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Abstract : A computer program called TKCALC( thermodynamic and kinetic calculation) has been successfully developed

for the purpose of phase equilibrium calculation and diffusion simulation in ternary substitutional alloy systems. The pro-

gram was subsequently applied to calculate the isothermal sections of the Fe- Cr Ni system and predict the concentration

profiles of two ¥/ ¥ single-phase diffusion couples in the Ni- Cr- Al system . The results are in excellent agree ment with
THERMO CALC and DICTRA soft ware packages . Detailed mathe matical derivation of some important formulae involved

is also elaborated .
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1 INTRODUCTION

The knowledge of thermodynamics and kinetics
is of funda mental importance to the understanding of
many processes in materials science , e .g . the homog-
enization annealing , the carburization and decarbur
ization treat ment of steels, the growth and dissolution
behavior of second phases , the nomrequilibrium solidi-
fication of alloys etc. Based upon the state-of-the-art
CALPHAD( calculation of phase diagrams) method,
two very general purpose software packages, namely
THERMO CALC for thermodynamic calculation and
DICTRA for numerical treat ment of diffusion-con-
trolled phase transformation in multicomponent sys-
tems, have already been well developed and exten-
sively used worldwide. Although THERMO CALC
and DICTRA are already sophisticated enough to
tackle with most practical proble ms , we can not mod-
ify them to meet our own needs, therefore the pur
pose of the current paper is to develop a new computer
program called TKCALC( thermodynamic and kinetic
calculation) for calculation of thermodynamic equilib-
ria and nu merical solution of nonlinear diffusion equa-
tions in ternary substitutional alloy syste ms .

The program TKCALC also follows the basic
ideas underlying the CALPHAD approach and the
same assumptions are made by TKCALC as those
made by DICTRA:

1) Only one- dimensional diffusion is considered,
such as in the case of planar, cylindrical and spherical
Symmetl‘y .

2) The same constant molar volume is assumed
for each phase, so that the diffusion process induces
no compositional stress field .

3) Simple vacancy-exchange mechanism for dif-
fusion is adopted and vacancies are assumed to be in

thermal equilibrium everywhere .

4) The rate of phase transformation is controlled
by volume diffusion to and from the phase interfaces .

5) Thermodynamic equilibrium can be estab-
lished locally at the moving phase interface, and the
moving direction and velocity of the interface are to
tally determined by the interfacial fluxes .

6) The effect of surface tension is negligible .

No more simplifications are made . The interdif-
fusion coefficients are allowed to be strongly composi-
tion and temperature dependent and the effects of
magnetic ordering on phase equilibrium and lattice
diffusion are also taken into full account .

Unfortunately , for a successful diffusion simula-
tion, the complete and accurate set of thermodyna mic
and kinetic data of the system in question is prerequi-
site . Although the thermodynamic descriptions of
many alloy syste ms are readily available in the SGTE
solution database , kinetic databases are so far scarce .
Luckily , due to their important industrial applications
as austenitic stainless steel and nickel based high-te m-
perature oxidation and corrosion protection overlay
coating for aerospace gas turbine engines respectively ,
the Fe- Cr- Ni and Ni- Cr- Al syste ms have been exten-
sively investigated by various researchers!! "1°1 | both
thermodyna mically and kinetically, and they are tak-
en as practical examples to de monstrate the proble m-
solving capability of TKCALC.

2 SOFT WARE DEVELOP MENT

Program TKCALC is coded entirely in C + +
programming language using the state- of- the-art OOP
(object-oriented programming) technique. A special
point is also made of its 3- D graphics visualization ca-
pability, which is not yet imple mented in graphics
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post-processor of THERMO CALC and DICTRA.

can run on any personal computer with a
TKCALC y p 1 p ith
80386 or better CPU, a math-coprocessor and a VGA
graphics card, although the runtime performance still
depends on the actual speed of computer .

3 THERMODYNAMIC MODELLING

The choice of appropriate thermodynamic model
and the assess ment of an accurate and consistent set of
parameters for the model are not only crucial to phase
diagram calculation, but also contributive to the in-
terdiffusion coefficient matrix via the so called ther
modynamic factor, which virtually consists of the sec-
ond-order partial derivatives of molar Gibbs free ener-
gy with respect to each composition variable .

