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Abstract: Based on the time-dependent Ginzburg-Landau (TDGL) equation, the temporal evolution of the domain structure and 
hysteresis loops of polarization versus electric field were simulated by a phase-field model for Bi4Ti3O12 (BIT) ferroelectric single 
crystal under an applied electric field. In the static electric energy induced by an applied alternating electric field, the effects of field 
frequency on the ferroelectric properties of BIT ferroelectrics were investigated. The results show that the evolution of ferroelectric 
domain structure is a gradual process including domain nucleation, domain wall motion, domain growth and domain combination. In 
the boundary regions of ferroelectric domain, the new domain nucleations occur and the old domains disappear. The coercive field 
increases with the field frequency, and it is in good agreement with the previous experiment. 
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1 Introduction 
 

Much attention has been attached to ferroelectrics in 
recent years, because the pronounced properties of 
ferroelectric, pyroelectric, piezoelectric, electric-optical, 
dielectric and nonlinear photonic can be used in 
designing many devices[1−2]. The coercive field is an 
important factor for the properties of the ferroelectric 
random access memory (FRAM). LOHSE et al[3] have 
found that the coercive field increases with frequency in 
PZT thin films, this phenomenon obeys the Curie–von 
Schweidler law which is applicable to all kinds of 
ferroelectrics as well as nonferroelectrics[4]. So, further 
research is needed to understand the effect of frequency 
on the properties of ferroelectrics. 

The decline of the capability for the polarization 
switching under the applied electric filed is of great 
importance for the fatigue properties in ferroelectric thin 
films and devices. Phase field theory is widely used to 
simulate ferroelectric domain structure and polarization 
switching of BaTiO3 (BT) and PbTiO3 (PT) ferroelectrics 

under an applied field. AHLUWALIA and CAO[5−6] 
have investigated the domain pattern formation and the 
ferroelectric domain switching of ferroelectrics. The 
phase field model of two-dimensional domain structure 
was used to study the temporal evolution of PT single 
crystal and size effect on domain configuration and 
polarization switching of PT thin films[7−9], and the 
model of three-dimensional domain structures was 
constructed to study the effect of substrate constraint and 
temperature on the stability of domain structure for PT 
and BT ferroelectric thin films[10−11]. A realistic 
electro-mechanical boundary conditions were used to 
predict the domain switching in an ideal single BT 
crystal[12], and the effect of grain boundaries and defect 
pinning on domain switching was discussed in 
bicrystals[13]. Few of literatures were concerned on the 
evolution of domain structure and frequency effect on 
ferroelectric properties of BIT thin film under an applied 
electric field, as far as we know. 

In this study, the phase field theory based on 
time-dependent Ginzburg-Landau (TDGL) equation was 
used to study the dynamic process of the polarization  
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switching under an applied electric field. Because the 
time-dependence of polarization switching could limit 
the erasure/rewrite speed of memory devices[14], the 
relationship between the remnant polarization and 
coercive field on the hysteresis loop of BIT thin film was 
understood via the simulated curves of average 
polarization and electric field versus time. In order to 
investigate the change of remnant polarization and 
coercive field with different frequency, the hysteresis 
loop of BIT thin film was simulated at the normalized 
frequencies of 0.05, 0.02 and 0.0063. It may offer useful 
guidelines to research the dynamic process of the 
polarization switching, and frequency effect on 
ferroelectric properties for the design of memory 
capability of ferroelectric device. 
 
2 Methodology 
 
2.1 Model of phase field theory 

Phase field theory provides a powerful method for 
predicting the temporal evolution of the ferroelectric 
domain microstructure. The ferroelectric undergoes 
paraelectric ferroelectric phase transitions when it is 
cooled below the Curie temperature. The polarization is 
considered the order parameter to calculate the 
thermodynamic energy. The time-dependent 
Ginzburg-Landau equation is used to calculate the 
dynamic process of the polarization from a 
non-equilibrium state to equilibrium[10],    

 
(1)                               

 
where  L denotes the kinetic coefficient, F is the total 
free energy of the system, ∂F/∂Pi(r, t) is the 
thermodynamic drive force, t is time. iP  is the 
polarization, and the subscript i denotes the three 
directions of the polarization field, P=(P1, P2, P3), to 
depict the domain structure[10]. r denotes the spatial 
vector  r=( x1, x2, x3), where x1, x2 and x3 are the 
horizontal and vertical direction in the plane, and vertical 
direction out of plane (see Fig.1). 

According to Landau-Devenshire thermodynamic 
theory, the total free energy F can be expressed as[15] 

 
                               
  

(2) 
 

where  fL(Pi), fG(Pi, j), fela(Pi, εij)and felec(Pi, Ei) denote 
the local free-energy density[9], domain wall energy 
density[10], elastic energy density[11], and additional 
electrical energy density[14], respectively. εij and Ei are 
the elastic strain and applied electric field. 
 
