Vol. 7 Ne 3

Trans. Nonferrous Met. Soc. China

Sep. 1997

DYNAMIC MODELLING OF MECHANICAL STRUCTURE

VIA UNDETERMINED PARAMETER METHOD

®

Chen Qiangen, Luo Xiaoling
Central South University of Technology, Changsha 410083

ABSTRACT A technique was presented for dynamic modelling of a mechanical structure. It is required to

establish an equivalent lumped parameter dynamical model for a given structure, then by means of undeter-

mined parameter method, the dynamic parameters of the mechanical structure are caleulated from measured re-

sponse data. In order to raise the accuracy of identified parameters, an optimization procedure was used. This

technique has been applied to modelling of a drill Z512— 2, good result was obtained.
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1 INTRODUCTION

In order to improve a mechanical structure
or predict the effect of the change of structural
parameters on dynamic characteristics of the me-
chanical structure, it is necessary to establish a
dynamical model of the mechanical structure. A
technique for dynamic modelling of a mechanical
structure is proposed. The procedure of mod-
elling divides into following main steps: (1) An
equivalent linear lumped parameter dynamical
model is given by testing and analyzing the
structure. (2) By applying the Lagrangian equa
tion of motion, the dynamic equations of the
model are formulated. (3) By means of undeter-
mined parameter method, the mass, damping
and stiffness matrices are calculated from mea
sured response data. (4) Comparing the above
matrices with those obtained from dynamical
model, the equivalent dynamic parameters are
obtained. (5) The parameters of dynamical
model are optimized to improve the accuracy of
modelling.

2 UNDETERMINED PARAMETER
METHOD

Assuming that the equivalent linear lumped
parameter dynamical model of N-degree freedom
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for a mechanical structure is given by testing and
analyzing in a frequency range of interest, the
eqn. of the system can be written as:

W+ lehx)+ Kxp=1(f(1))

()

where (M J—mass matrix, (¢ ]—damping
matrix, (K ] —stiffness matrix, { X} —displace
ment vector, {f(t)} —forcing function vector.
Consider the steady-state case and let

{X}={X}e" and {f(1)}={F}e"" (2)
then Eqn. (1) becomes

(K- w2 )+ iw (CI){Xp=(F} (3)

where { X} is generally complex. If { I} is also
complex, then
{X)= (XR}+ i(XI) (4)
[F]=[FR}+ i FI] (s)
w here { XR } —real component of { X},

{ X1} —imaginary component of { X}, [ FR} —
real component of { F}, { FI} —imaginary com-
ponent of { F}.
Eqn. (3) is rewritten as
(K- w2 )y xRy -
w C)XI) = {FR)
(k- w2 ))Jyxt)+
#(CXR) = [ FI)
If the matrices (M ], [/C] and (K Jare all full

matrices, it is evident that there are 3N under-

(6)

mined parameters to be determined in these ma
trices. But then, if the matrices (m ], (¢ ) and
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(K ] are symetric matrices undermined parame-
ters to be solved are ¢(= 3N(n+ 1)). To de
termine these undermined parameters, the num-
ber of equations (p ) can not be less than ¢. As
can be seen from Eqn. (6), 2N equations can be
obtained for each sampling frequency w;(i = 1,
2, .., [). Provided w; are properly choosen,
and p (= 2N[) is larger than or equal to ¢, lin-
ear simultaneous equations for solving under
mined parameters of (m ] (¢ Jand (K Jcan be
yielded:

U y) = (F) (7)

where

{y}= (nin miz o miw may mos,
<M 2y,  cey Mypy, ClL €12, <+y Cly, €22, €23,
cen C2ps  cerers Chns K11, k12, oo kin. koo,
U k) (8)
where my —i elements of matrix (m ]

c; —y elements of matrix (¢ ] ki —i elements
of matrix (K ], (1= 1, 2,
1, - n)

(k)= UF)T, (F)3,

ey Ny J =1, LA

e (F)T 0
(9)

and
(F).= Urr)T, (F1)T )L (10
AYE AT AR AR e AR AR
L=y At At ad a% oA ag
AR Ay A% AR A Al
(11)
where A, Aband Ab(i= 1, 2, ., I; r

= 1, 2) are submatrices which are composed of
measured response data of the structure.