For most substitutional solution phases, the
widely applicable Redlich- Kister- Muggianu extrapola-
tion model is recom mended, following which the mo-
lar Gibbs free energy of a solution phase in A- B- C
ternary system can be readily estimated from the
thermodyna mic descriptions of its three boundary bi-
nary subsystems and is expressed as

C
G,= Dai(° G+ RTInx;) +

i= A

Z Zx,xj{ Z L,]( X; P

i=A j>i
X AXpXc ZLABCxi+ 4Gp"8 (1)
i= A

where  x;is the molar composition of component i,
° G; is the lattice stability of pure element i in the
same crystal structure as the solution phase under
consideration, L}‘j are the binary interaction parame-
ters of i-j binary system and Lipcare ternary interac
tion parameters. This ternary excess term is added in
order to get better fit to ternary experimental infor-
mation. The last term ° G'¢ corresponds to the con-
tribution to Gibbs free energy due to magnetic order
ing . According to the Hillert-Jarl model[7], which is
a truncated series simplification of the phenomenolog-

ical model originally proposed by Indent!®l it is for

mulated as
AG™e = RTIn(p+1) f( D
1[7971+474i1 ]
Al 140P " 497, P~
5
(D = i? 7 7*] < (2)
p +135 +600 for 7Tx1
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where 7. 4" A= s 15975{ p- 1l - F

stands for the average magnetic moment per atom in
Bohr magnetons and T stands for the critical te m-
perature for magnetic ordering, i.e. the curie tem-

perature for ferromagnetic transition or Néel te mpera-

ture for antrferromagnetic transition. All te mpera-
tures are in Kelvin. P is a structure dependent pa-
rameter, P= 0.4 for BCC and P =0.28 for FCC.
The magnetic contribution to enthalpy can then be e-
valuated using the Gibbs- Helmholtz equation :

0| AGLE
oT T

- RTdn(pg+1) g(D

g(z)z ﬂm=

AHRE =- T

d7
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l\ =4 14 24
- — T
A 2 + 1 + 60 for > 1
(3)

It is worth noting here that both gand T are
generally composition dependent values and are usual-
ly expressed in the form of the generalized Redlich-
Kister sum mation :

o= Swa+ 5 S| Sain- 5 -

i=A i= A j>i

xAxbxc_ZA:CﬁAchi (4)
where  @denotes gor T.. If the value of gor Tc
calculated from the above expression becomes nega-
tive, it indicates that the alloy phase is antrferromag-
netic rather than ferromagnetic. The true value of g
or Tccan be obtained simply by dividing the negative
value by an anti-ferromagnetic factor, whichis - 1.0
for BCC and - 3.0 for FCC phase . Generally speak-
ing , the surfaces of @and T are required to inter
sect with the zero value plane along exactly the same
composition curve .

Given the expression of molar Gibbs free energy,
the partial molar Gibbs energy, i.e., the che mical
potential of component i can be conveniently derived

by using the following standard relationship :

0
G =y = ﬁ[(”A+ ng + n¢) Gu(xa, xp, x)]
a Gm < 0 Gm
G,, Zx ,i= A, B, C(5)
where  x; is the molar comp051tion of component i
and x; = n;/(ny, + ng + ng), n; stands for the

number of moles of component present in the phase .

The thermodyna mic equilibrium can then be cal-
culated by means of equalizing the che mical potentials
of each component in all phases participating in equi-
librium. Additional conditions may need to be arbi-
trarily specified if the freedom of the syste m is nonze-
ro according to the Gibbs phase rule under isothermal
and isobaric conditions :

F=C- P (b
where F means the degree of freedom of system, C
denotes the total number of components and P de-
notes the total number of phases present in system .
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The resultant set of nonlinear equations must be
solved numerically using some standard algorithms,
such as the widely used Newton- Rapson iteration
method or the simplex method. However, it must be
noted here that for phases with sublattices , if any of
the components occupies more than one sublattice at
the same time , then the above mentioned strategy for
phase diagram calculation will no longer be applica-
ble . To save the situation, a more general and direct
equilibrium conditions proposed by Hillert'!” 1 and im-
ple mented in THERMO- CALC system , which corre-
sponds to the constrained minimization of the total
Gibbs free energy of the whole system by means of
the Lagrange Multiplier method, should be e mployed
instead .

