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ABSTRACT An inverse method was proposed for the identification of the stiffness coefficients of laminated
composite plates. The weighted least square iterative computational equations were given and differential in-
stead of partial derivative was used to compute sensitivity coefficients. The convergences expressed by the iter-

ative computations were discussed, and inverse computation was carried out for 3 laminated composite plates.
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1 INTRODUCTION

In the analyses of mechanical behavior of
three kinds of
macromechanical parameters, A;, By and Dj
are used, and they represent the extensional,

laminated composite plates,

coupling and bending stiffness coefficients, re-
spectively. When the pattern of layers, the
thickness of each layer and the mechanical prop-
erties of the materials are known, the three coef-
ficients can be calculated. However, owing to
the influence produced by the various factors in
the process, the stiffness coefficients calculated
in terms of the properties of materials of each
layer may not be in accordance with practical
conditions. So, it is necessary to develop a new
method to measure the stiffness coefficients di-
rectly. Inverse problem is one of the main ten
dencies of computational mechanical study in re-
cent years''" 1. The study of objects, which
cannot be directly observed or actually mea
sured, like the properties of materials, interior
defects of structures and deeprseated geological
structures, should be carried out by means of the
inverse method. In this paper, the inverse
method was applied to the identification of the
stiffness coefficients of laminated composite
plates, and an inverse computation was obtained
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by measuring displacements. In this method,
the basic equation used was the weighted least
square iterative equation. For the sake of adapt-
ability, no other constraint conditions were
added except differential in stead of partial
derivative. Therefore, it can also be used in the
identification of other mechanical property pa

rameters.

2 NUMERICAL ITERATIVE EQUATION OF
THE INVERSE ANALYSIS

Supposing a given problem can be directly
calculated by the finite element method, if the
parameters of the material are given, at the same
time, by experiment, the displacement values of
some points of the model can be measured. Let
S* be the unknown parameter vector of the ma
terial when making the Ath iterative computa
tions, #*, corresponding to S*, be the displace
ment vector calculated by direct analysis of the
finite element method, # be the measured values
of displacement.

In order to establish the recursion relation
between material parameters S* and $" !, in the
neighborhood of u*, 1 (S) is expanded accord-
ing to Taylor Series. For the linear elasticity of



e 46

Trans. Nonferrous Met. Soc. China

Sep. 1997

minor deformation, minor quantities of the sec
ond order are neglected.

k
ou'
Let ask: [C]nlxll (2)
it can be deduced
w'= "'y [C)S- $! (3)
where  m is the number of the measured points

of displacement, n, the number of material pa
rameters. In the light of principle of the least
square method, the objective function J can be
set up _ _

J={u-u') {u- u' (4)

From the minimizing condition of the obhjec
tive function,

'aa:g%: 0 (5)
it can be deduced .

$'= 8" prertrer e u-

W) (6)

This is the least square iterative computa
tional equation.

In order to take the convergence caused by
the errors of each measured point of displacement
into account, an error weighted function [ W/ is
introduce(tto establish a new objective function J

J=A{u=u'} [ W]{u- (7)

From the minimizing condition of the objec
tive function J, it can be deduced

St= 8w rcytrwie
[C1]'rei'rwitu- o=y (8)

[ W] is the matrix of the weighted co-
efficients, and

[ W] = diag[ 1/ ] (9)

where 07 is the standard deviation of the error

where

of displacements at the jth measured point in

i

each iterative computation,
2 2
G = [o- 2ie/m] (10)

¢ = u~ u (11)
From the above, it 1s known that when
computing the matrix of weighted coefficients
[ W], it is not necessary to introduce a new vari-
able. And, if after being weighted, convergence
cannot be achieved, let Of: 1. In this case/[ W]

will degenerate to a unit matrix, and eq. (6) and
eq. (8) are equivalent.

Eq. (8) 1is iterative computation equation
obtained from weighted least square method.
When the initial value of material parameters s°

and the measured value of displacement u are
given, and repeated iterative computations with
eq. (8) are carried out, the approximate value of
material parameters can be obtained.

[ C] in eq. (8) is an important coefficient
matrix. From eq. (2), it is known that the
physical sense of the component Cf} is the change
of the computational value of the ith measured
point of displacement u! caused by the change of
the jth unknown material parameter S;. This
coefficient is defined as the sensitivity coeffi-
cient. As it is impossible to establish an analytic
function relation between u and S, it has to he
turned to the numerical computation for the solu-
tion of C;. The commonest approach to compute
sensitivity coefficients is to use differential in
place of partial derivative i e

Ju, Aui((AS;)
Cy = aSj: A, (12)

A S; represents a minute change of un-

where
known S;. If § is used to denote a small positive
number, then
AS; = §S; (13)
The displacement increment Aw;( AS;) of
the ith measured point can be obtained by the
following formula:

Aui(( ASj) = ui(Sj+ ASj)— uwi(S;) (14)
3 COMPUTATIONAL EXAMPLES

To realize the above computation, in this
paper with FORTRAN language, the computa
tional programs of direct analysis and inverse
analysis of laminated composite plate were com-
piled. Also the identification of stiffness co-
effielent of some typical laminated plates was
carried out by simulation computation. In order
to examine the universality of method and re
move the effect of experimental errors on precr
sion of computation, the precision value of finite
element method was used instead of the mea
sured values of displacement in computation.
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3.1 Example of symmetrically laminated conr
posite plate
For the symmetrically laminated plate, the
coupling stiffness coefficient B; = 0. There is no
coupling in plane deformation and bending defor-
mation, so that extensional and bending stiffness
coefficients can be computed, respectively. The
vector of extensional stiffness coefficients to be

computed is

[S]e=[An. A At An Az Aes]'
(15)

bending stiffness coefficient to be computed is

[S]e=[Dn. Di. Die, Do Do, Des)'
(16)

The computation model for identifying ex-
tensional stiffness coefficients is shown in Fig. 1.

