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Abstract: In order to describe and predict the kinetic process of discontinuous dynamic recrystallization (DDRX) during hot working 
for metals with low to medium stacking fault energies quantitatively, a new physically-based model was proposed by considering the 
characteristics of grain size distribution, capillary effect of initial grain boundaries (GBs) and continuous consumption of GBs. Using 
Incoloy 028 alloy as a model system, experiments aiming to provide kinetic data (e.g., the size and volume fraction of recrystallized 
grain) and the associated microstructure were performed. Good agreement is obtained between model predictions and experimental 
results, regarding flow stress, recrystallized fraction and grain size evolution. On this basis, a thermo-kinetic relationship upon the 
growth of recrystallized grain was elucidated, i.e., with increasing thermodynamic driving force, the activation energy barrier 
decreases. 
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1 Introduction 
 

During hot deformation, discontinuous dynamic 
recrystallization (DDRX) taking place by nucleation and 
growth in materials with low to medium stacking fault 
energies (SFEs), plays a crucial role in grain refinement 
and hence has been a subject of fundamental research 
and industrial application for decades [1−6]. To control 
and improve the microstructure and the corresponding 
mechanical properties of products arising from DDRX, it 
is necessary to model the kinetics, in terms of flow stress 
curve, recrystallized fraction and grain size, which 
together characterize the DDRX process. Generally, the 
developed kinetic models can be divided into two types: 
phenomenological and physical models. Note that these 
models focused here do not involve the discrete methods, 
such as cellular automata [7,8], Monte Carlo [9,10], 
phase field [11,12] and level set [13,14] models. 

Generally, phenomenological models [1−4,15−18], 
further, consist of the constitutive, analytical and 
empirical models, where, the Zener−Hollomon parameter 
Z is often adopted to describe the flow stress and the 

steady-state recrystallized grain size, and the kinetics of 
DDRX is obtained by JMAK approach [19−22]. These 
phenomenological models are widely used in industrial 
applications [2,3,15,16]. However, such model involves 
considerable fitting parameters and meanwhile, does not 
consider the physically based nucleation law and grain 
boundary (GB) migration driven by energy difference. 
These non-physical parameters and only deriving the 
static conditions point out the need of physically based 
quantitative model. 

Regarding the physically based model, extensive 
endeavors [5,23−28] are made mainly considering the 
following transformation processes, including work- 
hardening, dynamic recovery, nucleation and GB 
migration [5,23]. Work hardening and dynamic recovery 
determine the dislocation density, whose evolution is 
generally described using constitutive models [29−31]. 
On this basis, the driving force of DDRX can be 
quantitatively evaluated. In the view of the typical 
nucleation theory, dynamic substructure nucleation   
(i.e., climb of edge dislocation [25] and evolution of  
subgrain [23,32,33]) is proposed. The GB migration is 
driven by the energy difference on both sides, which is 
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affected by the dislocation density [23−28], the capillary 
effect [24,25] and the solute/precipitate effect [25,27]. 
Following the framework of classical JMAK    
equation [19−22] and the Cahn model [34], the capability 
of describing kinetic process is proven. 

Despite the success in describing DDRX kinetics, 
the current physically based models [5,23−28] pay little 
attention on the original microstructure characteristics 
(i.e., grain size, grain size distribution, and differently 
kinetic properties of GBs), which are centers to the 
evolution of DDRX. As far as the authors know, only the 
effects of grain size on the evolution of dislocation 
density [24] and the nucleation at GBs [23,26−28], as 
two typical examples exhibit the effect of initial 
microstructure characteristics on DDRX, have been 
usually investigated. However, we argue that, 
additionally, at least three characteristics of 
microstructures are still missing in the modeling, which 
are briefly summarized as follows. 

(1) Grain size distribution. Previous models [26−28] 
are mostly based on a mean-field approximation (i.e., a 
grain is considered to be representative of the whole 
microstructure); while, experimentally [1,35], the grain 
sizes always follow a distribution, which, in turn, 
influences the evolution of dislocation density and hence 
the DDRX kinetics [23,25]. 

(2) The capillary effect of initial GB on the new 
recrystallized grain nucleated at GBs. Experiments 
suggest that [36−38], the newly recrystallized grain will 
be influenced by the capillary effect of the GB, which, 
however, is often overlooked [23,25,26] or modeled in a 
phenomenological way without a clear physical 
implication [27,28]. 