4 KINETICS MODELLING

According to the Fick- Onsager law, which is a
phenomenological extension of Fick’ s first law to
multicomponent systems, for a ternary system A- B-
C, the interdiffusional flux of component i in a labo-
ratory fixed frame of reference can be generally ex-
pressed as

B
~ | ~
Ji=-y- ZA:DSVx,- :
=
i= A, B (7
where D,-(j» constitutes the 2 x 2 interdiffusion coeffi-

cient matrix, V x;is the molar composition gradient
of component jand V,is the molar volume and is as-
sumed to be independent of composition. By default,
component Cis chosen as solvent , i.e. the dependent
component, other components can also be chosen as
solvent and we get the following general relationships
for a ternary system; _

k i k k iy
Qj‘ =‘~Dzlk' QijDii- Df;
Dfi= Djg- Dy, i #j#k (8)

Following the formalism proposed by Andersson
and Z&gren[lg] , which is derived based on the assump-
tion of simple vacancy-exchange mechanism for diffu-
sion, for a ternary subtitutional solution phase, the
full interdiffusion coefficient matrix in the laboratory

fixed frame of reference can be evaluated as
~ a M C a }Jk
DS = x; M, == - x; Zkaki,
ij | xj 1k= - 0 xj

i= A, j=B (9)
where  M; represents the atomic mobility of compo
nent k and is purely kinetic, x; and g are the molar
composition and che mical potential of component i
0
respectively , and ﬁ is the so-called thermodynamic
j

factor and is purely thermodyna mic .

Further simplifications can be made by introduc-
ing the Gibbs- Duhe m relationship :

C

0 1
St -0 i= A, j=B (10)

i = 7
S o0x;
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and we get:
5§= x-M-M x-BZ:x(M M)M
ij i zaxj' zszk k - c axj/

i= A,j=B (11)
The te mperature and composition dependence of
atomic mobility taking account of the effect of param-
agnetic to ferromagnetic transition is modeled by

Bjorn Jonsson31 as follows :
1 e QF
M = ?TEXP R Aag - RT(l + ap
(12)
A Hy*®(T)

where A Hy*®is the magnetic en-

¢T aHME(O)
thalpy and can be calculated using Eqn.(3), oF is
the activation energy , &Fis a quantity introduced by
Bjorn Jonsson in order to get better fit to the experi
mental diffusivity data, which is defined as @,P =
Rin( M:-p) , M;p is the pre-exponential or frequency
factor, the superscript p here refers to the paramag-
netic state of the phase in which the magnetic mo-
ments are totally disordered, R is gas constant and
temperature T is in Kelvin. For BCC phase, 4 =6
and a=0.3, for FCC phase, a=0, i.e. the mag-
netic ordering is assumed to have no effect on atomic
mobility . Again, both &F and QF are generally func
tions of alloy composition and are also expressed as
the generalized Redlich- Kister sum mation, i.e. Eqn.
(4) . Zis a quantity describing the degree of magnetic
ordering and it depends both on temperature and
composition in a more complex way .

Finally, the multicomponent diffusion equation
can be derived from the continuity equation which is

given as
1 Ox; 1 0 w1 1 .
= = _ - - @~ Z . -
an a t Zr”_ 1 a Z[ ]1} 7 l A 7 B
(13)
where Z represents distance perpendicular to the

diffusion couple interface , m represents the number
of dimensions of the diffusion couple, m =1 for pla-
nar symmetry , m =2 for cylindrical symmetry and
m =3 for spherical symmetry . Eliminate the constant
molar volume V and assume the simple planar case,
i.e.let m=1, we get

0xs 0| 5o 0x, 0 5o 0

ot ozl "4 9zl T ozl 4B oz
Oxc_ 2] seon) 2] seoxg (Y
ot ~ ozl Pragyl oz Py

where DS, and Dy are the main interdiffusion co-

efficients, which represent the effect of the concen-
tration gradient of a given component on its own in-
terdiffusional flux , and DSzand D§, are the off diag-
onal or crosseffect interdiffusion coefficients which
are usually neglected due to their relatively s mall val-
ues .

