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Abstract: For interconnected uncertain systems which are time-varying and assumed to satisfy the matching

conditions, a sufficient condition for decentralized stabilization feedback control laws is derived. This condition
is expressed as the solvability problem of linear matrix inequalities (LMIs). Based on that, a convex optimiza-

tion problem with linear matrix inequality (LMI) constraints is formulated to design a decentralized state feed-

back control with smaller gain parameters which enables the closed-loop system asymptotically stable.
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1 INTRODUCTION

In recent years, decentralized control for in-
terconnected large systems has been paid much

L) Since there exists uncertainties in

attention
the system models, performance can not be at-
tained if the controller design is only based on
nominal plant, which results in the widely study
of robust stabilization for uncertain interconnect-

271 However, in most papers,

ed large systems
only sufficient conditions were given in Riccati e-
qualities or inequalities, which needed preadjust-
ment of parameters in advance, and was very
complicated and inconvenient.

LMI has been paid much attention for its
high solvability and become an effective method
for robust analysis and synthesis[&g]. In this pa-
per, LMI is used to study the decentralized stabi-
lization for time-varying uncertain interconnected
large systems, which avoids Riccati method and
has not been seen in other papers. For a class of
time-varying uncertain interconnected large sys-
tems, which satisfy the matching condition, we
obtain the sufficient condition for decentralized
state-feedback stabilizability, meanwhile, give the

convex optimization method for designing con-
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troller with smaller gain parameters.
2 PROBLEM DESCRIBING

Consider a class of time-varying uncertain
interconnected large systems L with N subsys-
tems L;, satisfying the matching condition, the
subsystems can be described as {ollows:

Liix,=[A +BAA(r, () ]x,(2)+

[B; + B,AB,(s5,(¢))]u, () +

N

zleiHij(xj(t)’ t)

=

i=1,2,-, N (1)
x;{t) € R"is the state vector, u;{(t) €

R™:is the control vector; A;, B, are nominal

where

matrixes with suitable dimensions; AA; ( r;
(¢t)), AB,(s;(t)) are continuous uncertainties
on r;(¢) and s5,(¢) with the compatible dimen-
sions as A; and B;; H;; is the interconnected ma-
trix of the jth subsystem to the ith subsystem;
ri(t) € R, s5;(t) € R% belong to Lebesgue

measurable compact sets R; and S, :

Ri::{r”rij <7, jzl""’lris
Si::is|51‘j <§,‘, j:1,"',15i£ (2)
;= 1’2’.."]\]



. 866 - Trans. Nonferrous Met. Soc. China

Dec. 1999

Suppose AA; and AB, can be expressed as
the sum of matrixes with rank 1,i.e.

[
AAI( r,-(t )) = :ZIAZ‘]T,‘]'

{
ABl(Sl(t)):E‘lBUSIJ (3)
i=
i=1,2,-,N
where Aj;, Bj; satisfy
A;=dge;, B;=fig; (4)

d;, ey, [, g are vectors with rank 1. For con-

venience, introducing the following symbols:

L, 1, (5)
V,=: Eijafif?j’ Q.=" gil_;:gijg};‘
suppose for all 7, € {1, -, N}, there exists a
positive constants & satisfying
”Hij(xj’ t)||<sij x]-|| (6)
Suppose the states for all subsystems can be
measured, the aim of this paper is to design a lo-

! .
_ . E" T - Z" T
Ti — ri‘ 1dijdij’ Ui — r,t leijei]‘}
i= j=

cal memoryless state-feedback control law for
each subsystem:

u;(t)=Kux; (1) (7
K, € R™™" are local feedback gain ma-
trixes to stabilize the closed-loop system.

