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A CRACK CLOSURE MODEL FOR BRITTLE ROCK
SUBJECTED TO COMPRESSI VE SHEAR LOADING”

Chen Feng, Sun Zonggqi and Xu Jicheng
Opening Lab of Mechanics , Central South University of Tecl’lnol()gy,
Changsha 410083, P. R. China

ABSTRACT Crack closure in brittle materials subjected to compressive-shear loading is studied to gain in-
sight into compressive-shear failure mechanism . An analytical wing crack model for the stress intensity factors
is developed in the light of superimposition principle . The model can be successfully used to predict out- of
plane initiation and extension. Comparison shows that the K; values at wing crack tips obtained by the pre-
sent method agree well with the exact solution proposed by Horii and Ne mat- Nasser . The comparison with

other approximate model is also given .
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1 INTRODUCTION

Compressiomrshear fracture of rock was in-
vestigated by many researchers, Rao et altt}
studied this failure mode using four point bend-
ing specimen.

Since recent two decades, interest in the
mechanical response of brittle rock to natural
loadings has motivated the study of failure mech-
anism of brittle rock under compressive loading ,
which is one of the major loading modes subject-
ed by these kinds of materials . The failure mech-
anism of brittle rock under compression is signif-
ficantly different from that of tensile failure .
Three steps are usually included in overall failure
of brittle rock subjected to compressive-shear
loading .

(1) Single crack initiates from pre-existed
notch or crack via kinking when the re mote com-
pressive stresses reach the critical value .

(2) The further growth of wing crack leads
to the interaction and linkage of cracks.

(3) Crack unstable growth begins when the
crack length reaches its critical value and will fi-
nally lead to overall failure .

A solution to a single crack initiation and

extension under re mote compressive loading is
the first step toward understanding compressive
shear failure . Present study is concerned with
the first step, in which nomr planar extension
(kinking) and closure of a single crack in brittle
rock are investigated .

The crack closure and kinking caused by
compressive loading , due to its importance, is
investigated widely by many authors. These
proble ms have been tackled by Nemat Nasser

and Horiil 2~ #!

, who calculated the stress intensi-
ty factors ( SIF) at the wing crack tips via nu-
merical solution to a singular integral equation .
Though their results can be considered as an ex-
act solution and provide a comparison for the ex-
pression derived in this paper, it is still not easy
to be used in practical calculation. The earlier
expression for stress intensity factor at wing
crack tips, K‘f’i“g, was developed by Cotterell
and Rice!®] using a perturbation technique for
slightly curved cracks, however, it didn’ t in-
clude the influence of crack closure on SIF at
wing crack tips .

Some approximate expressions for stress in-
tensity factors at wing crack tips have been de-

veloped in recent years . Paull ¢} suggested an ap-
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proximate expressions for wing crack SIF calcu-
lation. Though the stress intensity factors ob-
tained by this model have the same tendency as
those calculated by Nemat- Nasser and Horiil 21,
they differ some what from those given in Ref.
[2], particularly for larger wing cracks'®! . Re-
cently , Baud et alt’! proposed a different aproxi-
mate method for wing crack extension, their
method gives only the variation of mode I SIFs
at wing crack tips versus wing crack length I/ a,
and is also not easy to be used in practical com-
putation. In this paper, a high precision wing
crack SIF model is developed based on superim-
position principle , the closed-form expression for
SIFs at wing crack tips is derived with the as-
sumption that wing crack propagation occurs at a
maximum constant critical K™, which is e-
quivalent to that K}" tends to zero'>!. The ob-
tained expression allows one to calculate normal-
ized stress intensity factors at wing crack tips .

On the other hand, maximum hoop stress
criterion can be very successfully used to predict
crack initiation in brittle rock , which holds that
when the maximum circumferential stress near
crack tip reaches a critical value , wing cracks de-
velop as the initial propagation occurs. The
kinking anger @ is convinced by both theoretical
analysis and experiments to be about 70 .5° from
the original main crack direction even under pure
mode II loading . This is equivalent to that when
wing cracks initiate and Ky at wing tips tends to
zero. Thus, in the following derivation, only
mode [ stress intensity factor at wing crack tips
is considered to contribute wing crack initiation .
The influence of different parameters such as
Columb’ s friction coefficient 4, confining pres-
sure ¢ and main crack orientation g, is also con-
sidered in the present investigation .

2 DERIVATION OF WING CRACK SIF
MODEL

We consider an infinite body containing a
single crack subjected to re mote uniform biaxial
compression, g, &, see Fig.1. The crack of
length 2 a is oriented at an angle g with respect
to x-axis. The body is under plane strain condi

tion. In the light of linear elastic fracture me-
chanics ( LEFM) , mode I SIFs at wing crack
tips in Fig .1 can be written as follows ®J:

K\iving — Kifol + Kifﬂ (l)
where K™ is the SIFs at wing crack tips,
K'i%is the SIFs wing crack tips when an isolated

crack!®! of length [ exists in an infinite body
subjected to the same re mote compressive stress
9 , 9. The graphical explanation of Eqn.(1) is
illustrated in Fig.2. K" in Fig.2(c) denotes
the contribution of main crack to wing crack
SIFs, which consists of two kinds of influences .