(3) GBs are consumed in a continuous way. In the 
commonly adopted phase transformation theory (i.e., 
Cahn model [34]), saturated GB consumption is assumed, 
which obviously is inconsistent with the experimental 
and computational results showing that GBs are consumed 
in a gradual and continuous way [1,2,6,24,35−39], since 
GBs in the system possess different kinetic properties 
from one to each other [40]. 

So, one may conclude that, a comprehensively, 
kinetic model of DDRX incorporating the characteristics 
of initial microstructure, is still not available. 
Considering the effect of grain size on the evolution of 
dislocation density, we further devote to modeling the 
kinetics with respect to the microstructure characteristics, 
including grain size distribution, capillary effect of initial 
GB using the thermodynamic extreme principle    
(TEP) [41,42], and continuous consumption of GB using 
the modified Cahn model. On this basis, DDRX 
experiments are performed for Incoloy 028 alloy [43−46]. 
Then, a correlation between thermodynamic driving force 
and kinetic barrier involved in the DDRX is discussed. 

 
2 Model derivations 
 
2.1 Physical structure of DDRX 

To explore the kinetics of DDRX, the true 
stress–true strain curve is widely utilized, as 
schematically shown in Fig. 1(a), where three typical 
stages are presented [1,29]. At the beginning of 
deformation (i.e., Stage I), recovery takes place but 
without the occurrence of DDRX; compared with 
softening due to the recovery, work-hardening due to the 
deformation plays a dominated role, which accounts for 
an increased stress with strain. Once the critical 
condition (c, c) is reached, the microstructure evolution 
is mainly controlled by the concomitant recrystallization 
and deformation. Thus, a competition between the 
work-hardening and the softening due to recrystallization 
prevails, and correspondingly, the stress firstly increases 
and then decreases, thereby exhibiting a peak (Stage II) 
in Fig. 1(a). Once a balance is arrived between the 
recrystallization and the deformation, a steady-state (i.e., 
Stage III) is reached. 
 

 

Fig. 1 Schematic sketch showing true stress−true strain curves 

(a) and physical structure of DDRX (b) (σDRV and σDRX 

illustrate typical flow stress for different dominating softening 

mechanisms of dynamic recovery (DRV) and recrystallization 

(DRX), respectively) 

 
For a system with a given grain size distribution, a 

grain is selected as the representative volume element 
(RVE) (see Fig. 1(b)−I). With progressing hot 
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deformation, the dislocation density is substantially 
increased (Fig. 1(b)−II), thus resulting in the formation 
and growth of sub-grains (Fig. 1(b)−III). Once the size of 
subgrains nearby the GB reaches the critical size of 
recrystallized nuclei [23,32,33], the DDRX will take 
place: the recrystallized nuclei form at GBs and 
propagate into the nearby grain interior (Fig. 1(b)−IV). 
Most importantly, the newly recrystallized grain will be 
influenced due to the capillary effect of the initial GB 
(see P1 and P2 in Fig. 1(b)−IV) and the GBs are 
progressively consumed (Fig. 1(b)−IV and V). 
Ultimately, the RVE (Fig. 1(b)−VI) and then the system 
(Fig. 1(b)−VII), are totally covered by the recrystallized 
grains. 
 
2.2 Kinetic model of DDRX 
2.2.1 Dislocation density evolution 

The dislocation density providing the driving force 
of DDRX, is determined by combination of work 
hardening and dynamic recovery [29−31]. KOCKS and 
MECKING [29,30] developed an effective approach to 
describe the relationship between dislocation density ρ 
and plastic strain ε: 
 

1 2

d 1

d 2
K K

bR
  


 


                      (1) 

 
where b is the absolute value of burgers vector, R is the 
grain size, and K1 and K2 are the material constants 
associated with the dislocation storage and annihilation 
process, dependent on the deformation condition. As 
such, the instantaneous dislocation density as a function 
of the strain during deformation can be determined. 
2.2.2 Nucleation at GBs by subgrain growth 

