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Abstract: Under impact load, using energy estimation and updated finite element method, the crack propagation of Mg-Li alloys was 
studied, and the relations between high speed impact, time interval and crack propagation velocity were deduced. The effects of 
impact pattern characteristic parameters such as impact range and time interval on impact fatigue crack growth and propagation rates 
were discussed. The results show that with the development of crack length, the crack propagation rate along the central sample alloy 
swiftly increases to the maximum. Then, the crack of other parts has different rate variations. The calculation and simulation results 
fit well with the experimental ones, which verifies the validity of energy estimation and updated finite element analysis. Impact 
loading usually induces materials and accelerates the fatigue crack growth. 
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1 Introduction 
 

The fracture of Mg-Li alloy materials under impact 
load is divided into two aspects, the crack initiation 
behavior and the crack propagation. Fatigue crack 
propagation under repeated impact load is an important 
aspect of metal fatigue under acceleration of crack 
growth rates. Considerable attention has been paid to 
impact fatigue crack propagation behavior because the 
Mg-Li alloy plays more and more important role in 
material application and aviation industry. 
 
1.1 Crack by impact load 

The finite element method is widely used in 
studying crack propagation. The crack body is dispersed 
into a few units. Based on variation principle, the motion 
equations about the dispersed time, t, can be deduced 
into two-order ordinary differential equations. At any 
time, the displacement, u(t), should satisfy the motion 
equations at t, t+∆t, t+2∆t, ···, and the displacement, 
velocity and acceleration are as the hypotheses with the 
time interval. Thus, the initial acceleration 0u&&  is solved 
while the initial displacement and the velocity 0u&  are 
settled. Meanwhile, the stress, strain and factors of stress 

intensity can be acquired[1−2]. 
 
1.2 Central crack in alloy sample 

The rectangular Mg-Li alloy is used to study the 
crack propagation in the central rectangular sample. The 
normal and shear impact loads are utilized to express the 
crack propagation[3]. Fig.1 shows the central crack 
under the impact load[1, 4−5]. In the function 
K1(t)=K*F{(c1t)/(2a), a/l, b/l}, where K* means the 
statics factor of stress intensity. F{(c1t)/(2a), a/l, b/l}, the 
function of crack and structure size, is the dimensionless 
factor, in which t is changeable. In Fig.2, F{(c1t)/(2a), a/l, 
b/l} satisfies the condition of l׃b׃a=10[1]1׃6׃. 

Fig.3 shows the central crack of the rectangular 
alloy sample under the shear impact load[1−6]. 

FatK π)(1 τ= {t, W/a, H/a} is the structural size and 
the dimensionless function of time, t. Furthermore, it is 
the function of such load types as jump load, impulse 
load and zero-linear ascending to a certain impact load[2, 
7], which is shown in Fig.4. 

The research work of Mg-Li alloy mentioned above 
has made significant progress, especially in crack form 
and development mechanism. Due to broad application 
prospects of Mg-Li alloy, the effect of crack propagation 
by impact load was mainly studied in the following 
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Fig.1 Central crack propagation by impact load 
 

 
 
Fig.2 Function F changing with time 
 

 
 
Fig.3 Central crack propagation by shear impact 

 

 
Fig.4 F—t curves at three different loads 
 
sections. Moreover, the time interval influencing crack 
propagation and algorithm about finite element were 
deduced and described. The quantitative analysis was 
done based on the improved finite element methods and, 
the results were analyzed in detail. 
 
2 Energy estimation of crack propagation 
 

Crack propagation is obviously different from static 
crack, which must consider the inertial effect[2]. Actually, 
the kinetic energy cannot be ignored. MOTT, the first 
man who considered this problem in 1948, used the 
dimension analysis to study the crack propagation. Due 
to the solution of fractural statics, the displacement field 
has the formation near the top of crack as follows: 

)( ),( 2
1

I1
1

I θαθα frEKufrEKu yx
−−            (1) 

where  r and θ are the polar coordinates, f1(θ) and f2(θ) 
are the distribution functions of angle, respectively. Due 
to YaK σπI = , Eqn.(1) can be written as follows:  

)( ),( 2
1

1
1 θασθασ farEufarEu yx

−−            (2) 

where Y is the geometric factor. 
From dimension analysis, r∝a, thus, Eqn.(2) can be 

expressed as 
 

ux=c1σaE−1, uy=c2σaE−1                         (3) 
 

where  c1 and c2 are dimensionless parameters. In 
Eqn.(3), E is a constant that is not related to c1, c2 and σ. 
The crack length, a, is the function of t while the crack 
propagates. Through derivation by t, Eqn.(3) is changed 
into the following form: 