3
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Fig.1 Crack geometry and coordinate

arrangc me nt

In Fig.2(b) [ is the length of one isolated
wing crack in an infinite plate subjected to the
same remote stresses as shown in Fig.2(a) . Zg
in Fig .2(c) denotes the effective shear stress ex-
perienced by main crack , which is induced by re-
mote compressive stresses ¢ , & . It is assumed
that main crack is closed by re mote compressive
stress 0; and O, , friction caused by sliding of
main crack faces can then be calculated through
effective shear stress, which can be written as :

Ty = T+ yl 0 (2)
where Tand Oare shear and normal stresses ex-
perienced by inclined main crack, g is the fric-
tion coefficient . The sign of friction force 4 9
is always taken to oppose the shear stress 7. For
the present load case: & < ¢ <0, Tis negative
(along negative direction of x axis) , friction
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force g4 g is then chosen to be positive . For the
main crack of length 24 oriented at an angle g
with respect to x axis, as shown in Fig .l , the
shear and normal stresses on main crack plane
under re mote uniform biaxial compression 4 and
0, can be easily calculated as follows :

T= S (a-d)sin2g (32)
1
0= 51+ 94) + (% - g)leos2p
(3b)
Substituting Eqn .3 .into Eqn.(2) gives
1 2
Ty = 5 (&~ d)sin’ g+
1
uy G+ 9) +
1
S (%~ q)eos2p (4)

For 6, < g <0, the wing cracks will initiate at
an positive angle #>0 (anti-clock wise , see Fig .
1), Zgis negative, otherwise the main crack
faces will be self-locked and can not slide .

The contribution of main crack to model I
SIFs at wing crack tips consists of two parts,
one is the geometrical influence and the other is
stress influence . Thus Fig.2(c) can be further
decomposed , graphical explanation of main crack
influence in Fig.2(c) is plotted in Fig.3 .

We consider first the geometrical influence
of main crack on wing crack . Since the existence
of main crack tends to lengthen the wing crack
system by the amount of 2 leq, which can be cal-
culated by “ projecting” main crack of 24 in the
wing crack orientation, see Fig.3(b) , thus, the
total length of wing crack system now becomes
21+2l,,. The equivalent crack length 21, in

Fig.2 Superimposition of model I SIFs at wing crack tips

Fig.3 Analysis of geometrical and stress influence of
main crack on mode [ SIFs at wing crack tips
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Fig .3(b) can be derived easily using sine theo
rem in triangle ABC of Fig .3(b) as follows:
AC AB
sinﬁ= sinf T - (g+ O]
Noting that AB = 2a, AC= 21
lowing equation :
I a sin B (5)
‘4 sin( g+ 0)
where g is the main crack orientation, @ is
kinking angle of wing cracks. We now deterim-
ine the stress influence of main crack on wing
crack , for this purpose , the effective shear stress

eq ’ there is fol-

Zgr subjected by main crack can be transfered to
the equivalent crack 2 leCl with the same orienta-
tion as shown in Fig .3(a) . It is clear that only
the normal component of Zg, denoted by Geg »
which is perpendicular to leq, serves as a wedg-
ing force for the wing cracks .

In order to calculate wedging stress ¢,
which acts on the equivalent wing crack system,
T is resolved in two conponents , with one per
pendicular and another parallel to the equivalent

wing crack system 21 +21 as shown in Fig .3

eq >
(c) . From the geometrical qrelation in Fig .3(b) ,
and noting that Z, is negative under present re-
mote stress 4 , &, we obtain tensile wedging
stress :

Gq = - Lasin 0 (6)

Since only the normal component of effec-
tive shear stress contributes to model I SIFs at
wing crack tips, the total influence of main
crack, Kil“ﬂ, can then be obtained using load
case illustrated in Fig .4(a) , which is equivalent

toa central crack of length 21+ 2 leCl in an infi-

oft
K afl
- K1

nite plate subjected to a normal stress Gq ON the
middle part of wing crack system, see Fig.4
(b) . The stress intensity factors Kifﬂ of this load
case can be obtained by integrating Wastergaard
solution for SIFs. Wastergaard stress intensity
factor solution for the load case shown in Fig .4
(c) can be written as:

K. = 2p Ja 7
: ﬁ Ja? - b?
where p is concentrated force acting at the

points of x = * b on the crack faces, see Fig .4
(c) . Applying Eqn.(7) to load case Fig.4(b),
which represents the influence of main crack on
wing crack SIFs, yields K™ . This can be easily
done by substituting p, b and a in Eqn.(7)
with Uequ, x and [ + leq, respectively , and
then integrating Eqn.(7) with respect to x from
0 Fo leg »
K™ as follows :

which gives the main crack influence,

L+ I, .

sin

infl _ €q
KI - 20éq [J T l+ leq (8)

Substituting Eqns.(5) and (6) into Eqn.(8)
yields :

/f+ asin g/sin( g+ 6) N
]!

asin g/sin( g+ 6) 9

I + asin g/sin( g+ H)] (9)

where Ty is effective shear stress subjected by

KM = _ 2 Tysin @

sin” 1[

main crack faces .

