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[ Abstract] A new viewpoint of computer program poubaix diagram was proposed on traditional @pH diagrams. All

equilibrium principle and activity term method were used to plot ¢pH diagrams for M- H, O syste ms based on the thermo-

che mical database developed. And a new method

arith metic geometric method is used to solve nonlinear equations

group . The calculation procedure is proved to be efficient and convergent. The method seldom depends on artificial inter

vention and can extend to multrcomponent all equilibrium ¢ pH diagrams such as Mligand H, O system .
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1 INTRODUCTION

Pourbaix diagram has been widely used in many
fields since 1960s . The computation procedure is con
siderably tedious and complicated. So computer algo
rithm has been the research topic for many years.
And until now, there have been several fa mous soft-
ware systems which are able to finish this work.
They are mainly : Thermo Calc ( Thermoche mical da-
ta bank for equilibrium and phase diagram calcula-
tions) , Sweden; Thermodata, France; FACT ( Fa-
cility for analysis of chemical thermodynamics) ,
Canada; HSC, Finland; MTDATA ( Metallurgical
and thermodynamical data), United Kingdom;
THERDAS, German; CSIRO/ Monash, Australia,
etc. The up-todate information about them can be
browsed on Internet .

However, traditional Pourbaix diagram is limited
due to: 1) presupposing the activity of all possible
species ; 2) not considering the simultaneous equilibri-
um for all the aqueous species .

In fact, the aqueous phase is uniform . According
to minimum Gibbs energy principle, all the species
coexist are in equilibrium. The diagram presents a
stable region of solution instead of regions of individu-
al species. Only the concentration of total metal can
be known. It leads to the extension of the stable area
of aqueous phase . This situation will become especial-
ly severe for Mrligand H, O system .

FU et all' >)introduced si multaneous equilibrium
principles into the plotting of ¢pH diagram for Cu
NH;-H,0 and CorCl" - H, O systems. With the new
idea, all the equilibria are taken into account simulta-
neously . The newly plotted diagram represents the e-
quilibrium area between solid and aqueous phases in-
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stead of area of individual dissolved species . Many re-

searcherst® 4!

extends this method to other metal-lig-
and system . WANG® ] have established a generalized
program to plot such diagram with this method. All
the works made a great contribution to the thermody-
namic study of metalligand system. However, there
are still limitations for plotting the ¢pH diagrams.
First , the equilibrium of aqueous species is not clear.
Second, the plot procedure still depends on experience
instead of on certain judge ment. Third, mathe matics
aspects are seldom considered for the solution of non-
linear equations so that some deficiency may happen
inevitably. And last, most of the program can not
solve the equilibrium between the solid phase contain-
ing ligand such as CuCl(s) , Ni( CN),(s) and aqueous
phase .

In this series of papers, a new vie wpoint on ¢
pH is proposed. Simultaneous equilibrium principle is
used to plot M-H, O and Mligand H, O system ¢pH
diagram . This kind of diagram represents the reality
of practical solution better compared to traditional ¢
pH diagram and it also improves and makes up for the
deficiency pointed out above . A general system is pro-
grammed on microcomputer. Only inputting little in-
formation the system will automatic index the data
from thermoche mical database, and a complete all-
equilibrium diagram is obtained .

2 ALGORITHM FOR M H,0 ALI-r EQUILIBRI-
UM ¢pH DIAGRAM

2.1 Phase rule analysis

Allequilibrium @ pH diagrams accord strictly
with phase rule principle .

The phase rule presented in the conventional
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form is
f=2- @&+ C (1)
where fis the number of freedom degrees, @is the

number of phases and Cis the number of independent
components .

As to M- H, Osystem , there are four independent
components, M, H, O and electron. Fixing the pa-
rameters te mperature , pressure and the total concen-
tration of metal-bearing aqueous species [ M ]r, so
Eqn.(1) can be simplified as

f=3- @ (2)

In the stable area of aqueous solution, @=1, so
freedom degrees number is 2, that means no solid
phase precipitates within certain ¢ and pH range.
The solid-solution equilibrium line exists between one
solid and one aqueous phases , so the freedom degrees
number is 1. Triple point exists among two solid
phases and one aqueous phase with[ M]y or three sol-
id phases with total metal aqueous species concentra-
tion less than [ M ]y, the freedom degree number is
zero. On the basis of activity term method proposed
in the previous paper[6], a new computation method
of calculating the simultaneous equilibrium is pro-
posed .