 
1

2
1

1  , −− == EacuEacu yx &&&& σσ                     (4) 
 

where the sign “·” is the partial derivative to time, t. The 
kinetic energy of the rectangular alloy sample with crack 
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where  ρ is the density of alloy sample, Ω the integral 
domain. Substituting Eqn.(4) into (5), the following 
formula is deduced. 
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Only the parameter a is related to the crack length. Thus, 
the domain area of Ω has the same dimension with a2. 
The dimension of a2 is the same with that of the right 
derivation in Eqn.(6). Let κ be the proportional 
coefficient, then 

2/2222
k

−= EaaE σκρ &                         (7) 

FANG[1−2] has discussed the kinetic energy of 
crack propagation. If the releasing rate of strain energy G 
is always higher than the crack propagation resistance, 
the instable crack propagation R is created. The residual 
G-R can be changed into kinetic energy. Because G and 
R are the energies of crack propagation per unit, the 
energies are G∆a and R∆a respectively while the crack 
propagates at ∆a. Thus 

 
∆Ek=G∆a−Rδa                               (8) 

 
By integrating Eqn.(8), we can get 
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where  a0 is the critical dimension when the instable 
crack propagates. 

Let R and σ be the constants, then G is solved by 
statics as G=πσa2/E. Eqn.(9) can be expressed as 

∫ −+−−=
a

a
aEσaaRE
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when the instability is started, R=G0=πa0σ2E−1, 
substituting it into Eqn.(10) yields 
 
Ek=πσ2E−1(a−a0)2                                            (11) 
 
Comparing Eqn.(7) with (11), then 
 

)1(π2 1
0

11 −−− −= aaEka ρ&                  (12) 
 
where   1−ρE  is the acoustic velocity in Mg-Li 
alloy sample, which is measured by experiment. When 
a0a−1→0, 38.0/ 1 =−ρEa& , thus k=43.49. 

From Eqn.(7), a simple formula of kinetic energy 
calculation is given. From the formula, the effect of 
kinetic energy cannot be ignored when the crack velocity 
a&  is not very small. 

 
3 Updated finite element analysis 
 

Due to dynamic impact load, the crack will 
propagate swiftly. Part of the boundary also moves, 
which belongs to the problem of motion boundary. Even 
if the governing equation is linear, the boundary problem 
is still non-linear. In order to solve the problem of 
non-linear effect, an algorithm, on the basis of the finite 
element method, is put forward by KEEGSTRA[1−2] 
and deduced again. 
 
3.1 Algorithm principle 

Let the acceleration at t=t0, t=t0+∆t and t=t0−∆t be 
+uu &&&&  ,0  and −u&& , respectively, where t∆  is the time 

interval. A second order Largrange polynomial is 
adopted[1−2, 8]. 
 

+−−= uu &&&& τττ )1(5.0)(  
 
     ++++− uu &&&& ττττ )1(5.0)1)(1( 0             (13) 
 
where  τ=(t−t0)/∆t. After twice derivative at t=t0(τ=0), 
Eqn.(13) is changed into 2/)(1*

0 −+
− −∆= uutu &&&&&&  and 

( )** 2
0 02u t u u u−

+ −= ∆ − +&& && && && . Substituting *
0u&&  and 

**
0u&&  at t=t0 into Taylor expansion, the displacement and 

velocity at t=t0+∆t are expressed as 
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where  I is the unit matrix, 0 the zero matrix. 
At the right hand of Eqn.(14), +u&&  is unknown. At 

the beginning of calculation, let +u&&  be 0u&& . Using 
Eqn.(14), u+ and +u&&  can be calculated. More accurate 
calculation of u+&&  can be solved by the rearrangement 
of motion equation. The calculation process is not 
interrupted until +u&&  is convergent. The method is just 
the direct integration scheme whose advantage is that the 
non-linearity caused by crack propagation can be easily 
adjusted in the program through changing K, C and M. 
 
3.2 Time interval 

The stability of algorithm is governed by the time 
interval. The program modification aims at lessening the 
time of each time interval and the frequency of time 
interval. Thus, the upper limit value plays a very 
important role in program embodied into the finite 
element method. TANG[2] has pointed out that the time 
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interval should be less than the responding period of the 
highest natural frequency in the impact system. The 
period can be decided by the minimal eigenvalue of the 
system. DET|K−1M−ω−2|=0, where ω is the frequency. 
The eigenvalue is real and positive because matrice k and 
m are symmetry positive definite.  