The following are several important lem-
mas.
Lemma 1

where

Schur complement suppose symmet-

F = FTG R(N+M)><(N+M) can be

ric matrix
divided into four blocks as following:
A BT

£ = [B C }
if C€ RM*M is nonsingular, then F >0, if and
onlyif C>0,and A - BTC 'B>0;if A €
R™*¥ is nonsingular, then F >0, if and only if
A>0,and C - BA 'BT>0.
Lemma 2 Suppose X and Y are vectors or ma-
trixes with suitable dimensions, then for any pos-
itive a >0, we have
XTy+ Y X<<eX"X + %
Lemma 3 Suppose Y and Q are vectors or ma-
trixes with suitable dimensions, where @ >0, «,
B are given positive numbers, then

YTY<al, if and only if:

—al y*
[ Y = | ] e

YTy

Q '< I, if and only if:
0 I
[ T al>

Proof: It can be proven by Lemma 1 and
matrixes’ transformations.

Remark 1: || M | is defined as the max-
mum singular value of M, [a/| is the 2-norm of
a, I represents different unit matrixes at differ-
ent places.

3 DESIGN OF DECENTRALIZED STABI-
LIZING CONTROLLER

In this section, sufficient conditions for sta-
bilizability of time-varying uncertain intercon-
nected large system is given, meanswhile, the
design of decentralized stabilizing control low
with smaller feedback gain is given too.

With Eqn. (7), the closed-loop is

"xi(t) = [Ai + BiAAi(rl-(t))]x,-(t) +

[B,+ B,AB;(s5;(t))]Kx;(¢) +

N
;BiHij(xi(l), t) (8)
e
let Lyapunov function
N N
V(x)=x"Px= _zlxiTPixi = Zl V(x;)
where
x= [x’lr’ x’zr’ ...x’II:I]T
PZdiag{Pp P2’ '“aPN}
we have

V()= 2Vi(X)

i

”.MZ 1Mz

—

(k?Pixi + x;rPi-'xi)

i

Mz

%xiT(AiTPi+ PA;+

i=1
AATBIP,+ PB,AA; + KIBIP; +
PBK,+ KIAB'B'P; +
PB.ABK,)x, +
Zx?PiBijﬁ‘,lH,-j(xj(t), 1
FES)
Put Eqns. (3) — (5) into the above equa-
tion, then we get

V(x)ziivi(xi)

N
_ © T Tp &
_i;(xipixi + xiPixi)
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= { 1'T(A1'TP1+PiAi+

i

(BA ri) TP+

it

i

ZPBA i+
TBTP +PBK, +

KT(BB s;)TP, +

J

i=

i
2x,-TP,~Bi%H,-j(xj(l), t)} (9)
i
From Lemma 2, we can get

Z(BAl]r,,)TP + ZPBAUr,] <
j=

al’PiBl'TiB;‘rPi # alUl (10)
lJi l lw
ZK:'T(BiBijsij)TPi + zPiBiBijsinij <
i=1 i=1

sPBYBTP, + SKIQK, (11)
Since a® + %> = 2ab, Ya, b € R, we have

éZx;rPiBi gNlHij(xj(t), t)<
l o
X pT e
2,2‘1 | BIPx| ?;'léij |x 1<
jFEi

>( HBWxV+2@%H)~

i 1
i

N

—_

j
J )#z

N
SRl B+ Pl s ) (12)

Zeu, Fy = Zsﬁ
i=1

)#z j#Ei
Put Eqns. (10) ~ (12) into Eqn. (9), the
following can be obtained
N
V(x)<2{x[(A]P;+ PA,+
i=1
K'B'P,+ PBK, +

aiPiBiTiB;‘rPi + %Ui +

where Fy;

%K?QiKi)xi"'
Fy, | BIP, x|
:21 T(ATP +PA, +

BPB,VBP +

z

K'BP, + PBK, +
aiPiBiTiBzTPi + %Ui +

%KiTQiKi)xi +
Flz'x’irPiBiB’irPxi + FZix-irxi }

B:PB;VBP; +

N
= _zixiT(A;rPi tPA; +
K'BTP,+ PBK,; +
o,PBIBP, + %Ui +
lKTQ K.+
ﬂl 13 T -
FliPiBiB;‘rP + Fyl) x;
From Lyapunov stability theorem, if the in-
equality
ATP,+PA,+ KIBP, +
PBK;+ pfPBVBP +

BPBVBIP, +

%K?QiKi +F,,PBBIP+
1

FZiI + aiP,-BiT,B;rPi + Q_U1<0 (13)

has a positive defined symmetric solution P;,
then large system Eqn. (1) can be state-feedback
stabilized.