Since the interdiffusion coefficients may be
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strongly dependent upon composition, Eqn.(14) is in x(Z+ AZ,t)
general a set of coupled nonlinear partial differential D! AZ>
equations and has to be solved numerically . In DIC- i= A,B (16)

TRA software package, a numerical method devel
oped by Z&gren[lg] , which is based on the well-known
Galerkin method, i.e. the finite-ele ment method, is
used to solve the coupled diffusion equations. While
in TKCALC program, these partial differential equa-
tions together with appropriate boundary conditions
are first discretized using the equidistant finite- differ
ence approximation taking full account of the compo
sition dependence of the four interdiffusion coeffi-
cients as follows :

i{ 0 x; _
0Z 702 | (24
x(Z+ AZ,t) - x;(Z,1)
DZ+A*Z,t 2 -
2 ANZ
X; Z,t - X Z - AZ,t
D, sz, B(ZH = 5 )
2 ANZ
D(xs(Z,t), xg(Z,t
Dyasz, = D3l )2 B(Z,0) |
D(x,(ZXANZ,t), xg(ZEXAZ,t))
2
or
+
D,z , = D x,(Z,t), xA(Z_AZ,t)l
2 2
xp(Z,t) + xg(ZXAZ,t)
2
(15)
where i= A, B; AZis the distance between two

adjacent grid points; D = D(x,, xp) is a general
function of two variables, which stands for DS,
C C C
DAB , DBA or DBB .
If we further assume that the interdiffusion coef-
ficients are of constant values, then we get:

NS _ o] ox
0Z% | (zn 02 7 0Z | (7
x((Z- AZ,t) - 2x,(Z,t)
= 1 2 +
D AZ
Table 1

which is simplified finite difference approximation
widely used in Ref.[11 ~14] for diffusion simula-
tion .

In order to ensure superior numerical accuracy as
well as stability , e .g . very large time incre ments can
be used in order to significantly reduce the total com-
puting time required without sacrificing much preci-
sion or causing numerical instability problems, in
TKCALC program, the Crank- Nicholson implicit
method is subsequently e mployed to solve the finite
difference equations , i.e. Eqn.(15) , which can be
easily derived from the trapezoidal rule for numerical
integration as follows :

Z,t+Ataxi
xi(Z,t+ At) - x;(Z,1) :j dt =
Z,t ot
At ax,- ax,-
| = + = ,i= A, B
2| ot (Z,t) ot (Z,t+Ab)
(17)
where At denotes small time incre ment .

5 THERMODYNAMIC CALCULATION OF Fe
Cr Ni

Owing to its great com mercial importance as the
basis for austenitic stainless steel, the Fe-Cr Ni sys-
tem has been assessed and reassessed by several re-
searchers! 7 71%]
eling of the effects of alloying on the ferromagnetic

with special attention paid to the mod

properties of @ BCC phase. In the current calcula-
tion, the thermodynamic parameters of FCC and BCC
phases in Fe- Cr Ni system are directly taken from the
SGTE solution database and are listed in Tabel 1 .
The isothermal section of the Fe- Cr- Ni system at
1373 K is then calculated by using TKCALC program
and THERMO CALC software package simultane
ously, and the results are presented in Fig.l . The

Thermodyna mic data for Fe- Cr Ni system

a ferrite( BCC)

¥austenite( FCC)

° GBEC L0 GREC=8715.084- 3.556 T(298.15< T<3000K)
LG, =20500-9.68 T

LesS=17170- 11 .82 T+ (34418 - 11 .858 T)( x¢ - Xy)
LES = -95663-1.28 T+(1789.03-1.929 T)( xp - Xy)

Le G n=-2673+2.042 T

TEC = - 311 5xc,+1043 x5 +575 x5+ X Xp[ 1 650 +
550( x¢r- Xp) ]+ X xn[ 2373 +617( x¢p - X)) ]