2.2 Analysis of Pourbaix ¢ pH diagram for Cu
H, O system
Although traditional Pourbaix diagram is limited
to some extent, there is still much useful informa-
tion. Fig.l is the Pourbaix diagram of Cu H,O sys-
tem .

Fig .1 Pourbaix ¢pH diagram for Cu- H, O system

(a;=10"°%mol/L, T=298K)

From Fig.1, the following conclusions can be
obtained: 1) solid phases as Cu, Cu, O, CuO are ine-
quilibrium with aqueous species at points a, b, c,
d, e;2) as to triple points such as points a and e,
which represents two equilibrium points between Cu,
Cu, O and aqueous phase , it means that there are two

solutions with the equilibrium ; 3) there is equilibrium
lines between points a and b, while it is not so be-
tween points e and b. It can be explained that the
predominant aqueous species is different. Points a
and b have the same aqueous species Cu’" while the
predominant aqueous species for point e is CuO%' .
Therefore it is important to identify the aqueous
species in equilibrium ; 4) there is no predominant
aqueous species between points ¢ and e. In fact,
there is equilibrium line between these two points . It
is the point d that connects them . It means on the
point d that the activity of two aqueous species
HCuO; and CuO3 are equal . It is an invariant point
with zero freedom degree number .

The diagram undoubtedly provides the theoreti-
cal basis for the following algorithm .

2.3 Simultaneous equilibrium principle for M H, O
system

2.3.1 Equilibrium between solid-aqueous phases
Suppose the most stable solid phase is M,( whose

activity term is maximal) , the base reaction for M,

can be expressed as

M+ w,H,0+ mH" + ne = r, M, (3)
The activity term ist 3!
lg(ay) "= ApH+ B, ¢+ C (4)

As to any possible metal-bearing aqueous species M,;
lg( ay ) ™= AypH+ By ot Gy (5)
All the aqueous species are in equilibrium with
solid phase My, subtracting the base reaction for M,
the reaction can be written as a new one ,
reMy(s) + w Hy O+ myH' + ngie = 7y My;(6)
From Eqns.(4) ~(6) we can calculate the con
centration of M,;( here activity coefficient is neglect-
ed) ,
[ My ]=exp{[( Ayr A pH +( By By) o+

( Gi- G)/ ryx1nl0} (7)
Fix the total metal concentration,
2om{ My 1=[ M]g (8)

where  m; is the atom number of M,; .

Presuppose ¢or pH, corresponding pH or ¢val-
ue can be obtained via Eqn.(8) .

2.3.2 Equilibrium of aqueous species without no
solid phase

Compared to the equilibrium between solid phase
and aqueous phase, the equilibrium for aqueous
species shows a little different .

At any specific point ( ¢, pH) in the stable area
of aqueous solution, suppose all metal aqueous species
M,; are in equilibrium with M, , the base reaction for
M, is,

M+ w,H,0+ m,H" + ne=r, M, (9)
As to M,;, subtracting Eqn .(9) ,

raMa+ waiH2OJr maiHJrJrnaie:raiMai (10)
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The concentration of M,; can be expressed as the
function of ¢, pH and [ M, ]
[ Maj1=exp{[( Asi- A) JpH+( Byi- By ¢t
(G- C) +lg(I My]) "}/ 1y x1nl0

(11)
can be calculated by solving Eqn.

lg([ M,
(8) since there is only one variable at specific point
( ¢, pH) .

In order to determine if the point belongs to the
stable area of aqueous solution , it is necessary to make
sure that no solid phases form .

As to any solid phase My, the following expres-

sj s
sion can be written as

oM, + wg H, 0+ mgH + nge = 1M

sj sj
. (12)

The theoretical value for Ig([ M,]) * that solid
M ; will not form can be calculated according to the
following equation :

lg([ Ma])t;eo: - [( Asj' Aa)pH+( st'

B) ¢+ ( G- C) 1/ r;x1nl0

(13)

) cal » then no M

If lg([ Ma] ’ )theo>1g([ Ma] ’
forms , otherwise the point belongs to the stable area
of M .