As described in Section 2.1, the dislocation motion 
leads to the subgrain formation, whose averaged growth 
rate is expressed as [23,26] 
 

sub sub 3 22d d
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                  (2) 

 
where r is the average subgrain size, γsub is the 
sub-boundary energy, Kc (=10) is the material  
parameter [47,48], and Msub(=M0,subexp(−Qsub/(RgT))) is 
the subgrain boundary mobility with M0,sub as the 
pre-exponential factor and Qsub as the activation energy. 
Conventionally, Qsub is assumed to be constant [23,26]. 
From the recent studies [49,50], however, it is 
increasingly believed that, a decreasing apparent 
activation energy prevails, accompanied by an increasing 
driving force. Further, a correlation between 
thermodynamic driving force and activation energy is 
suggested as [49] Qsub=Q0−AsubPsub with Q0 as the 
activation energy at the start of subgrain growth, 
Psub(=2γsub/ r ) as the driving force of subgrain growth, 

and Asub as the constant value representing the extent of 
the above correlation. This correlation is adopted in 
modeling and, further, will be confirmed later. 

Subsequently, the subgrain growth leads to the 
initial GB nucleation, and generally, a well-accepted 
nucleation criterion is expressed as [1] 
 

gb
c

2
=r




                                    (3) 

 
where γgb is the GB energy, and τ(=αμb2) is the 
dislocation energy per unit length with α (=0.5 [1,48]) as 
a constant and μ as the shear modulus. 

In the RVE (Fig. 1(b)), the subgrain radius r in the 
vicinity of the initial GB can be approximated by a 
Rayleigh distribution [1,23,32,33,42], and thus, the 
fraction of subgrain, whose size is greater than the 
instantaneous critical nucleation size rc can be further 
determined as 
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Therefore, the effective number of nuclei for a 
spherical assumption is given as N(t)=Nsub(t)F(t)= 

2 2
0 ( )2 / ( ) FR r t t( ) , with Nsub as the total number of 

subgrains nearby the GB and R0 as the radius of the 
initial grain. Ultimately, the nucleation rate in a RVE 
becomes 
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       (4) 

 
2.2.3 Growth of recrystallized grain 

By incorporating the capillary effect of initial GBs 
(Fig. 1(b)−IV; Section 2.1) and using the concept of 
thermodynamic extreme principle (TEP), the migration 
velocity of recrystallized GB of grain i in the RVE can be 
expressed as (see details in Appendix A) 
 

  gb
0

gb
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       (5) 

 
where Mgb(=M0,gbexp(−Qgb/(RgT))) is the mobility of 
recrystallized GB, with M0,gb as the pre-exponential 
factor and Qgb as the activation energy. Analogous to 
Section 2.2.2, an increasing Qgb prevails as the 
recrystallization proceeds, and thus, Qgb=Q0−AgbPgb. For 
the RVE, the average growth rate is given by a volume 
average of all the recrystallized grains: 
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Correspondingly, the average dislocation density, 
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ρDRX, is defined by a surface-area-weighted average over 
all the grains [51]: 
 

2

DRX 2

i i

i

R

R
 



                               (7) 

 
2.2.4 Fraction of recrystallization in one deformed grain 

Following Cahn model, the volume of new phase 
per unit GB area, is expressed as  

GB ( )V t   
c
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where I is the nucleation rate per unit GB area (i.e.,   
Eq. (4)), and vDRX is the growth velocity of the new 
phase (i.e., Eq. (6)). The extended volume is obtained as 
(see details in Appendix B) 
 

c

e GB0
=

d
( )= ( ) d

d

t

t t

S
V t V t

t
   
 
                    (8) 

 
where (dS/dt)(=S0exp(−Kst)) is the instantaneous 
consumption rate of GB, with Ks as the kinetic 
coefficient for GB consumption and S0=3/R0 as the area 
of initial GB per volume. 

Ultimately, the fraction of recrystallization is 
obtained for an initially deformed grain with volume 
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The average grain size of dynamically recrystallized 

grain in one deformed grain is express by the initial grain 
size and recrystallized fraction: 
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2.2.5 Prediction of overall fraction, average grain size 

and flow stress 
With the fraction of DDRX in one deformed grain 

and the Rayleigh distribution of all the original grain 
sizes f(R0), the DDRX fraction in the entire system can 
be expressed as 
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Furthermore, the average grain size in the whole 
recrystallized region is expressed as 
 

avg 0 drx( )2 ( )2( ) 1 ( )D R X Rt X t t                (12) 
 
where the average grain sizes in deformed and 
recrystallized region are described as  

0R   0 0 00
df R R R
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respectively. 