AFC=-0.01 xc,+2.22 x5 +0.85x- 0.85x¢, Xp
+4 xe Xy

° GESC L0 GECC=72844+0.163 T
°GRC-°GEC=_1462.4+8.282 T-1.15TInT+
6.4x10°* T (298.15< T<18l1K)
LS. =10833-7.477 T+1410( x¢ - Xg)
LefG=8030-12.88 T+(33080-16.036 T)( X¢r - *n)
LifSi= - 12054 .355+3 .274 T+ (11082.132 -
4.45 T)( Xp - Xp) - 725 .805( X - Xpy)>

LicG w=16580-9.783 T
TEC = - 1109 x¢, - 201 xp + 633 x5 - 3605 xg, Xy +

Xpe X[ 2133 - 682( xp - X)) ]
FC=-2.46x0-2.1x5+0.52xy-1.91 x¢, X5 + Xpe Xy

[9.55+7 .23( Xp - Xyn) +5.93( xp - X))+

6.18( xp - xNi)s]

Note : All parameters listed above are in international standard units , the default valid te mperature range is 298 .15 < T <6000 K, unless the range

is explicitly indicated .
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Fig.1 Calculated isothermal sections of Fe- Cr- Ni at 1373 K

(a) — TKCALC; (b)

dashed lines in Fig.l(a) represent calculation ne-
glecting the magnetic contribution, while the solid
lines represent calculation taking into account the
magnetic effect . Very good agree ment is reached be-
tween the two programs as can be seen. It is also ob-
served that the ferromagnetic transition of & BCC
phase has a nomr negligible effect on phase equilibrium
in the Fe-Cr Ni system, especially when near the
irorr rich corner or when the te mperature is very low,
whereas the effect of magnetic ordering in FCC phase
is trivial .

6 SIMULATION OF SINGLE PHASE DIFFUSI ON
IN Ni- Cr Al

In the current simulation, the optimized set of
thermodyna mic parameters of FCC phase in the Nr
Cr Al system is directly retrieved from the SGTE so
lution database , and the atomic mobility data are ob-
tained from the assessment work by Engstrom and
f&gren[z], which are all listed in Table 2. The lattice
stability data are not presented here since they are not
needed for the current simulation .

The concentration profiles of two ¥/ v diffusion
couples in the Nir Cr Al system after 100 and 10000 h
of annealing at 1 200 C are then predicted by using
TKCALC program and DICTRA software package si-
multaneously . Each diffusion couple is 2 mm/2 mm in
thickness , and their nominal alloy compositions are in
Ref.[ 3]. The final simulated concentration profiles
are presented in Fig.2. Dashed lines indicate the o
riginal diffusion couple interface , solid lines are calcu-
lated by TKCALC program and triangles represent
calculations by DICTRA. Again, excellent agree ment
between the two programs is observed.

— THERMO CALC

Table 2 Thermodynamic and kinetic data of
FCC phase in Nr Cr Al

a FCC

LG, = - 63800-5 T+8( xy- X¢) -
4000( xy - Xp)>

LS, = - 154590 .84 +9.929 T+(31030.09 -
43 888 T)( xp- Xy)

LECS=8030-12.88 T+(33080-16.036)( x¢ - Xy)
TEC = - 1109 x¢, +633 xy- 3605 x5, Xy
FC=-2.46x0,+0.52x4-1.91 x¢, xy

FC=-72.1188 x,- 82 x¢ - 59 .8265xy -
91 2 x4 X\

Q5€=142000 x, + 235000 xc, +284000 xy -
335000 x5 X 53200 x¢, x5 +41300x, xy
OFCC= -3 71066 x,- 82 xc, - 64.4xy
EC =261 700 x, +235000 x¢, + 284000 x -
487000 x5 xc, + 68000 x, x g 118000 x5 x

O = - 64.261 x,- 82 xc,- 69 .8 xyy +
65 .5 x4 Xy

QN =145900 x, +235000 x, +287 000 xy -
211 000 x4 xc, +81 000 x¢p x g 113000 x5 x

Note : All parameters listed above are in international standard units ,
the default valid te mperature range is 298 .15 < T <6000 K,

unless the range is explicitly indicated .
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