In general, the Eqn. (7) is an overdeter
mined linear simultaneous equation. The least
squares solution of Eqn. (7) is determined by
Gramm — Schmidt orthogonallizing method for
its high accuracy of solution and good numerical
stability' 1.

3 PARAMETER OPTIMIZATION

The dynamical parameters of the model of a
structure can, in theory, be determined accu-
rately from measured response data of the struc
ture by undetermined parameter method, but in
fact it is imposible that there is not any error in
the process of modelling. For this, there must

be a certain error in the dynamical parameters to
be calculated from response data. In order to im-
prove the accuracy of modelling, or a good result
is expected in case that there are large errors in
measured response data, a parameter optimiza
tion procedure is presented in this paper.

3.1 Objective Function.

From modal analysis, one can know that
the main parameters which express the model
properties of a structure system are natural fre-
quencies, damping ratios and vibrating modes of
the system. However, for small damping struc
ture, the natural frequencies and damping ratios
can be obtained by more accurately testing. If
the modal parameters of the model to be indentr
fied are very close to that measured from the
structure, then, this model can better express
the dynamical characteristics of the system, the
dynamical characteristics of the structure. For an
N-degreefreedom system, the objective function
1s, therefore, taken as follows:

Fy))= Zu (A= W1
Zlui({y))1* (12)

where {y} is a vector to be optimized, X is the

[

o

I
[

is eigenvalue of the gystem, N is the measured
eigenvalue of the structure, w; is weighting coef-
ficient which is used to blance the contribtion of
each eigenvalue to the objective function F({y})
and is generally taken as 1/ | A | or 1/ X 2,
Eqn. (12) can be put in the form as
F({y))={8 }'{ 5 B (13)
where 8= [h= M, D= N, oy M-
W ow-d= Gor wo,

{5* } —conjugate transpose of vector { 6}.

. M)\] and

Now, the problem is to find a new vector {y}
w hich minimizes the objective function F({y}).
For such an optimization problem, sequential un-
constrained minimization technique( SUMT) or
simplex method fails to give a satisfactory result
and sometimes even leads to divergence. There
fore, the gradient search method is used for this
problem. It shows that the gradient search
method has faster convergence and needs less it-

eration time than other optimization methods for
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this problem.

3.2 Calculation of Jacobian Matrix
From ui({y}):_)y— A we have
luwitty)) 1= I x- A1 ~
|(}¥R_ M)+ i( M- )w)|
J( Mg — )yR)z-F ( M- )w)z
(14)

In the process of parameter optimization,

| ui({y}) |, or Ja

the gradiant of each function
cobian matrix
il U1 cee  WINV
]: 23] uo cee  UONV (15)
Uyt uy? wq UNNT
will be used.
where

— O\ — OA

(}yR— }yR)aA%R-*‘ (?w— }w)aJy;L
J( Me— }yR)z-*‘ (?w— }w)z
(i=1,2, ... N, j=1, 2 ..., NV)

As can be seen from Eqn. (16), each ele

(16)

ment u; of matrix [] ] can be obtained so long as
partial derivationes 0 Ag/0y; and O N/0y; have
been calculated. For a system of N -degree of
freedom with non-proportional viscous damping,
the state vector equation can be written as fol

lows:
(4)y=- By (17)
where
cC M
(4 - M TO °

K 0O
[B]:.I Ko

X

Y= &
Thus, we have

YA o= - B) o, (18

Moilal= - (o] (B) (19)
where { @}, —its eigenvector of the system.
Differentiating Eqn. ( 18) with respect to y; we
can obtain

o\
aing-: ((1161-}- b](ll)

(ei’+ di’) (20)
ah
ay = (bic1— aidy)

J

(cr’+ dy°) (21)
ar= — { @/&ﬂajjﬂ{ Df i+

ay; | Y

Me(={ (D}gzﬂa?jj
ay, [ Yt

J

ola)

20l i3 "

roB)

b= - 2{ ®}ip dy; { D -
J

ola)

2l B 5 L P a

M(— { @/&ﬂaff{ Df ip+

ola]

{(D}i; dy; { D
ci={ DR AN O - LA 0y
di=2f DAY o,

w here

[ i
{ O it

{

4 COMPUTER SIMULATION TEST

In order to examine the effectivenees of the
technique proposed for the systems with different
frequency bandwidth and different number of
modes, three dynamical models of three degree
of freedom and one of four degree of-freedom
were generated. The respronses of the system
are computed using Eqn. (3). The amplitudes
and phases of the responses with certain radom
perturbations were inputted into program IDP
and computed. The results calculated for model 1
are shown in Table 1 and Table 2 when the
radom perturbation of the amplitudes was 15%,
and the natural frequencies and damping ratios
are shown in Table 3.