Following the rule of mixture [26], the flow stress is 
 

  def drx( ) 1 ( ) ( )( ) ( )b X t t X t tt            (13) 

 
where the stresses in deformed and recrystallized regions 
are described as 
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respectively. 

Up to now, a DDRX kinetic framework has been 
proposed, considering the characteristics of the grain size 
distribution, the capillary effect of initial GBs and the 
continuous consumption of GBs. Note that, these 
characteristics, related closely to the initial 
microstructure, will be confirmed by the current 
experiments, as described in Section 5.1. 
 
2.3 Recipe of DDRX model 

A procedure for applying the present model is 
summarized and illustrated in Fig. 2, which is described 
concisely as follows. 

(1) Dislocation density evolution. Generally, using 
double-differentiation method proposed by JONAS    
et al [52,53], true stress–true strain curves (σDRX–ε;   
Fig. 1(a)) with DDRX as the raw data, are firstly 
transformed into true stress–true strain curves (σDRV–ε; 
Fig. 1(a)) without DDRX, which are then fitted by Eq. 
(1). As a result, the evolution of dislocation density is 
obtained. 

(2) Nucleation. Based on the dislocation density 
evolution, the nucleation criterion and the evolution of 
average subgrain size can be determined using Eqs. (2) 
and (3), respectively. In combination with the average 
subgrain size and the Rayleigh distribution, the evolution 
of subgrain size in the RVE can be estimated. As such, 
the nucleation kinetics could be determined according to 
the nucleation criterion. 

(3) Growth. The evolution of dislocation density in 
deformed and recrystallized grain, together with the 
capillary effect of initial GBs, enables the description of 
recrystallized grain growth. 
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Fig. 2 Flowchart for procedure of applying present DDRX model 

 
(4) Recrystallization. Combination of Steps 1−3 

permits a well-described recrystallization in one 
deformed grain, i.e. REV. Then, by considering the 
Rayleigh distribution, the DDRX kinetics of the whole 
system will be determined. 
 
3 Experimental 
 

Incoloy corrosion-resistant 028 alloy with chemical 
composition Ni−27%Cr−29%Fe−0.03%C−3.5%Mo− 
2.5%Mn−1.0%Cu (mass fraction) was studied here. 
Before testing, all the specimens were solution-treated at 
1473 K for 2 h followed by water quenching. 
Compression specimens with the diameter of 8 mm and 
the length of 12 mm were prepared according to ASTM: 
E209−00 (2010) standard. Constant-strain rate 
compression tests were carried out on a Gleeble 3500 
testing system. Microstructural observation of original 
and deformed specimens on sections parallel to the 
compression axis was performed via optical microscopy 
(OM) and scanning electron microscope (SEM) equipped 

with an electron backscattered diffraction (EBSD) 
analyzer. Grain sizes were measured by the mean linear 
intercept method. 

 
4 Results 
 
4.1 Flow stress, DDRX kinetics and microstructures 

Figures 3(a) and (b) show a series of true stress− 
true strain (i.e., −) curves for Incoloy 028 alloy under 
different deformation conditions. Obviously, all the flow 
curves display distinct peak points, followed by 
softening and steady-state condition, attesting to the 
typical characteristics of the DDRX flow curve. Besides, 
the overall levels of the flow stress curves increase with 
decreasing the deformation temperature (Fig. 3(a)), as 
well as with increasing the strain rate (Fig. 3(b)); this has 
been interpreted elsewhere [1−6]. Applying the double- 
differentiation method proposed by JONAS et al (see  
Fig. 1(a)) [52,53], the DDRX kinetic curves are obtained 
and shown in Figs. 3(c) and (d). A detailed kinetic 
analysis for DDRX of 028 alloy can be seen in Ref. [45]. 