For the stress intensity factors at isolated
wing crack tips in Fig.2(b) , it is straightfor
ward to calculate K% as follows :

Kit = 2o+ q) +

(a) P (b)

(c)

Fig.4 Graphical illustration for K} calculation
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+ (% q)eos2(p+ 0)) ﬁ (10)
Substituting Eqns .(9) and (10) into Eqn.(1)
gives

l+ asin g/sin( g+ 6) N

T

asin g/sin( g+ 0)
I + asin g/sin( g+ H)]

Sl a)+

KM = _ 2 Tysin 6

sin'l[

(- d)cos2(p+ 0)] J? (11)

Eqn.(11) contains two parts, the second part
represents an isolated wing crack influence on
SIFs at wing crack tips, which is exactly the
same as that derived by Paull®7 . However, the
first part of Eqn(11) ,

crack influence on SIFs at wing crack tips, is

which denotes the main

completely different from that
Paul' 7.
plotted in Fig .5 .

In order to verify the proposed SIF model at

Eqn.(11) is compared with the
[2]

derived by
Graphical explanation of Eqn.(11) is

wing crack tips ,
results obtained by Nemat- Nasser and Horii
for the case of ¢ =0, g=54°and py=0.3.1
Fig .5, the nomalized mode I
factors based on Eqn.(11) are plotted as a func-

tion of wing crack angle 6. Results from Ne mat
[2]

stress inte nsity

Nasser and Horii' “- are also plotted in Fig.6 for
comparison. Noting that the symbols used by
Ne mat Nasser and Horii in Fig.6[2]: 0, c, v
and ¢ are equivalent to ¢, a, 90° - pgand 6
used in the present derivation, Fig.5 and Fig .6
can then be directly compared. Comparison be-
tween present results and those obtained by Ner

mat Nasser and Horiil %!

, shows that proposed
wing crack SIF model is quite consistent with
the exact solution given in Ref.[ 2 ], especially
for longer wing crack , this greatly improved ap-
proximate model proposed by Paul'®!.

Normalized wing crack stress intensity fac-
tors calculated by different wing crack models for
the cases of [/a=0.5and [/a=1 are also plot-
ted in Fig .7 for comparison .

It is clear from Fig.7 that the precision of
wing crack SIFs calculated by our expression is

higher than approximate model derived by

Paul[(’], especially for larger wing cracks. Al
though present model underestimates the maxi-
mum normalized model I SIFs at wing crack
tips, it is still much closer to the exact solution

Fig.5 Normalized mode I SIFs at
wing crack tips versus kinking angle 0
for indicated wing crack length
obtained by present model

( p=54°, and p=0.3)

=0.2n
1/c = 0.01
0.4}
o [ 0.1
1
| — 0.2
iy
[ 0.5
o 0/7r
-0.2L

Fig.6 Normalized mode [ SIFs asa
function of kinking angle & for
indicated crack length and z=0.3

given by Nemat- Nasser and Horn[z]
symbols ¥, ¢ and ¢ in Fig .6 are equlvalent

to 90° - B, a,and & in Fig.5
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Fig.7 Comparison of different approximate wing crack models

for normalized model I SIF
I —Ref.[6];2—Ref.[2]; 3 —In this paper

obtained by Nemat- Nasser and Horiil ) than the
model derived by Paull®1.

3 CONCLUSIONS

An analytical mode I SIF formula at wing
crack tips for brittle rock is developed based on
superimposition principle. The expression for
stress intensity factors at wing crack tips permits
one to calculate the values of K}" as a function
of applied re mote stress ¢4 , &, friction coeffi-
cient g and main crack inclination angle g. The
proposed expression is more convenient for wing
crack initiation and extension analysis than nu-
merical method by Nemat- Nessar and Horiil 21 .
Althougth the maximum K} values for short
wing crack ( [/a =0.01 and 0.1) do not reach
within #<0.57, the precision of K} for s mall
kinking angle ( @ < 0.4T) is still very high.

Comparison shows that the precision of K} for

I[/a =0.5 and 1 obtained by present model is
consistent well with the exact numerical solution
by Horii Ne mat- Nasser! *7, and higher than other
approximate models .
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