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ABSTRACT Kine matical ele ment technique is a numerical method to analyze ultimate bound proble ms of

Mohr- Coulomb materials . Its important applications are the analysis of bearing capacity of foundations , the de-

termination of active or passive earth pressure as well as the evaluation of slope stability in geoengineering .

The principle of kine matical ele ment method in analyzing stability of slope was discussed, on the created pro-

gram , sensitivity of safety factor of slope for different parameters has also been analyzed using three dimension-

al kine matical ele ment method .

Key words kine matical ele ment method stability analysis

three dimensional slope

1 INTRODUCTION

The analytical object of slope stability is to
determine the factor of safety ( F) against slid-
ing, the limit equilibrium analysis based on the
Mohr Coulomb law is well used for different
slopes . The real geometry of the plastic zone of a
slope is unknown before the stability analysis , so
theoretical solution of the factor of safety is not
easy to obtain even for two dimensional proble ms
due to difficulty in mathe matically analyzing .
The key to obtain a more accurate result of factor
of safety is to search a more accurate sliding sur-
face of slope. Kine matical ele ment method had
been created by adopting an optimization process
in finding sliding surface which is much closer to
the real condition than that found with conven-
tional methods, it brought about a more reliable
and more accurate solution for slope stability
analysis . This paper will discuss the kine matical
element method in analyzing the stability of
three dimension slope proble ms .

2 PRINCIPLE OF KINEMATICAL ELE
MENT METHOD

It is a process to analyze ultimate bound
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proble ms using kine matical ele ment method, at
first an initial approximate failure mechanism is
assumed on experience or testing analysis, the
failure mechanism consists of kine matical ele-
ments by separating plastic zone with selected

slip lines!' .

Kine matical ele ment method sug-
gests: (1) Every element is rigid; (2) There is
no dilatancy between any two adjacent ele ments ;
(3) There is only tangential move ment along the
common boundary of two adjacent ele ments ; (4)
there is no rotation for any ele ment .

Based on above assumptions, kine matical
element method uses kine matics and static analy-
sis to determine the displace ments of ele ments
and acted forces at boundaries respectively, then
the real plastic zone and critical sliding surface
are searched using an optimization process .

2.1 Kinematics analysis

The aim of kine matics analysis is to deter-
mine the relative move ment between any two ad
jacent ele ments . In kine matics analysis process,
flexible boundaries have to be selected on experi-
ence. If an external boundary of slope is free
from loading and its moving direction can be pre-
known , this kind of free boundary can be select-
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ed as flexible boundary in kine matics analysis .
Giving displace ment for every one of the flexible
boundaries , it will induce displace ments for all
ele ments considering the assumed harmonic of
displace ments between ele ments, the harmonic

equations form kine matics equation syste ml2- 47,

[ KI{o}+{7} =0 (1)
where [ K] —kine matics matrix , the ele ments
of the matrix are function of direction cosine of
boundaries, { v} —unknown vector consists of
displace ments of elements, { v} —known vector
including the given displace ments for flexible
boundaries .

After solving algebraic Eqn. (1) , the un
known displace ments of elements will be ob-
tained, then the relative tangential displace ment
bet ween any two adjacent ele ments can be evalu-
ated .

2.2 Static analysis

On the base of kine matics analysis , the act-
ing direction of shear forces acted at internal
boundaries of elements can be determined by
considering that the acting direction of a shear
force is opposite to the tangential move ment .
Because any internal boundary of a kine matics el
ement is a segment of assumed slip lines in the
plastic zone of Mohr Coulomb material , the nor
mal and shear force acted at the internal bound-
ary yield Mohr Coulomb law, considering the
limit equilibrium equation, the shear force S’ at
the ith internal boundary can be expressed with
the normal force N' at the boundary :

S'= Nf+ cR (2)
where f1is factor of friction, c is cohesion, R
is the area of the ith internal boundary .

From Eqn.(2) it is known that only one of
these two forces is independent . Supposing that
the normal force is variable , so equilibrium equa-
tions of any ele ment can be expressed with nor
mal forces, body forces, factor of friction and
cohesion . Asse mbling equilibrium equations over
all elements, we can obtain the following static
equation system , in which the unknowns are the
normal forces acted at internal and flexible
boundaries! 2™ 47
[ KJ{N}+{F} =0 (3)

where [ K] —static matrix determined with
coordinates of the nodes and factor of friction,
{ N} —unknown vector consists of normal forces
acted at internal and flexible boundaries, { F} —
known vector related to body forces, neutral
pore pressure and cohesion.

