lay-
er is composed of equilibrium and perturbation
parts, the equilibrium potential gradiant within
the double layer is derived as

A 2, s
dr a €
— Z.e W
— £C 7]
[ 2mioexp(— )
- ZeW
— Dnioexp( p” e
(22)
where  Z; the valence of the i — component, e

the electronic charge, n;o the numerical density
of i component in the bulk solution, % the Boltz
man constant, and T the absolute temperature.
The signs before the right side of equation ( 22)
are chosen to be negative as ¥ > 0 and positive

as ‘P‘l) < 0. Because that what we are concerned
here is just the potential gradiant (See equation.
(13)), the complicated integration of equation
(22) is unnecessasry.

As for the potential disturbance 6W; , it is
possible, in many cases, to assume that the abso-
lute of Ze 6W; is smaller than kT because pertur-
bation potential is very small compared to the e

1201 " Consequently, the perturba

quilibrium one
tion potential within the double layer is mathe
matically obtained as follows:

oW = aq (Kr)zexp[— K(r- a)]cosH

l;KrL)zleXp[ K(r— a)]cosB (23)

a; and Qp are arbitrary constants which

+ A

where
together with the constants B; and B, in Eqns.
(20) and (21) can be determined as from hound-



© 14 - T rans.

Nonferrous M et.

Soc. China Sep. 1996

ary conditions:
By = 2¢ W,
a® W, exp( KX)
Bzz 1+ exp(ZKX) + E(L3
—- E[2a’(1+ Mexp( KX
+ 3a’exp(2KX)/ K
— 3a*/ K]/[ 1+ exp(2Kx)]
Ka §W) exp(2KX)
1+ exp(2KX)
- E[¥a*(1+ Mexp(2KX) -
3aexp( KX) ]/
[ 1+ exp(2KX)]
O = K(L(31y1a,,l/[1+ exp(ZKX)] —
E[ ¥ (1+ N + 3aexp( KX)]/

[1+ exp(LZKX)]
(K—K)/(2K+ K) 1/2, K

and K the conductivity of the air and solution re-

A = (24)

here
spectively.

4 THE ELECTROPHORETIC MOBILITY OF
THE BUBBLE

Substituting the Stokes’ stream functions
inside and outside the bubble, together with the
potential distribution outside the bubble, into
Eqn. (10) yields, after some manipulations:

Zga/c—c i(N+ 1) 2y

3n(2N+ 31) 7 320+ 31

L &( N+ 21 )/ §W,,,, — Ea(l+ N
6T 2N+ 31

— LeW
RV SIS AT

kT
D)) V? (25)

This equation describes the general relation

U_

between bubble rise rate and all factors which
These fac

. . / . .
tors are bubble radius @ , density s and viscosity

have effects on the bubble movement.

q liquid medium density s , interfacial tension
eradient Yi( ¥; = — dV¥/sin6d0) ,

surface equilibrium

viscosity 1,
external electrical field E ,
potential ¥, . maximum surface potential per
turbation 6 Wy, and the properties of electrolytes
in solution.

In order to get the formula of electrophoretic
mobility, it is necessary to make further analysis

to the potential perturbation. In theory, 0W,,

can be regarded as being composed of two parts,
SWh, and SWYE | the former is caused by the
external electrical field £ and the latter is gener-
If we let

Zga/c—c (N4 1‘{)_ 2Y,
3N(210+ 3rf) 320+ 31

8r(r]-+ 211)6 lam SJTkT
— emn2n+ 31 g

— ZeW
[ 2mioexp(— )

Dol ) (26)

Ung refers to the bubble rise rate when no

ated by other factors.

Ung =

here
electrical field is applied; the electrophoretic mo-
bility ug , defined as the ratio of the bubble ve
locity caused by the electrical field, 1. e. U

— Ung , to the field strength F , is derived fr

nally as
ug= (U- Uyg)/E
L &0+ 2M) 8/ E— a1+ N
- 6NN 2N+ 31

STLT - ZeW
el Ymoesp( T

& kT
> nio]) V2 (27)

where the selective signs are dependent on the
surface potential W, the positive is chosen for
W,< 0 and negative for W,> 0. For a symmet-

ric electrolyte, Eqn. (27) can be simplified as

B g(N+ 21) 89,
“E= = ennoong 3l K
32Mn okl . ZeW,
(T ) sinh(Ty )

no=

- a(l+ NJ X

(28)
Z, = Z_.

Here we are satisfied to point out that the

w here nyo= n_o Z =
bubble electrophoretic mobility formula derived
above can explain a series of experimental facts,
such as the dependence of mobility on the bubble
field direction and the
strength. The comparison and detailed discussion

size, the external

of Eqn. (27) will be reported in another pa
per! 1°]

5 SUMMARY

The bubble electrophoretic

been an unsolved problem for a quite long time

mobility has
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although some theoretical work has been done
since the end of 1940's. In this paper, we try to
find a different approach to the problem.

By investigating the fluid movement inside
and outside a bubble and analysing the potential
distribution within the double layer and the elec
troneutral area, a new formula describing the
electrophoretic mobility of the bubble is derived
theoretically in the paper.

The expression of the bubble electrophoretic
mobility advanced here is importantly different
from the traditional ones of particles. The new
formula can explain the experimental results,
such as the dependence of electrophoretic mobili-
ty on the direction and intensity of the external
electrical field. Also the formula relates the mo-
bility with bubble size, which is a fact found by

carefully designed eXperimentsm* 31
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