2.4 Computation method
2.4.1 Analysis of triple point and invariant point
From Fig .l , it can be concluded that on the sol-
idsolid equilibrium line , there would be two terminal
points , triple points or boundary points. It means
that if two solid phases are in equilibrium with aque-
ous phase, there are possible 0,1 or 2 triple points.
This can also be proved mathe matically. It is well
known, the exponential function is monotonic in-
creasing or decreasing . Therefore, there will be one
or two solution for Eqn.(8) . Both points b and ¢ in
Fig .1 are triple points for Cu, O, CuO and aqueous
phase . Points a and e are for Cu, Cu, O and aqueous
phase . That also shows that solid phase is possibly in
equilibrium with different solution constituents. So
how to determine the solidaqueous phase equilibrium
lines is especially important. For example points a
and ¢ can not be taken as the direction of
solidaqueous equilibrium line . Therefore , it must be
pointed out that at this triple point which metal aque-
ous phase species is predominant , that is, its concen-
tration is maximal. Cu®” is predominant at points a
and b. At point ¢ HCuO, is predominant and at

point e CuO%' is predominant . A solid-aqueous phase
line exists between points a and b, while no line be-
tween points ¢ and e. According to above analysis
and phase rule, the possible triple points are as fol-
lows .

1) Two solid phases are in equilibrium with
aqueous phase in which one metal aqueous species is
predominant ( the concentration is maximal) . The

predominant metal aqueous species is used to identify
definite triple points, i.e., point a or e from Fig.l .

2) Three solid phases with maximal activity
term are in equilibrium under the condition that the
calculated total metal concentration is less than the
given concentration [ M]r.

On the other hand, there exists a definite solid
aqueous equilibrium line between ¢ and e. Another
kind of special points —invariant points should be
solved. When one solid is in equilibrium with aqueous
phase, at a special point, the atom concentration of
two aqueous species is equal and maximal. The in-
variant points are not triple points. Since an extra
constraint is included, the freedom degree number is
still 0. All possible invariant points are: 1) one solid
phase with maximal activity term is in equilibrium
with aqueous phase and two aqueous species with the
same concentration are predominant. 2) three aque-
ous species with the same atom concentration are pre-
dominant and no solid phase forms .

By above analysis, the key problem is to work
out all the triple points and invariant points .

2.4.2 Calculation of triple point

1) The triple point exists between two solid
phases M, , M, and aqueous solution. A new equa-
tion can be obtained via Eqns.(3) and (4) , such as

( Ay - Asq)pH +( By, - By ot ( G, - qu) =0

(14)

The triple point coordinate can be obtained by
solving Eqns .(7) , (8) and (14) . At the same time it
should be made certain if the activity term of M,
M, is maximal via Eqn.(4) . If not the point is not
stable triple point .

2) The triple point exists between three solid

phases M, M, and M;,. Two new equations can be
obtained :
(ASp - ASq)pH + (BSp - BSq) ¢7+
(Csp - qu) = 0 (15)
(A - A pH+ (By - By) ¢+
(G- Gy =0 (16)

The pH and ¢can be calculated via Eqns.(15)
and (16) . At the same time it should be checked out
if it satisfies the following expression at the point .

2oml Myl < [ Ml (17)

If so the point is stable triple point .

2.4 .3 Calculation of invariant points

1) One solid is equilibrium with aqueous phase
and the concentration of two metal aqueous species is
equal and maximal . According to Eqn.(6) , the fol-
lowing relations can be got for solid phase M,, and
M

ag
Myp[ M) maexpl ( AgypH + By, o+
Cap) / Tqp x 101 0] (18)
Mgl Myql maexpl (A pH + By @+
Cag)/ taq x 1nl0] (19)
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iyl Myl = iyl My (20)

We can get a new equation through Eqns.(18)
~(20) .

((Awp/ Tap - Ang/ 7o) pH +

(Bap/ tay - Bag/ Tag) @+ (Cyp/ 1oy -
Cag/ Tag) + 1g(myy/ myg) = 0 (21)

Solving Eqns.(20) and (7) we can get such
point as d .