The solution of above static algebraic equa-
tions gives normal forces at all internal and flexi-
ble boundaries . In the static analysis only equi-
librium of resultant is considered. If the acting
points of the forces at boundaries had been deter-
mined, the equilibrium of resultant moment of
every element can give additional equations to
check the static condition of ele ments .

2.3 Optimization

Kine matics and static analysis of kine mati-
cal element technique are both based on an as-
sumed failure mechanism. For two dimensional
case , the decision failure mechanism of a slope is
determined with an optimization process to find
the minimum factor of safety[z' 41 For three di-
mensional slope the dissipated work done by the
shear forces and related tangential displace ments
of internal boundaries is e mployed as the objec
tive function of optimization analysis in the pa-
per. Because that any ele ment of matrix [ K] is
a function of the coordinates of nodes of kine-
matical ele ments , it indicates that the total dissi-
pated work E can be expressed with an implicit
function of node coordinates of kine matics ele-
ments :

E= F(x1, y1, 21, s Xus Yms Zm)

(4)

where mis the number of nodes ; x, , Yoo
Xy, ymand z, are coordinates of the nodes re-
spectively . The decision geometry of the plastic
zone of a three dimension slope depends on an
optimization process to find the minimum dissi-
pated work E with variation of coordinates of the
nodes. Suggesting that the real plastic zone is
determined by the coordinates of nodes xf , yf ,
2, e, X, y:n and z,s0 the minimum dissi-
pated work will be

Ewin = Fuin(X1, 1, 20, -,

Xis Yms Zm)

F(xl s Yoy Z1 o, ey
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x:n/ ]/:n/ Z:n) (5)
On the determined plastic zone by xf , yf ,

Z e, X, y:n ,and z,, the factor of safety

can be calculated at last .

3 COMPLEMENTED FORCES AT FLEXI-
BLE BOUNDARIES

3.1 Kinematical characteristic of slope

The choosing of flexible boundaries is im-
portant in kine matics analysis. If some free
boundaries near the upper part of sliding body of
a slope had been chosen as flexible boundaries,
the flexible boundaries will move along the anti
normal direction of the boundaries respectively
(Fig.1) . Suggesting that there is unity virtual
displace ment in the anti-normal direction, so the
kine matics equations similar to Eqn. (1) can be
formed for three dimensional slope . The solution
of the kine matical equation gives the displace-
ments of all ele ments .

3.2 Complemented forces at flexible bound-
aries
Rewriting Eqn. (3) by separating the nor
mal force at internal boundaries { Fi} and the
nor mal forces at flexible boundaries { Ff’} , the
static equation syste m becomes

i N/ E!

K{' K; S+ =0 6
[ ] Nz Fl ( )
where | Nf’} —sub-vector that consists of the

nor mal forces at flexible boundaries , { Ni} —sub-
vector that consists of the normal forces at inter-

Fig.l

nal boundaries ; [ K{’] , [ K] —two sulb matrices
of static matrix [ K] induced by re-arranging
vector { N} .

It is obvious that the flexible boundaries of
slope are free from loading, the calculated nor
mal forces at flexible boundaries { Nf’} are ficti-
tious and can be considered as comple mented
forces in the process to find the real plastic zone
and critical sliding surface .

For an initially chosen failure mechanism or
searched failure mechanism at a step of the opti-
mization process, the comple mented forces at
flexible boundaries can be always determined by
static analysis. On the obtained critical sliding
surface with an optimization approach , the factor
of safety can be determined while the resultant of
the comple mented forces is moved away from the
flexible boundaries with an iteration calculations .

4 CALCULATION OF FACTOR OF SAFETY

From Egn. (6) it is known that the normal
force at any flexible boundary may not be just ze-
ro, the resultant of comple mented forces at flexi-
ble boundaries indicates the stability condition of
the slope . If the resultant is larger, equal to or
less than zero, it means that the factor of safety
of the slope is greater, equal to or less than 1 re-
spectively. The determination of the factor of
safety requires that the resultant of the comple-
mented forces at flexible boundaries be vanished
with an iterative process. For a sliding block,
the factor of safety can be simply defined as

Fo = T/ Ty (7)

Flexible boundary of slope
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where 7, —critical shear stress, 7, —calculat-
ing shear stress .