Xi-ting ZHONG, et al/Trans. Nonferrous Met. Soc. China 28(2018) 2294−2306 

 

2299
 

 

 

Fig. 3 True stress−true strain curves (a, b) and DDRX kinetics (c, d) under different deformation conditions: (a, c) 0.001 s1 at 1323, 

1373 and 1423 K; (b, d) 1423 K with 0.001, 0.01 and 0.1 s1 (Solid lines are described by the present DDRX model) 

 

Subjected to the above deformations, the 
steady-state microstructures are obtained and shown in 
Fig. 4, where, as compared with initial coarse equiaxed 
grains with a large quantity of twin boundaries      
(Fig. 4(a)), the deformed specimens exhibit finely 
equiaxed grains (Figs. 4(b)−(f)), further attesting to the 
occurrence of DDRX. Correspondingly, the average 
grain sizes are shown in Fig. 5, where, the decrease of 
temperature, as well as the increase of strain rate, prefers 
to refine the resulting microstructure. Furthermore, the 
typical microstructure evolution at one selected 
deformation condition (i.e., 1423 K and 0.01 s1), is 
demonstrated in Fig. 6 [46]. At  = 0.15 corresponding to 
the peak stress on the flow curve (Fig. 3(b)), the 
nucleation of new fine grains occurs at the original GBs 
(Fig. 6(a)). With increasing strain, DDRX proceeds, 
reflected by the increased number of recrystallized grains 
and nucleus growth ( =0.35, Fig. 6(b)). When the strain 
is further reached to 0.6 (Fig. 6(c)), the area of interest is 
almost covered by recrystallized grains, which, however, 
are non-uniform. Ultimately, the originally deformed 
grains are totally replaced by uniformly recrystallized 

grains ( =0.9, Fig. 6(d)). Accordingly, the averaged 
grain size is shown in Fig. 5(b). Moreover, the associated 
size distribution of recrystallized grains can be discerned 
and displayed in Fig. 7, where, with the increase of strain, 
the average recrystallized grain size firstly increases 
from 10 to 21 µm, followed by a saturated value of    
22 µm. 
 
4.2 Model application 

Corresponding to different combinations of 
deformation temperature (T) and stain rate (  ), a fixed 
Raleigh distribution (f(R0)) is assumed for the initial 
grain size at the start of the calculation (Fig. 8(b)). Fits of 
the current model to the experimental results (Fig. 3) are 
performed, as summarized in Fig. 2. The essential 
physical parameters applied in the current model are 
given in Table 1. As indicated in Fig. 3, the true 
stress–true strain curves and the kinetics of DDRX, at 
different temperatures and strain rates, are described  
well. Moreover, the average size at steady-states (Dss) 
under different deformation conditions, as well as the 
evolution of averaged recrystallized size at one selected  
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Fig. 4 Microstructures of samples at different states: (a) Initial state; (b−f) Steady-state after different deformation conditions of  

1323 K, 0.001 s1 (b), 1373 K, 0.001 s1 (c), 1423 K, 0.001 s1 (d), 1423 K, 0.01 s1 (e) and 1423 K, 0.1 s1 (f) 

 

 

Fig. 5 Predictions of evolution of average grain size under different deformation conditions: (a) 0.001 s1 at 1323, 1373 and 1423 K; 

(b) 1423 K with 0.001, 0.01 and 0.1 s1 (For comparison, experimentally determined stable grain sizes, as well as grain sizes 

corresponding to different strains at 1423 K and 0.01 s1, are also provided) 
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Fig. 6 EBSD images of microstructures deformed to different strains at 1423 K and 0.01 s1 (with permission of Ref. [45]): (a) ε = 

0.15; (b) ε = 0.35; (c) ε = 0.6; (d) ε = 0.9 (Thin white and black lines correspond to subgrain/grain boundaries with misorientations of 

2°15° and  ≥15°, respectively) 

 

deformation condition (i.e. 1423 K and 0.01 s1), is 
predicted and shown in Fig. 5, where the corresponding 
experimental data are also shown for comparison. Good 
agreements have been achieved between model 
predictions and experimental measurements. One can  
see that, the current model is successfully applied to 
describing the experimental results for 028 alloy, 
including the true stress–true strain curves, the 
recrystallization kinetics and the average grain size. 
 
