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SENSITIVITY AND SEPARABILITY OF DEFORMATION
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ABSTRACT Based on Bayesian hypothesis test, the method of making use of the prior information to im-

prove the sensitivity and separability of deformation models was studied. The formulae for computing the sen-

sitivity and separability with regard to prior information have been derived, and the relationship between the

sensitivity and separability was also studied. The measurement of the sensitivity and the separability, which is

very useful for the design of the deformation network, has been established for the situation with regard to pri-

or information. The resulis show that the sensitivity and the separability of deformation model will be largely

improved if reasonable prior information is used. Finally an example is given to show the improvement.
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1 INTRODUCTION

The concept of sensitivity of monitoring
networks was first introduced by Pelzer in
19721, Zheng and Zhu in 1986 established the
sensitivity criteria for deformation networks !
Lu in 1987 studied the sensitivity of different de-

formation models'!. The separability of models

was first discussed by Forstner' "' Lu applied his
approach in deformation surveying'°'. Chen and
Chrzanowski made a further study on it''T. All
these studies are based on the classical statistics,
and only the information contained in the obser-
vations can be used.

In practical situations, some information
about the state of the deformation body is usually
known, that is, the prior information based on
the known geological and mechanical condition.
In deformation analysis, we usually hope to use
as possible as much the prior information. In
this paper, the sensitivity and the separability of
deformation models with regard to prior informa-
tion will be studied. The aim is trying to make
use of the prior information in the design of de
formation networks. All the work is based on

the work of Lu in 1987'% 5], Chen and
Chrzanowski in 1994'* and Zhu in 1995'°1

2 SENSITIVITY WITH REGARD TO PRIOR
INFORMATION

Let d be the displacement vector between
the two epoches of a monitoring network with
weight matrix pg, and the deformation model be
E(d) = Bc, where B is a coefficient matrix,
whose elements are functions of position and
time, ¢ the deformation parameters to be deter
mined. In deformation analysis or deformation
hypothesis test, the null hypothesis and the al-
ternative hypothesis usually are

H,: Bc=0

Hi: Bec 70

Respectively, the unknown parameter ¢ can
be estimated using the least squares technique

from

d+ v= Bc (1)
that is

¢= (BpB)” 'Bpad (2)

and the statistic is
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where Oj is the estimate of the variance factor

determined by the two epochs, h= rk( Q.), [

2 .
the freedom, & the noncentrering parameter.

T =

On the basis of the significance level a, the criti-
cal value T4 can be found, and we can decide
which hypothesis is tenant on the following for

mula:

T KT, (4)
let ¢ be expressed as

c= ag (5)
where a is a scalar and g is a unit vector.

From Eqns. (3) and (4), we usually can get the
sensitivity of the deformation model (see Ref.

[31):

a= Oy })min( M) (6)
where M= BpiB, A, is the minimum eigen-
value of the matrix M, 0 the boundary value of
6 and is a function of significance level a, power
of the test B and degree of freedom f, and can
be expressed as

b= 8(a B f, o

= (3( do, B, 1, 00)

or
Gy = S(Ta; B> fp oo)

= 8 Twq B 1, oo (7)

where Qg is the significance level corresponding

to degree of freedom 1 ( see Ref.[1])
If the single point movement is considered,
the statistic can be adopted (see Ref.[1]).
d Qa d,
T=—Z"—~F(h f. &) (8)
Oy h

d; denotes the displacement of point 7.

where

Q. the variance matrix of d;. For this model,
i

Zheng and Zhu in 1986/ %! gave out another mea
sure of the sensitivty

LG
-1

,\Jxmm( le )

The value of a, in Eqn. (9) is usually dif-

(9)

a,= 00

ferent from that of @ in Eqn. (6).
If prior information is considered, the test

can be showed by (see Ref.[6])

T= Ty ( 10)

>
For the case that the variance factor is
known, the value of T is

Tiy= (1+ 2a))In( 1+ _L2a)+
1
2(1+ 2qy

Lng =) (11)
For the case that the value of the variance
factor is unknown, the value of T is
T, = — kn
(1- k)m

E= (1+ 2ay)[1- (1+

(12)

_]_ —m
2(11) n+ m] (13)

a; can be found by following equations
(1+ 2a)In(1+ F=) = Fo(h, o) (14)
1

T Falhe S (15

a; also can be found approximately by

i

a = 36
| =
b nt (1- 3)exp(— 3)+ 2n T 3m
(16)

Similar to Eqn. (7), the boundary value &

of the noncentrering parameter O in the test
Eqn. (8) will be
&,= 8T B [, o (17)

4]
The minimum detectable deformation, that
is, the sensitivity of the model should be

Gg
Auin( M)

If & or a is known, (330 or ag can be found

(18)

(LB: 00

approximately by
&,= &+ (Ti— To/k (19)
w here
L= = 0.8416
1=/

+
S+ 0.5

_Tq T
2(1+ 60)1/3] % (1+ 60)2/3

O
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According to Zhu in 1995'°if the prior
inform-ation is considered, the critical value T’
will be smaller than that of T,. This means that
the value of (330 will be smaller than that of &

and the value of ag will be smaller than a. The
sensitivity with regard of prior information will
be better than that without regard of the infor-
mation.