The results indicated that satisfactory iden-
tification of parameters can be obtained whether
the coupling of system is strong or weak, and
the frequency bandwidth is wide or narrow. The
accuracy of parameters calculated is highly sensr
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tive to the phase measured. If the parameters are
not optimized, the error of parameters calculated
are less than the corresponding perturbation of
the amplitude. The accuracy of parameters cal
culated can be largely improved by parameter op-
timzation. From Talbe 1, it is shown that in
case parameters are not optimized, the maximum
relative error of parameter calculated is 15.
27% , but after optimization the relative errors
of the parameters calculated are all less than 5%
except for one of them being 5. 75% . As can be
seen from Table 2 and Table 3, the accuracy of
undamped natural mode of vibration, the natural
frequency and damping ratios are raised appar-
ently after optimizing.

5 MODELLING OF A DRILL

As an application, the dynamical model of
7Z512— 2 drill was established. A harmonic ex-
citing force was applied at the top of the drill.
The responses of point 2( driving piont) and
point 4 are shown in Fig. 1 and Fig. 2 respective
ly. The responses of four points were measured
as show in Fig. 3.

From the frequency response of the driving
point, it shows that there are 4 main modes in
the frequency range from 15 Hz to 400 Hz,
which are 28. 10, 140. 11, 258. 53 and 306. 39
Hz separately. When the drill runs, the varying
of axial force along the spindle is the major excit-
ing source which causes the machine to vibrate,
and the relative motion between spindle and
working table affects processing accuracy. Ac
cording to characteristics of the drill construc
tion, the equivalent linear lumped parameter

model of the drill is given as in Fig. 4.
As shown in Fig. 4, 0y, 0,, 05 and 0, are the

coordinates of angular displacement; m;, m»,

25
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Fig. 1 Frequency response function
of points 2
25
201
= 15}
=
:><
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Fig. 2 Frequency response function
of point 4

Table 1 The calculation results of matrices/ N/, [C]. [K]
M ass matrix [ M] Damping matrix[ C] Stiffness matrix|[ K]
0. 800E1 0 0 0.450E2 - 0.450E2 0 0.900E5 - 0.900ES 0
Original 0 0. S00E1 0 - 0.450£2 0.800E2 - 0.350E2 0.900E5 0. 140E6 - 0. 500ES
0 0 0. 900E1 0 - 0.359E2  0.750E2 0 — 0.500E5 0. 120E6
Nowr 0. 763E1 0 0 0.486E2 - 0.486E2 0 0. 866E5 - 0. 866ES 0
optimal 0 0.491FE1 0 - 0.486E2 0.805E2 - 0.319E2 }| - 866ES5 0.129E6 - 0.424ES
0 0 0. 838E1 0 - 319E2 0. 699E2 0 - 0.424E5  0.111E6
0. 763E1 0 0 0.436E2 - 0.436E2 0 0.886E5 - 886ES 0
Optimal 0 0.491el 0 - 436E2  0.783E2 - 347E2 [l -}886ES  0.137E6 - 484ES
0 0 0. 838E1 0 - 0.347E2 0.708E2 0 - 0.484E5 0.113E6
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Table 2 The calculation results of model matrix
Original Nomroptimal Optimal
Modal 0.2772  0.2332 0.1123 0.2849  0.2481 0.1056 0.2815 0.2387 0.1175
oaa.
i 0.1491 m0.0222 - 0.3018] x}Ji 0.1404 - 0.0200 - 0.3180 0.1541 -0.2021 - 0.3121
matrix
0.1610 - 0.3810 0.0863 0.1738 - 0.3804 0.0838 0.1676 - 0.3823 0.0898
Table 3 The natural frequencies and damping rations
Frequency Damping ratio
/i [ 4 © -
Original 0.6729E1 0. 1890E2 0.3097E2 0.0130 0.0340 0.0540
Norr optimal 0. 6595E1 0.1813E2 0.3029E2 0.0133 0.0348 0.0580
Optimal 0. 6684E1 0. 1823E2 0.3105E2 0.0129 0.0340 0.0543
= Where  ¢; denotes the generalized coordr
T2 21 fCe) 1 nate in the present case, ¢; = 0;(i= 1, 2, ..,
3 4); while I, denotes the moment of inertia of the
3 ; drill structure part with respect to generalized
| : .
~ coordinate ¢g;. The total potential energy of the
system can be written as
D 1 2 2
1
U= Ski(qi= q2)"+ (kag2"] +
1 2 2
- Y S [ ks(qat q3)"+ ka(qa= q2)7]
4
4 (23)
; )
e !
' - ]
— 2
SIS s
= 3
Fig. 3 The sketch of drill structure
® —measuring point