5 Discussion 
 

As described in Section 2, the characteristics of the 
original microstructure are considered in the modeling, 
as reflected by three assumptions. Here, it is aimed to, 
first, provide experimental evidences for the assumptions, 
then, demonstrate some information that cannot be 
obtained experimentally, and finally, suggest a 
correlation between thermodynamic driving force and 

kinetic energy barrier for the growth of recrystallized 
grain, as well as its possible application in designing 
DDRX. 
 
5.1 Experimental evidence for model assumption 

Based on the current experiment results, the 
rationality of the three assumptions adopted for the 
current modeling will be proven as follows. 

(1) Grain size distribution. Non-uniform grains are 
clearly indicated in the initial microstructure (see     
Fig. 4(a)). For a sophisticated characterization, EBSD is 
therefore carried out and the corresponding result is 
illustrated in Fig. 8. It is observed that, the initial   
grains with an average size of 63 µm are randomly- 
orientated and equiaxed (Fig. 8(a)). The measured and 
simulated grain size distributions applying Rayleigh 
distribution which has been widely utilized in the 
previous studies [1,23,32,33,42], are described in    
Fig. 8(b). 
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Fig. 7 Size distributions of recrystallized grain at different true strains, 1423 K and 0.01 s1: (a) ε=0.15; (b) ε=0.35; (c) ε=0.6;      

(d) ε=0.9 

 

 
Fig. 8 Characteristics of initial microstructure: (a) Orientation image microscopy map (colors correspond to crystallographic 

orientations indicated in inverse pole in Fig. 6); (b) Grain size distribution; (c) Misorientation angle distribution 
 

(2) Capillary effect of initial GBs. Following the 
theory of recrystallization [1−5], nucleation occurs by 
the bulging of initial GBs (as marked in Fig. 6(a)). This 
bulged GB segment will be influenced by the adjacent 
GB segment (not involved in nucleation and successive 
growth) since they are closely bound to each other. This 
interactive effect between the two kinds of GB segments 
will, in return, make the above adjacent GB bulged. On 
this basis, the bulging of GB segment nearby the newly 
formed nuclei (as depicted in Fig. 6(b)), is a strong 
evidence of capillary effect of initial GBs. 

(3) Continuous consumption of GBs. As shown in 

Fig. 6(c), GBs with different misorientation angles are 
involved. It is believed that the kinetic properties of GBs 
can vary by orders of magnitude from one GB to the 
other, depending on the GB types [28], and hence, GBs 
in the initial microstructure continuously take part in the 
DDRX. This augment can be supported by Fig. 6(a), 
where, only some GB segments are covered by new 
nucleus, in contrast with the saturated assumption of GB 
where the initial GBs are totally covered by nuclei. 
Actually, the progressive consumption of GBs has also 
been observed both experimentally [1,2,35–38] and 
computationally [6,24,39]. 
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Table 1 Definitions and values of parameters used in model 

(Typically at 1423 K, 0.01 s–1) 

Parameter Value Source 

Dislocation junction strength, α 0.5 
Refs. 

[1,2,48] 

Shear modulus, µ/MPa 
87416−32.73T+ 

2.95×10−3T2 
Ref. [48]

Absolute value of 
Burgers vector, b/m 

0.249×10–9 Ref. [48]

Subgrain boundary energy, 
γsub/(J·m–1) 

0.4 
Refs. 

[23,32,33]

GB energy, γ/(J·m–1) 1 Ref. [1] 

Subgrain boundary mobility, 
M0,sub/(m

4·J–1·s–1) 
2.5×103 Ref. [23]

Grain boundary mobility, 
M0,gb/(m

4·J–1·s–1) 
2.5×106 Refs. [32,33]

Activation energy of grain 
growth, Q0/(kJ·mol–1) 