18. Only

the horizontal displacements on X-direction are

The number of measured points m =

taken as the measured values of displacement for
each measured point. The differential step
lengths are 6;= 0.1, &~ &= 0.015, respec
tively. The initial value, real value of the exten-
sional stiffness coefficient and the approximate
value for 10th iteration are listed in Table 1.
The convergence by iterative computation is
shown in Fig. 3. From those, it can be known
that the convergence rate is larger with the in-
verse computation, the change of differential pa-
rameters 1s stable and the precision of conver
gence is higher.

Fig. 2 shows the computational model for
the computation of bending stiffness coefficients.
Only the component perpendicular to the plane is
taken as the measured values of displacement at
each measured point. The number of measured
points m = 20, differential step lengths are: 0

Table 1

= 0.05 &~ G = 0.01, respectively. The re-
lated figures and the states of convergence are
shown in Table 1 and Fig. 4, respectively. From
the results, it can be shown that the convergence
is quite good.
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Fig. 1 A model for computation of
extensional stiffness coefficients
number of mode: 121;
number of element: 200; L= 300mm
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Fig. 2 A model for computation of
coupling and bending stiffness coefficients

Extensional and bending stiffness coefficients

anmmptrivally laminated plate

Ay Ap A Axn Ay Ag Dy D D Da Dy Des
Initial 0 392 98 147 116 49 98 980 294 490 196 196 392
value S
(Jomp“taﬂf’“al 507 142 240 119 93 169 1534 434 728 362 284 512
results S
Real value 509 144 243 120 95 171 1529 434 728 362 284 513

Ay /MNem~ 1; D; / Nm
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3. 2 Regular nonsymmetrical orthogonally
laminated plates

For regular nonsymmetrical orthogonally
laminated plates, with 0°/90°/0°/90° being the
layer-pattern, if the thickness of each layer is the
same, there will be only four independent stiff-
ness coefficients. Here, the material parameter
vector chosen is

[S]=[Bi, D D Des/' (17)

The related data are shown in Table 2.
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Fig. 3 The convergence situation for
computation of extensional stiffness
coefficients of symmetrically
laminated plate
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Fig. 4 The convergence situation for
computation of bending stiffness
coefficients of symmetrically
laminated plate

Table 2 Coupling and bending stiffness
coefficients of nonsymmetrical
orthogonally laminated plates

By  Dii D De
Initial value S° 98 490 20 98

(Aomputatl%)ona] 196 1334 48 128
results S
Real value 195 1331 49 128

B /KN; D; /Nm

The differential step length is § = 0.1,
and the number of measured points m = 20.
Computational model in Fig. 2 is used. Fig. 5
and Fig. 6 are the states of convergence by itera
tive computation. The numerical results show
that the convergence is also quite good.

3.3 Anti symmetrically laminated plates

For antrsymmetrically laminated plates,
with+ o/— a/+ o/ - abeing the layer-pattern,
if the thickness of each layer is the same, there
will be six independent stiffness coefficients.
Here, the material parameter vector chosen is
[S]=[Bis B D11, D1z, Dy, Des)' (18)

The related data are listed in Table 3. The
differential step lengths are 6= 6= 0.01, &
= 0.05 and & = 65 = 0.03. The number of
measured points m = 20. Computational model
in Fig. 2 is used. Fig. 7 and Fig. 8 show the

states of convergence, from the above, it can be
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Fig. 5 The convergence situation for
computation of coupling and bending
stiffness coefficients of nonsymmetrically
orthogonally laminated plates
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Fig. 6 The convergence situation for
computation of bending stiffnes
coefficients of nonsymmetrically

orthogonally laminated plates
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Fig. 7 The convergence situation for
computation of coupling stiffness
coefficients of anti symmetrical
laminated plates

known that the convergence is also quite good.
4 CONCLUSIONS

A complete inverse computational algorithm
for solving the stiffness coefficients of laminated
composite plates is proposed. In order to reduce
the complexity due to the functional relation of
displacements with material parameters, differ-
ential is used in stead of partial derivative in the
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Fig. 8 The convergence situation for
computation of bending stiffness
coefficients of anti symmetrical

laminated plates

Table 3 Coupling and bending stiffness
coefficients of anti symmetrical
laminated plate

Big By Dy Dy Dy Dy

V;filﬁ;o -98 - 98 686 392 491 491
“";’:fittig‘}ﬁal— 166 — 123 1035 546 630 626

real value — 166 — 122 1035 546 630 626

B /KN; D; /Nm
computation of sensitivity coefficients.
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