At point d, Cu,Ois in equilibrium with aqueous
phase and at the same time the concentration of
HCuO; and CuO%' is equal and maximal.

2) Three metal aqueous species with same con-
centration are predominant. According to Eqn.(12) ,
three metal aqueous species are supposed to be M

?lp b
Myq» My, then
Myl Myl = myexpl é‘fp + By, + G, +
Ig([ My]) /1y, x Inl0)] (22)
Mgl My] Mg X p[ f}fq + By + G +
lg([ My]) / ryq x In10)] (23)
mar[ M?I]’] marexp[ A?I]’ + B?I]’ + Cﬂ]’ +
Ig([ My]) 7/ 1y x In10)] (24)
Map[ My Mgq[ My,] My My (25)

Two new independent equations through Eqns.
(22) ~(25) can be expressed as
(Au/ Tay - A/ o) pH +

(Bay/ Tay - Bag/ 7a) @+ (Ca/ Tay - Caof Tag) +
(Dap/ Tap - Dag/ Tag) + lg( g/ my) = 0 (26)
(Aar/ Tar - Aaq/ raq)pH + (Bar/ Tar -

Boy/ tag) o+ (Coof 1o - Coo/ Tag) +

( Dar/ Tar = Dag/ 1ag) + 1g( my/ myg) = 0 (27)

Then such type of invariant points can be solved
via Eqns . (26) ~(28) .

According to above analysis and reasoning, all
possible triple points and invariant points can be cal-
culated . The problem is how to solve the nonlinear e-
quations group. So a new method is proposed, which
proves to be an efficient and easily convergent .

3 ALGORITHM FOR SOLVING NON LINEAR E
QUATIONS GROUP

3.1 Algorithm description

Up to now , Newtomr Raphson method is general-
ly accepted as the most popular one to solve che mical
equilibrium. An important characteristic of this
method is that it converges to solution faster than any
other method if the initial guess is fairly close to the
true solution ; otherwise the method will fail to con
verge . Furthermore , the computation of the Jacobian
matrix is quite cumbersome especially for exponential
function, which is easy to overflow. These limita-
tions have motivated researcher to develop new com-
putational for equilibrium computations . Ben!”! pro-
posed arithmetic geometric method to solve che mical
equilibrium problems . The advantage of the method

is its ability to recast the conservation equations as
linear equations in the logarithmic space, in which
the equilibrium constant expression are readily lin-
earized. And it is barely affected by the initial guess
and converges very quickly. This method is intro-
duced and subjected to a little change to solve the
above equilibrium proble ms .

For the sake of mathe matical solution, it would
be beneficial if the nonlinear equations are recast in a
linear form . The arithmeticgeometric method allows
this transformation to take place. It is well known
that it is not so difficult to solve a set of linear equa-
tions since the solution is unique if it exists .

Suppose for variable U, , U,, ---, Uy,
U1 + LI2 + ...+ UN =
W U Uy .
d, d, dy (28)
In a condensed form
\ U
u = 11 (29)
d.
j=1 j=1 ]

N
where d;= U/ DU, .
j=1

Suppose the concentration of any aqueous species
is M,; whose concentration is [ M,; ] and atom number
is m;, Eqn.(7) can be rewritten as

m;[ My;] d;

[Mlr= 2imlM,] = Hj 0

1
(30)

ml My 1 2ml My
Taking the logarithm of Eqn.(29) and combin-

where d; =

ing Eqn.(7) , a new equation can be obtained:

Zfa'iAai‘ pH+\ >, f“"'Ba,-‘ o+

dai
Zraicai‘ - delg

Thus a nonlinear equation shown in Eqn.(8)

=lg[ M]r (31)

i
bai

represents a linear equation in the logarithmic space .
Then the equation can be solved.

The method is also iterative . However it proves
to be efficient and good convergence . In general sev-
eral iterative times is enough. For more, it is barely
affected by initial values .