410 Ref. [45]

Kinetic coefficient for GB 
consumption, Ks 

7×10–3 This work

Softening parameter, K1/m
–1 4.47×108 Calculated

Softening parameter, K2 34.6 Calculated

Constant of subgrain growth 
activation energy, Asub 

1×103 This work

Constant of grain growth 
activation energy, Agb 

1.84×104 This work

 
5.2 Analysis of intermediate state 

By using the data in Table 1, the present model 
could predict the size distribution of recrystallized  
grain at any intermediate state. This is superior to 
previous models without considering the grain size 
distribution [26−28] where only mean grain size is 
predicted. For a selected deformation condition (1423 K 
and 0.01 s1), Fig. 7 shows the grain size distribution of 
recrystallized grains with increasing the strain, where, 
the average grain first increases from 8 to 24 µm   
(Figs. 7(a)−(c)) and then saturates at a stable size of 24 
µm (Fig. 7(d)). Accordingly, the experimentally 
measured average grain size and grain size distributions 
are shown in Figs. 5 and 7 as well. Model predictions 
match well with experimental results with minor 
discrepancies, which are probably induced by the prior 
assumption of Rayleigh distribution of subgrain. By 
applying the present models and the true stress–true 
strain curves as the initially raw data, the microstructures 
(e.g., average grain size and grain size distribution) could 
be estimated. Correspondingly, the current model permits 
to select optimized deformation conditions, to achieve 
desired grain sizes. 

5.3 Correlation between thermodynamic driving force 
and kinetic energy barrier 
In this modeling, particularly in dealing with the GB 

migration (Eq. (5)), a correlation between thermo- 
dynamic driving force and kinetic energy barrier is 
assumed. This correlation has been qualitatively proven 
in a lot of experiments [1−5], e.g., the activation energy 
increases with the decrease of driving force. Therefore, 
for the convenience of modeling, an empirical relation is 
approximately assumed here. Surprisingly, this 
correlation does exist for the steady-state subjected to 
different deformation conditions. The corresponding 
driving forces and activation energies (Qss) are 
determined and shown in Fig. 9, where, a linear 
relationship prevails, i.e., the activation energy decreases 
with increasing the driving force. Hence, one may 
conclude that, the correlation not only prevails in the 
process of DDRX under a given deformation condition, 
but also presents for the steady stages after various 
deformation conditions. On this basis, a correlation 
between the stable grain size and the driving force is 
determined as well (see Fig. 9), which reveals that, for 
steady-states, the increase of thermodynamic driving 
force tends to reduce the stable grain size. Generally, for 
a certain temperature or a certain strain rate, increasing 
the strain rate or decreasing the deformation temperature 
tends to increase the thermodynamic diving force. This 
follows that, a condition with high strain rate and low 
temperature is preferable to obtain refined grain size 
after DDRX. This conclusion is well consistent with the 
predictions by the parameter def g= exp( /( ))Z Q R T  
with Qdef as the deformation activation energy, which is 
conventionally and widely used in describing the 
relationship between the stable grain size and the 
deformation condition. Obviously, the consistency 
between conclusions made from thermodynamic/kinetic 
correlation and the parameter Z, proves the rationality of 
the correlation between the thermodynamic driving force 
and kinetic energy barrier. 

As addressed previously, to predict the stable grain 
size, the initial deformation conditions (e.g., strain rate 
  and temperature T) are necessarily involved in the 

parameter Z. Whereas, in this study, the correlation 
between thermodynamic driving force and kinetic energy 
barrier corresponding to deformation conditions are 
demonstrated. This gives us an inspiration: if a 
relationship among deformation conditions, thermo- 
dynamic/kinetic correlation and microstructures (e.g., 
grain size) could be determined, the stable grain size, as 
well as the evolved size, might be predicted more 
effectively, arising from a quantitative linkage between 
the initial or final condition and the kinetic process. 
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Fig. 9 Relationship between driving force and activation 

energy/average grain size for steady-states 

 
6 Conclusions 
 

1) A new physically-based model, by considering 
the characteristics of grain size distribution, capillary 
effect of initial grain boundaries (GBs) and continuous 
consumption of GBs, is proposed. 

2) Regarding the true stress–true strain curve, 
recrystallized fraction, average grain size and 
recrystallized grain size distribution, the model 
predictions match well with the experimental 
observations. 

3) The steady-state recrystallization grain size 
decreases with the increase of the thermodynamic 
driving force, which is consistent with the discipline 
under the deformation condition with high strain rate and 
low temperature. 

4) A linear correlation between the thermodynamic 
driving force and kinetic energy barrier is uncovered: 
with increasing thermodynamic driving force, the 
activation energy barrier decreases. 
 