From Eqn.(5), U;, Q;, (i=1,2,--,N)
are positive defined or semi-positive defined ma-
trixes, which can be divided into U; = Uﬁ/ZU}/z,
0, = 0?02, then left-multiply and right-mul-
tiply Eqn. (13) with P; ', let X, = P, ', Y, =
K. X;, from Lemma 1, matrix inequality Eqn.
(13) is equivalent to the following LMI

e 1 1 .
A, XUz YIQ7 X
1
U?Xl - a,—I 0 O
1 <0 (14)
Q:2Y; 0 - Bl 0
1
| X; 0 0 inla

where
A =ATX; + XA+ YB+BY,+
aiBiTiBiT + .BiBiViBiT + FliBiBiT
Therefore, if Eqn. (14 ) is solvable, the
closed-loop is asymptotically stable. we have the
following theorem.
Theorem 1 For time-varying uncertain in-
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terconnected large system Eqn. (1), if there exist
positive defined matrix X;, matrix Y;, positive
number «;, f3; and the LMI Eqn. (14), then the
large system (1) can be decentralized state-feed-
back stabilizable, with the decentralized state-
feedback gain K; = Y. X 7!

From Theorem 1, the sufficient condition is
given, which, however , can not guarantee the
feedback gain as smaller as possible. In engineer-
ing applications, control laws with smaller {eed-
back gain are always adopted to guarantee per-
formance and better disturbance-rejection.

To get smaller feedback gain matrix, we

consider
Yy, <or, X;'<vyl (15)
where 6, > 0, 7y, > 0, then K/K, =

60X, 'YIY.X, 1< 8y,.
Therefore, smaller feedback matrix can be ob-
tained by minimizing 0;, 7;.
From Lemma 3, Eqn. (15) is equivalent to
-01, YT X, I
R EUS KT
then, decentralized control law with smaller feed-
back gain for system Eqn. (1) can be solved by
the following optimization problem

mm(}_ﬂ + 7:)

with constraints

- 1 i -
A, XU? Y/Q? X,
1
U?X;, - al, 0 0
1 <0
szY: 0 - ,8,'11' 0
1
I X, 0 0 FZiI_
[—6I YT } {X,— 1 }
t 1 < >

This is a convex optimization problem with LMI
constraints, which can be solved by LMI tool-
box.

4 EXAMPLE

Consider the following time-varying uncer-

tain interconnected system which contains two
subsystems where
-1 2 }

Ll:i‘l(t):[_l"‘rl(t) Tl(t)
0 +
{1+s1<t>}“

[(1) ] [sinzy;  cosxyr ][]

B 0
Lot (2) [Zrz(t) —1+r2(t)}x2+
[1+ z(t)]u2+
[J[smxlz cosxyy][2x ]
where | r(£)1<K0.5, | ()<L, |s (2)]

0.4, |5,(£)]<0.3.

Using the approach introduced, the convex
optimization problem is solved in LMI tool, the
decentralized stabilizing control law is

u;(¢)=0-0.6829 —5.3526]x,(¢)

u,(t)=0-2.0779 —3.2677]x,(z)
Remark 2 The LMIs have many parameters,
however, they can be solved at one time in LMI
tool. It is very convenient and need not to adjust
of parameters, which overcomes the shortcoming
of Riccati equalities approach.
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