3 MODEL SEPARATION WITH REGARD
PRIOR INFORMATION

Assume that there exist two possible models
Bic; and B;c,, the prior possibility of the mod-
el Bicy occurring is T and that of Bacois 1- T
According to Chen and Chrzawoski in 1994/,
the null hypothesis and alternative hypothesis
can be expressed as

H().‘ E(d) = B1C]

H].‘ E (d): BQCQ
Where
mated by least squares technique:

d+ v= B1C] Pd

The appropriateness of the deformation

the unknown coefficient ¢ can be estr-

model is tested by
/
Yy pgyv

T= 21
e (21)
where r, the degree of freedom of v, is calcu-

lated by r= rk(pg4) — dim(¢;). The separability
of Bicy from Bjc; can be expressed as ( see Ref.

[1])

where

M, = B/zdez—
B 2psB\(B 1psB))” 'B \p.B;

oM
5= £2TUE (23)
%0
In eqn. (22),

Similarly, one can get

where

M= B 1paB1—
B \psB>( B 1psB:)” 'B 2p.B,

& is the boundary value of 6.

If the prior information is considered, the
test can be shown by
/

Y pgy

T= & T (25)
The separability of Baco from Bicy can be

expressed as

O

}\min( M21)
Similarly, the separability of Bic; from

BQCQ WIH be

(26)

ap, = Og

O

(1’312: 00 }\min( M12) (27)
w here
&, = ST, B f o)

= Op+ (Tr,— Ta)/ ki
&,= 8T, Bf, o
= S+ (Th,- To)/ ki
When the null hypothesis is E(d)= Bici,
the critical value of the Bayesian hypothesis test
is Tt ,. When the null hypothesis is £ (d) =
B>c», the corresponding critical value is Tkn. If
TZ0. 5, the value of Tk21 1s different from that
of Tkm. T his means that the value of ags; is dif-
ferent from that of ag - Usually, if 7> 0.5,
the value of ap,, is larger than that of apy, that

is, the separability of Bjec; from B)c; is larger
than that of B>¢> from Bjc;.

4 EXAMPLE

Fig. 1 shows the monitoring network of a
dam taken from Zhu in 1995'°'. The network
consists of eight points. Points 2, 3 and 4 lie on
deformation bodies. On the basis of other know -
edge from geology, mechanics (see Ref. [ 6]),
the value of the prior parameter for these points
can be taken to be Th= 0. 3. For other points,
the value of the prior parameter can be taken to
be Th= 0. 5. The network is an angular net-
work. The variance of the direction is 0°= 0. 7°.
In this example, the separability of single point
movement of the points 2, 3 and 4 versus every
other points is computed. For comparison , the
separability of the points 1, 5, 6, 7 and 8 is also
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Fig. I A monitoring network
computed.

Selecting a= 0. 05, B= 0. 20, one can obr
tain the boundary 6= 9. 451. The results are
shown in Table 1.

From Table 1 one can know:

Table 1 Sensitivity and separability
of single point movement ( mm)

Point a, ap ain a2
l 5.15 5.15 5.15 5.15
2 7.63 6.51 7.63 6.51
3 6.82 5.82 6.82 5.82
4 6.28 5.36 6.28 5.36
5 4.63 4.63 4.63 4.63
6 3.19 3.19 3.19 3.19
7 6.12 6.12 6.12 6.12
8 4.01 4.01 4.01 4.01

Note: the values of a, are determined by Eqn. (9), and

those of ai, are determined by Eqn. (24)'1.

(1) If reasonable prior information is used,
the sensibility will be improved

(2) With prior information, the separabilr
ty of one model from another also can be im-
proved.

(3) For the single point movement model,
the separability supposed by Chen and Chrzawos
kiin 1994'" is equal to the sensitivity proposed
by Zheng and Zhu in 1986'°'.

point movement model is considered, the value

If only single

of Eqn. (9) can be taken as the measure of the
sensitivity and the separability in the design of a
monitoring network. With regard of prior infor-
mation, Eqn. (20) should be taken as a measure
of the sensitivity and the separability. For other
deformation model, Eqns. (22) and (24) can be
taken as a measure of the sensitivity and separa-
bility. If prior information is used, Eqn. (26)
should be taken as the measure of the sensitivity
and the separability.
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