Appendix A: Growth of recrystallized grain 
derived using thermodynamic extreme 
principle (TEP) 

The total Gibbs energy of the system stems G 
deriving from two parts, i.e., the store energy GD and GB 
energy Gγ. The store energy due to plastic deformation is 
in the form of dislocation:  

3 3
D 0

4π 4π

3 3 i iG R R                      (A1) 

 
where ρi is the dislocation density of the newly 
recrystallized grain i, which can be estimated by Eq. (1) 
and taking into account the formation of nuclei at 
different times tc,i,  

,

d
d

di

t

i t
t

t

   
c

                            (A2) 

The GB energy consists of the initially deformed 
and recrystallized grain area, but excluding the 
cross-sectional area due to the GB nucleation: 
 

 2 2 2
gb 04π π 4πi iG R R R                  (A3) 

 
Then, the total Gibbs energy change of the system is 

given by 
 

 2 2
0 04π i i iG R R R R        

gb 0 0
3

4π 2
2 i iR R R R

  
 

                (A4) 

 
Upon growth, only the recrystallized GBs migrate 

with a velocity v expressed by time derivative of the 
recrystallized grain radius iR , under the thermodynamic 
driving force P, and thus, the dissipation Q is given by 
Pv. By assuming the relation v=MP, the dissipation 
becomes a quadratic function of v as 2

gb/iR M , and 
finally, total dissipation in system becomes [41,42] 
 

2 2

gb

4π i iR R
Q

M
  

                          (A5) 

 
where Mgb is the high angle GB mobility. 

The conservation law of system volume gives 
 

3 3
0

4π 4π
tan

3 3 iR R c t  →  2 2
0 04π 0i iR R R R    

(A6) 

which is constrained by 
 

0G Q                                   (A7) 
 

According to TEP, the evolution path of the system 
corresponds to the maximum of the total dissipation in 
the system. Thus, the maximum of Q can be obtained 
using the Lagrange multiplier method: 
 

   2 2
0 04π 0i i

i

Q Q G R R R R
R

          
     (A8) 

 
Substituting Eqs. (A4)–(A7) into Eq. (A8) gives the 

Lagrange multipliers β, ω and iR  as β=−2, ω=2τρ+ 

4γ/R0 and  gb
0

2 3

2i i
i

R M
R R

  
     

   
     . 

 
Appendix B: Modified Cahn model 

Considering the characteristic of continuous 
transition for GBs, we assume that at any time, the GBs 
in the system (initial area S0) can be divided into two 
parts: the covered GBs, Scov(t), and uncovered GBs, S(t). 
Thus, the conservation law of GB area gives 
 
S0=Scov(t)+S(t)                              (B1) 
 

The instantaneous consumption rate of GB is 
proportional to the instantaneously uncovered GBs in the 



Xi-ting ZHONG, et al/Trans. Nonferrous Met. Soc. China 28(2018) 2294−2306 

 

2305

system with a kinetic coefficient Ks (i.e., represents the 
nucleation ability of GB), and thus, 
 

cov
s

d
=

d

S
K S

t
                                (B2) 

 
Substituting Eq. (B1) into Eq. (B2) and integrating 

give the uncovered GBs as a function of time: 
 
S(t)=S0exp(−Kst)                            (B3) 
 

Thus, the GB consumption rate becomes 

 s 0 s
d

= exp
d

S
K S K t

t
                        (B4) 

Hence, the extended volume is expressed as 

c

e GB c c0
=

d
= ( ) d

d

t

t t

S
V V t t t

t
   
                    (B5) 

where VGB can be evaluated by Cahn model [34]. 
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摘  要：为了定量描述和预测中低层错能金属热加工过程中不连续动态再结晶(DDRX)的动力学过程，通过考虑

原始晶粒尺寸分布特征、初始晶界(GBs)的曲率效应和 GBs 的连续消耗作用，构建新的基于物象的动力学模型。

采用 Incoloy 028 合金进行压缩试验以获得动力学数据(再结晶晶粒的尺寸和体积分数)和显微组织。结果表明，

DDRX 过程特征参数，即流变应力、再结晶分数和晶粒尺寸演变的模型计算结果与实验匹配良好；在此基础上，

提出再结晶晶粒长大的热动力学关系，即：动力学能垒随热力学驱动力的增大而不断减小。 

关键词：不连续动态再结晶；动力学模型；晶界；初始显微组织  
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