In fact, ∆t≤1/(4ωmax) is well-guessed, where ωmax 
is the most natural frequency of the smallest finite unit in 
the system structure. And another estimation, L/10c1≤∆t
≤L/2c1, is given by HARTZMAN and HUTCHINSON, 
where c1 is the longitudinal wave velocity, L a 
characteristic length of the minimal finite unit in the 
system structure. In order to keep stable the calculation, 
FANG[1−2], practically, gave the expression of 
∆T=l/(8c1). 
 
4 Results analysis and comparison 
 

Using sections 2, 3 and the method provided by 
Refs.[9−12], the crack propagation is simulated by 
combining with these methods. The meshes division is 
shown in the 3rd one in Fig.5. And other conditions in 
detail are illustrated in Refs.[12−18]. The alloy sample is 
composed of magnesium and lithium. So far, the Mg-Li 
alloy is the lightest metal material. Its density is from   
1 350 to 1 650 kg·m−3, which is only 3/5 to 3/4 of the 
magnesium alloy. The density of Mg36Li5Zn and 
Mg36LiAl with high content of lithium is less than 1 000 
kg·m−3, which can float on the water. Due to low density, 
the Mg-Li alloy can keep a certain intensity, which has 
highly specific strength and modulus. Additionally, it is 
advantageous at processing property, shock absorption 
and electromagnetic screening effect. All the features 
have received enough attention by astronavigation field 
and ordnance industry. Based on the study, the Mg-Li 
alloy sample with dimensions of 400 mm×400 mm×10 
mm, are used(shown in Fig.5). The velocity of bullet is 
10 m/s−1. 
 
4.1 Crack propagation simulation 

In Fig.6, the signs A to M represent the node 

numbers selected in alloy sample during simulation. It 
can be seen that, under the impact load with bullet 
average speed of 10 m/s, the crack propagation speed can 
reach the maximum at the beginning of initial crack. 
After that, the crack propagation velocity is decreased 
and then increased swiftly. The propagation process is 
not finished until the alloy sample is passed through by 
the bullet completely. In this process, the crack is 
obviously observed and propagates with the stress action. 
Actually, different contents of lithium will induce 
different propagation velocities or rates. The crack 
propagation rate of Mg-3.3Li alloy sample is of very 
high speed that will reach 1 160.65 m/s. But the alloy of 
Mg-14Li is with low speed that is about 899.36 m/s. 
However, the initial crack time or the time interval is 
similar basically. Thus, to the single-phase Mg-Li alloy 
and with the content of lithium increasing, the structure 
of the alloy sample will be changed greatly under the 
impact load. From the viewpoint of metallic phase 
diagram, the dynamic crack propagation rate is obviously 
decreased because the crystal structure has been 
transformed into the whole cube structure. The alloy 
fracture is lowered and the ductile crack propagation will 
play an important role and increase the alloy toughness. 
 
4.2 Results and comparison 

The calculation and experiment results are shown in 
Figs.7 and 8. Combining macro-mechanism behavior 
with micro fracture mechanisms, it is indicated that 
impact fatigue crack growth rates are strongly associated 
with the micro fracture mechanisms under both loading 
conditions. The crack growth rate depends on the impact 
accumulation at the crack tip. The larger the plastic 
deformation zone, the more serious the plastic 
deformation degree in impact crack in impact load time 
interval. The experimental results indicate that the impact 
fatigue crack growth rate decreases owing to the 
decrease of plastic deformation. Through comparison 
with simulation in Fig.6, the calculation and experiment 
results agree with the simulation. 

 

 
 
Fig.5 Interaction between bullet and Mg-Li alloy (a) and meshes division (b) 
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Fig.6 Crack propagation and its velocity changing with time 
 

 
Fig.7 Relation between KI and crack length 
 

 
Fig.8 Relations between crack propagation velocity and crack 
length 

 
5 Conclusions 
 
The impact fatigue crack propagation behavior was 
investigated. However, an in-depth understanding of 
impact load crack is not available. This is due to the 
complexity of impact stress waves propagation and the 
response of materials to impact stresses. The phenomena 
such as crack propagation and sample damage are wholly 
dominated by the plastic deformation and fracture 
behavior under different loading conditions. In order to 
obtain a clear understanding of the crack growth 
behavior and the mechanism of impact crack propagation, 
investigation on the quantitative relation between impact  
stress pattern characteristic parameters, the deformation 
and fracture mechanism for different materials is 
concentrated. It can be concluded that the effects of 
impact pattern characteristics on crack propagation are 
significant and complicated. However, the calculation 
and experiment and simulation agree with each other  
while using the energy estimation of crack propagation 
and the updated finite element analysis. 
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