m 3 and m4 are the equivalent masses on measur-
ing points, respectively; m 1, m' 2 and m' 4 are
total masses of beams; ki, ko, kszand k4 are the
equivalent connection stiffness among structural
parts; ¢1, c2, c3and cgare the equivalent damyp-
ing coefficients.

According to Fig. 4, total kinetic energy of
the drill can be written as follows:

= T(hat+ Dadv Lgd+ Ligh)
(22)

TIPS

Fig. 4 mechanical model of drill
1 —Symbol distribated beam;
2 —rigid beam damper; 3 —rigid foundation;

4 —concentrated mass; 5 —twist spring
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Table 4 Identified results for the drill
serial No. of equivalent mass m m’ | mo m’ 5 ms my m’ 4
value of mass/ kg 4.74 5.16 11.35 28.64 2.91 8.57 5.18
Serial No. of damper cl ¢ c3 cyq
damping value NM/ rad®s™ : 0. 190 IE2 0. 1970E2 0. 2906E2 0. 866 5E2
serial No. of equivalent spring conatant k ks ks kg
value of sparing constant( NM/ rad) 0. 1140E6 0.5593E6 0.2753E6 0. 1359E7

The generalized forces acted on the system in-
cluding:

1, 2, 3,

conservative force: — Do’ (1=
L

4) moment of damping force: Zf 1, (1=

=1
1, 2, 3, 4)

moment of exciting force: F;1,, (i= 1, 2,
3, 4)

By applying Lagrangian equation

4,07 0T QU N

(lt(aqi) B aqi - aqi * [Zlfli-}- Fili

(24)

the dynamic equation of the structure system can
be derived:

/13 0 0 0 X
0 I/13 0 0 X5
T ¢ 0 I1yd o] al”
0 0 0 Iy/1] s
e/l = e/l 0 0 X
- o/l e/ e/l = e/l | x>
0 e/ 1als oo/ 157 0 X3
0 — /s 0 e/ 14 Xy
kL3P = kL 0 0 X
S SV R TIPSV BY PR V8 Y PR R
0 ko/lsls ki 13 0 X3
0 — ko5l 0 ky 12l U xa i
F
Fs
= | r, (25)
Fy
where c¢= c1+ c2+ c3+ ca, k= ki+ kot
k3+ k4.

After the dynamic equation (25) of the

structure system is obtained, the structure dy-
namic parameters can be solved from the mea
sured discrete response data of the structure at
every sampling frequency.

An example of practical case of application,
dynamic modelling of a drill is pressented. The
identified results of the drill are shown in Talbe
4. Thus the dynamic model of the drill can be fr-
nally established.

6 CONCLUSION

The mathematical modelling of a structure
and its dynamical modelling are taken together in
this paper. It not only can ensure that the math-
ematical modelling is in accordance with the dy-
namical modelling of the structure, but also can
simplify the calculation by using some character-
istics of mass, damping and stiffnes matrices, so
that the accuracy of the modelling of structure
can be raised.

The paranyeter of the model not only used in
modelling, but also in designing of model so that
its natural characteristies should be satisfactory
to some requirements given.

REFERENCES '# n

1 Thoten A R. ATAA paper, 1992, 72— 546.

2 Mains R M, Noonan W E. AIAA paper, 1994: 74—
388.

3 Thusty J. Mociwaki T. Anrrals of the CIRP, 1992,
25(2): 53— 61.

4 Rades M. Shockand Vibration Digest, 1989, 11(2):
37.

(EditeLg by He Xuefeng)