2.2 Two-dimensional polarization switching under 

alternative electric field    

Two-dimensional simulations are conducted under 
the plane-polarization and plane-strain conditions, 
namely P3=0 and ε33=ε23=ε32=ε13=ε31=0. For the 
simulated region boundary, the strain-free is assumed, 
and the polarization dP/dn=0, where n refers to a unit 
length in the outward normal direction of the surface. 
The extrapolation length approaches infinity, and the 
intrinsic size effect vanishes because in this case, there is 
no difference for polarization in the media between the 
surface and the interior[16].  

To conveniently interpret domain structures and to 
identify numerical issues, the variables in Eqn.(2) are 
normalized as in Ref.[7]. With the dimensionless 
variables, each expression of the energy density in 
Eqn.(2) is substituted into TDGL Eqn.(1), the 2D 
time-dependent Ginzburg-Landau equations are rewritten 
as follows: 

 

                                           
where * * * *sin(2π )i mE E f t= , (i=1, 2), *

mE  and *f  are 
the amplitude and frequency of the applied electric field. 
The constants *

1α , *
11α , *

12α  and *
111α  are the 

expansion constants of the local free energy density. *
11β , 

*
12β , *

22β , *
11q , *

12q , *
21q , *

22q  and *
44q are the 

polynomial expressions of elastic constants *
11C , *

12C , 
*
44C and electrostrictive constants *

11Q , *
12Q , *

44Q . *
11G  

denotes the gradient energy coefficient of the domain 
wall energy density. The superscript * denotes the 
dimensionless values of the corresponding variables. 

For bismuth titanate ferroelectrics, the expansion 
constants, elastic constants and electrostrictive 
coefficients are obtained from Refs.[17−19], and listed in 
Table 1. Due to the lack of experimental data, isotropic 
domain wall energy was assumed and *

11 1.0G =  in this 
study[8].  

The finite difference method for spatial derivations 
and the Runge-Kutta method of order four for temporal 
derivations are employed to solve Eqn.(3). We used 32×
32 discrete grid points with a cell size of *

1 1x∆ = , 
*
2 1x∆ = .The time step is set at * 0.1t∆ = , and the total 

number of time steps is 2 000, which can ensure that the 
domain structure reaches its steady state. In each grid, 
the sum of *

1p  and *
2p  is the polarization vector, 
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where the length and direction of an arrow denote the 
magnitude and the direction of each polarization vector, 

*
1p  and *

1p  are the polarizations along the horizontal 
and vertical directions. The average polarizations *

1P  
and *

2P  were taken as the macroscopic polarizations of 
the entire simulated region to the x1 and x2 directions. 
 
3 Results and discussion 
 
3.1 Polarization switching under applied sinusoidal 

alternative electric field 
At first, no applied electric field conditions were 

considered, namely, *
1E  and *

2E  were zero. At the 
beginning of the evolution, a Gaussian random 
fluctuation was introduced to initiate the polarization

evolution process. Because the initial state is in a non- 
equilibrium random configuration, the domainstructure 
changes to the configuration of minimal of the free 
energy. These domains interact with one another 
elastically and electrostatically and evolve until a steady 
state is reached. Fig.1(a) shows the final steady state 
without applied loading. At this state, the 180°domain 
structure is shown, and the polarization point to the right 
at A, C region, left at B.  

The final state of the spontaneous polarization 
shown in Fig.1(a) was used as the starting state of the 
domain structure. Electric field * * *

1 1.2sin(2π )E f t=  
was then applied along the x1 direction, the frequency f* 
is 0.006 2，while *

2E  equals zero. Figs.1−3 show the 
process of domain switching, the curve of the polarization 

 

Table 1 Expansion constants at 25 ℃ electrostrictive constants and elastic constants  
α1/esu α11/esu α12/esu α111/esu 
−0.014 7 −1.060×10−12 1.345 8×10−12 9.560×10−23 

Q11/(10−2·m4·C−2) Q12/(10−2·m4·C−2) Q44/(10−2·m4·C−2) C11/(1010·N·m−2) C12/(1010·N·m−2) C44/(1010·N·m−2) 

1.48 −1.25 3.1 12.58 2.729 2.499 
 

 
Fig.1 Domain structures corresponding to point a-i in Figs.2 and 3: (a) 0; (b)120; (c)150; (d)900; (e)950; (f) 1 000; (g) 1 700;      
(h) 1 750; (i) 2 000 time steps 
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Fig.2 Simulated curves of dimensionless average polarization 
versus dimensionless time, and dimensionless electric field 
versus dimensionless time 
 

 

Fig.3 Hysteresis loop of dimensionless average polarization 
versus dimensionless applied electric field 
 
versus time and the hysteresis loop under the applied 
alternative electric field. Figs.1(b)−(c) show that the 
opposite polarization to the electric field *