3.2 Determination of initial value

Arith metic geometric method proves to be an ef-
ficient method to solve chemical equilibrium prob-
lems . The method is barely affected by the initial
guess and can converge very quickly. However, as
discussed above , the possible triple point between t wo
solid phases and aqueous phase is possibly more than
one . So it is very important to determine the initial
value in order to obtain all possible solution. Taking
the Cu, O, Cu and aqueous phase triple point as an
example , every metal-bearing aqueous species M,; are
given to have the opportunity to be the only species,
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so the following expression can be got :

lef M1r =lg( m{ My;]) = ApH + B; ¢+ G (32)

According to Eqns .(14) and (32) , a set of ini-
tial values for ( ¢, pH) can be got. And then solve
the nonlinear Eqns.(8) and (14) with arithmetic
geometric method and the true solution can be worked
out. Then according to the solved solution, it is nec
essary to determine which metal aqueous species is re-
ally predominant and if the activity term of the two
solid phases is maximal. Thus we can get the point a
as well as point e .

4 APPLICATIONS AND EXAMPLES

The Pb-H,O system is taken as an example to il-
lustrate the new method. Fig.2 is traditional Pour
baix diagram with the activity of all aqueous species
10~ % mol/ L. The thermodyna mic data are from Ref.
[5]. There are four solid phases, Pb, PbO, Pb;0,,
PbO,, and seven aqueous species Pb>", PHOH",
H,PbO,(a) , Ph( OH); , Pby( OH)3" , Pby( OH)3 ",
Pbs( OH)4" . It should be noted that some of Pb
bearing species are multratomic, so the concentration
of two aqueous species are equal that means the equili-
ty of the atom concentration, for example [ PbOH " ]
=4[ Pby(OH)F " ].

Fig.2 Traditional Pourbaix diagram for
Pb- H, O system

(a;=10"* mol/ L)

The dot lines show that two aqueous species are
predominant. It does not mean that only one species
exists in the identified aqueous area, it only shows
that the concentration of one aqueous species is maxi-
mal .

From Figs.2, 3, it can be seen there is great
difference between traditional ¢pH diagram and all-
equilibrium ¢@pH diagram. The stable area of solid

Fig.3 Allequilibrium ¢pH diagram for
Pb-H, 0 system with [ Pb]r=10"* mol/ L

phase of traditional ¢pH diagram is larger than that
of allFequilibrium ¢pH diagram, some solid phase
such as PbO will disappear. And on the other hand,
solid-aqueous equilibrium line shows curvilinear rather
than linear. Especially at the border of two aqueous
species with equal concentration, the curvature is rea-
sonably great, which can be seen from the stable area
of Pb;0,.

[ REFERENCES]

[1] FU Chong yue and ZHENG Drji. Thermodynamic study
on the system Cu NH;-H,O[J]. J Cent South Inst Min
Metall, (in Chinese) , 1979 ,1 :27 - 37.

[2] FU Chongyue and ZHENG Drji. Equilibrium analysis
on the Cu-Cl"-H,O[J]. J Cent South Inst Min Metall,
(in Chinese) , 1980, 3:12- 23 .

[3] Rutie LUO. Overall equilibrium diagrams for hydromet-
allurgical systems: copper-ammonia water system [ J].
Hydrometallurgy , 1987, 17 : 177 - 199 .

[4] TANG Mo tang and ZHAO Tian-cong . A thermodynam-
ic study on the basic and negative potential fields of the
systems of Sb-S H,O and Sb-Na-S-H,O [ J]. J Cent
South Inst Min Metall , (in Chinese) , 1988, 19(1) : 35
- 43.

[5] WANG Petr ming, WANG Yue-shan and XU Zhi- hong .
A generalized program system for the potentiakpH dia-
gram of the system containing complex compounds [ J].
Computer and Applied Che mistry, (in Chinese) , 1985,
2(4) : 241 - 249.

[6] ZHANG Chuanrfu and LIU Haixia. A new method of
computating multrcomponent ¢pH diagrams [ J]. ]
Cent South Univ Technol, 1999 , 6(1) : 23 - 27.

[7] Ben Q L. Computation of chemical equilibria by the
arith metic geometric method with application to the Ni-
NH;-H,SO4 H, O system [ J]. Hydrometallurgy , 1992,
32:81- 89.

(Edited by LONG Huai- zhong)