This definition can be extended to evaluate
the factor of safety of three dimensional slope
with sliding blocks as kine matical ele ments . If
an iterative process is employed to move the
comple mented forces away from flexible bound-
aries , both normal force and shear forces acted at
internal boundaries have to be changed to keep
the equilibrium of any element. From static
analysis,, Eqn. (6) can be expressed with factor
of friction and cohesion :

, . N/ F'(¢)
LKCp . KT ) o] gy

When the resultant of the comple mented
forces at flexible boundaries has been moved
away, Eqn. (6) will become

{ Ny =0 (9)

[KJ {N} +{F} =0 (10)
where * indicates the matrix or vector formed
during the process to move the comple mented
forces away from the flexible boundaries. The
change of shear forces acted at the internal

*

+ =0 (8)

boundaries can be realized by substituting the
factor of friction fand cohesion ¢ with calculat-
ing value f.,and cy respectively during the pro-
cess , so Eqn. (10) becomes

[ Ki( fa)] " { N3+ { F(ca)} =0 (11)

From the equation, { Ni} ", fea a0d Coyp s
which satisfy Eqn. (9) and equilibrium of any
element, can be solved. From Eqn. (7), the
factor of safety of a slope can also be defined
with the following two formulas together:

Fo = ¢/cea (12)

Fo = f/ fu (13)

Substituting Eqns. (12) and (13) into
(11) , there is
[ Ki(f/F)l { N} +{F(c/F)} =0 (14)

From limit equilibrium Eqn. (2), it is
known that ele ments in [ K;(f/ F)]1 " are a lin-
ear function of 1/ F;, so that Eqn. (14) can be
simplified as

*

i
1/ F,

Re writing Eqn. (15) in an iterative form,
there is

[ K1° +{F(1/F)}" =0 (15)

*

+{F(l/ F)}; =0 (16)
i

i10 N
[ K] k 1/ F,
( Fy) jand (Fs) j.pare the factor of safe-
ty of the jth and ( j- 1)th iterative step respec-
tively . At the start of analysis process, that is j
= 1, an initial value of factor of safety has to be
given, the initial value can be 1 in convenience .
Assuming that there exists a given s mall positive

where

value , if the factor of safety calculated at the jth
and the (j- 1)th iterative step satisfies :
(F) ;- (F)ja
(F)
The ( Fy) j will be just the factor of safety of
the slope being searched .

e (17)

5 NUMERICAL EXAMPLES

5. Simple case

On above mentioned principle, a related
computer program of kinematical ele ment
method solving 3 D slope proble ms had been cre-
ated. For the purpose of comparison, a sy mme-
try three dimensional slope was firstly analyzed
with the program. Due to geometry symmetry,
only half of the slope is separated into ele ments ,
the dip angle of the slope is 60° ( Fig.2) . The
factors of safety calculated with kine matical ele-
ment method and variation method are shown in
Table 1 .

From Table 1, it can be found that the fac-
tor of safety calculated with kine matical ele ment
method and variation method is quite close if on-

ly 8 kine matics ele ments are used .

5.2 Sensitivity analysis for different parame
ters
The 3D kine matical ele ment program was
employed to analyze the sensitivity of factor of

Table 1 Results of 3D slope stability analysis
Author Element v yH) F
uthor emen MPa ( MPasm" ') f c/(rH) s
This 4 0.0208 0.0 0.268 0.116 1.40
papel’
6 0.0208 0.0 0.268 0.116 1.32
8 0.0208 0.0 0.268 0.116 1.26
Leshchim

eyl 0.116 1.25
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H=18m

Fig .2

3D slope stability analysis model

safety of a symmetry slope , only half of the slope
is considered which consists of 6 ele ments ( Fig .
3) . The factors of safety had been calculated for
different cohesion while factor of friction and u-
nit weight keep constant, the obtained factors of
safety ( F;) are shown in Table 2. Table 3
shows the factors of safety for different unit
weights in case factor of friction and cohesion
keep constant .

Table 2 Factors of safety for different
cohesions ( f=0.5, ¥=0.027 MPa/ m)

c/
MPa

0.010 0.015 0.020 0.025 0.030

F 0.964 1.120 1.312 1.356 1.567

Table 3 Factors of safety for different
unit weights (¢ =0.002 MPa, f=0.15)

v/
( MPasm- ") 0.60 0.50 0.40 0.30 0.20
F, 0.552 0.754 0.951 1.269 1 .611

From Table 2 and Table 3, it is shown that
the factor of safety is in direct proportion to the
cohesion and is in inverse proportion to the unit
weight of the slope .

6 CONCLUSION

Kine matical ele ment technique is an ad-
vanced method in analyzing ultimate bound prob-
lems in geo-engineering . If the dissipated work

Fig.3 3- D slope stability analysis model
done by the failure mechanism is e mployed as an
object function, kine matical ele ment method can
be extended to efficiently analyze the stability of
three dimensional slopes, and the decision of the
failure mechanism depends on how to find the
minimum dissipated work with the variation of
the coordinates of nodes of ele ments .
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