1E  shrunk in 
region B, and then gradually disappeared as the strength 
of the electric field increased. At the state of Fig.1(c), the 
polarizations in region C are all along the x1 direction, 
indicating that the domain structure reaches a saturated 
state with only a single domain. While the applied 
electric field varied from Fig.1(a) to Fig.1(c), the average 
polarization increases smoothly, which is attributed to 
the smooth domain wall motion, as shown by points a−c 
in Fig.2. Then, the applied electric field changes its sign 
to negative and the smooth changes in the average 
polarization with the applied field continue until point e 
in Fig.2 is reached, at which jumps occur. The jump in 
the average polarization reverses the direction of the 
average polarization. The jumps are also attributed to a 
great change in the domain structure, which is shown in 
Figs.1(d) and (e). Fig.1(d) shows the left-side 
polarization firstly occurred in the bottom boundary D 
and the right corner E. The region D merged into E and 

then gradually expanded to the top as the negative 
electric field is increased, as shown in Fig.1(e). Fig.1(f) 
shows the domain structure reaches a saturated state with 
the polarization points to the left side. Comparing Fig.1(f) 
with Fig.1(c), the polarization turns to the opposite side. 
By further increasing of the field strength from the 
negative maximum to the positive maximum, the domain 
structure repeats the reversal from the left to the right, 
which is demonstrated in Figs.1(g)− (i). Fig.1(g) shows 
the new domain nuclei also appear in the bottom corner 
of regions F and G, and the previous polarization in 
region E disappeared on the top boundary, as shown in 
Fig.1(h). Fig.1(i) shows the polarization back to the right 
side in region F combined in region G, and completes a 
cycle of the polarization switching.  

Fig.2 shows the polarization changes periodically 
with the sinusoidal alternating electric field. It is shown 
that the absolute value of *

1P  is lager than that of *
2P  

under an applied electric field in x1 direction. This 
indicates that the polarization vector leans to the 
direction of the applied electric field. At 805 steps, when 
the electric field firstly decreases to zero, the 
polarizations are not zero due to the nonlinear 
ferroelectric property. The polarization is called the 
remnant polarization at this time. When the electric field 
continues to decrease to a negative value at 933 steps, the 
average polarization reverses at the applied electric filed 
equal to −0.57, the absolute strength of the applied 
electric field is called the coercive field. While the 
electric field changes from negative to positive, the 
polarization switching process repeats again. Fig.3 shows 
the hysteresis loop of the average polarization *

1P  along 
x1 direction versus the electric field *

1E . The details of 
domain structures corresponding to the points a-i in 
Figs.2 and 3 are shown in Fig.1. 

In summary, the polarization switches with the 
direction of the applied electric field, and the new 
domain nucleation and the old domain disappearance 
occur at the boundary. The evolution of ferroelectric 
domain structure is a gradual process including domain 
nucleation, domain wall motion, domain growth and 
domain combination. We assume that the simulated 
region boundary is an anti-phase boundary, the new 
domain nucleation as well as the old domain 
disappearance occurs at such boundary. It can be inferred 
that the anti-phase boundaries (APBs) can supply 
additional nucleation sites of polarization domains in 
switching process, and can avoid fatigue behavior when 
the nucleation at the electrode is seriously depressed[20]. 
Therefore, it makes nucleation easier and accelerates the 
speed of the polarization reversal. 
 
3.2 Effect of frequency on ferroelectric properties  

The process of polarization switching in 
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ferroelectric needs a period of time, so the coercive field 
is related to the frequency. Fig.4 shows the hysteresis 
loop in different frequency. Electric fields 

* * *
1 1.2sin(2π )E f t=  and *

2 0E =  are applied on the 
ferroelectric. The frequencies equal 0.05, 0.02 and  
0.006 3, respectively, and the cycle, τ*=1/f*, equals 20, 
50 and 158. On the one hand, it can be seen from Fig.4 
that the hysteresis loop becomes narrow with decreasing 
frequency. This indicates that the coercive field will 
decrease with frequency. And the values of the coercive 
fields are 1.15, 0.95 and 0.63, respectively. One reason 
for this could be that the polarization switched under a 
low field frequency experiences a period of time, while 
in the high frequency, there is not enough time to 
experience switching process, which leads to a high 
coercive field. On the other hand, there is no obvious 
difference in the remnant polarization in Fig.4. That may 
be caused by the range of the simulated frequency 
chosen to be too narrow, which leads to the remnant 
polarization of one frequency being little different from 
the other. The area of the hysteresis loop increases with 
the frequency. The area of the hysteresis loop is in direct 
proportion to the energy loss. This part of energy 
transforms into thermal energy, so hysteresis loop is 
usually measured in low frequency. LOHSE et al[3] have 
observed that the coercive field increases with the 
frequency in PZT thin films. We can see that the trend of 
the coercive field versus the frequency in our simulation 
agrees with the experimental results. 

 

 

Fig.4 Hysteresis loops with different dimensionless frequencies  
 
4 Conclusions 
  

1) Domain structure turns to the saturated state with 
only a single domain at the maximum of the electric field. 
It can be found that the polarization switches to the 
direction of the electric field, and the new domain 
nucleation and the old domain disappearance occur at the 
boundary of the simulated region.  

2) The coercive field increases with the frequency. 

The phase field simulation explains the experimental 
results, and the trend of the coercive field changing with 
the frequency is in agreement with the experimental 
results. 
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