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Abstract: Complex loading paths were realized with cruciform specimens and biaxial loading testing machine. Experimental method 
for determining the subsequent yield locus of sheet metal was established. With this method, the subsequent yield loci of 5754O 
aluminum alloy sheet were obtained under complex loading paths. Theoretical subsequent yield loci based on Yld2000-2d yield 
criterion and three kinds of hardening modes were calculated and compared with the experimental results. The results show that the 
theoretical subsequent yield loci based on mixed hardening mode describe the experimental subsequent yield loci well, whereas 
isotropic hardening mode, which is widely used in sheet metal forming fields, predicts values larger than the experimental results. 
Kinematic hardening mode predicts values smaller than the experimental results and its errors are the largest. 
Key words: aluminum alloy sheet; complex loading path; subsequent yield locus; hardening mode 
                                                                                                             
 
 
1 Introduction 
 

In sheet metal forming processes, accurate 
prediction of both the geometry and the mechanical 
properties of the final product depends on reasonable 
constitutive models. For this reason, the development of 
plasticity theory has been pursued for many years. 
Rigorous experimental investigation, however, is also 
crucial for ensuring that the constitutive model 
adequately describes the mechanical behavior of the 
sheet metal under a variety of complex loading 
conditions[1]. 

Biaxial tensile testing with different types of 
cruciform specimens has become the most popular 
method to realize various stress states during biaxial 
tension. To minimize calculation errors of stress, the 
shapes of cruciform specimens have been optimized 
using FEM and different optimization algorithms[1−2]. 

KUWABARA et al[3−4] studied the successively 
plastic work contours of cold-rolled steel sheet and 
aluminum alloy sheet under biaxial tension. They found 
that Gotoh yield criterion describes the yield behavior of 
steel sheet with good accuracy whereas the Taylor model 
fits the 6xxx aluminum alloy sheet very well. GREEN et 
al[5] used a type of cruciform specimen with a thinned 
center and slots in the arms to study the biaxial tensile 

behavior of 1145 aluminum alloy sheet. In addition, a 
finite element analysis was carried out using different 
phenomenological models of anisotropic plasticity. 

In the above researches, the loading paths of these 
experiments are linear during the deforming processes 
and the plastic work contours present isotropic hardening 
trend. However, loading paths will change during most 
sheet metal forming processes, and some areas of the 
material may experience multiaxial and multi-path 
loading conditions. Generally speaking, a change in 
loading path has a significant influence on the plastic 
deformation of materials. Under complex loading 
deformation conditions, the material can exhibit 
qualitatively a more different hardening mode than in 
monotonic deformation[6−8]. 

Some experimental methods such as tension− 
compression tests, tension−shear tests and multistage 
tension tests have been used to investigate the hardening 
modes of sheet metals under complex loading conditions. 
However, only some specific subsequent yield points can 
be determined and the subsequent yield loci cannot be 
obtained[9]. So only the hardening modes of these 
specific points are investigated. Biaxial tension testing 
with a cruciform specimen has been used to determine 
the plastic work contours of sheet metals, which are 
obtained under linear loading paths and are commonly 
considered the subsequent yield loci for simplicity.  
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However, it should be noted that the plastic work 
contours do not coincide with the subsequent yield loci 
[10]. 

Therefore, it is necessary to investigate the 
subsequent yield loci of sheet metal and determine the 
hardening mode. In this work, the subsequent yield loci 
of 5754O aluminum alloy sheet are obtained with 
cruciform specimens and biaxial loading testing  
machine. The theoretic subsequent yield loci are 
calculated based on different hardening modes and 
compared with the experimental results. 
 
2 Experimental 
 
2.1 Testing system and cruciform specimen 

The testing system includes a loading testing 
machine, a control unit and an application software. The 
loading test machine consists of six independently 
controlled axes (two axes in each direction of x, y and z) 
and each axis is actuated by one hydraulic cylinder. A 
complete description of the test system was given by WU 
et al[9, 11]. Only controlled axes in x and y direction 
were used here. In order to minimize the calculation 
error of the stress in the central area, the shape and 
dimension of the cruciform specimen were optimized by 
means of combining FEM with orthogonal design, and 
the optimized specimen is illustrated in Fig.1. The 
cruciform specimens were machined using laser and the 
width of slots in the arms was 0.2 mm. 
 

 
Fig.1 Schematic diagram of cruciform specimen (unit: mm) 
 
2.2 Procedure of biaxial tensile test 

Linear loading paths with different load ratios were 
adopted for a group of specimens, and the experimental 
program is shown in Table 1. Here, “load ratio” is the 
ratio of the load along rolling direction to the load along 
transverse direction. 

Table 1 Linear loading path 

Specimen No. Load ratio Specimen No. Load ratio 

 4׃3 6 0׃4 1

 4׃2 7 1׃4 2

 4׃1 8 2׃4 3

 4׃0 9 3׃4 4

   4׃4 5

 
Complex loading path consists of two linear loading 

paths with different load ratios, which is shown in Table 
2. In the first loading path, a certain load ratio is adopted 
for a group of specimens. After a certain pre-strain and 
unloading, in the second loading path, the second load 
ratios are then adopted for the same specimens. 
 
Table 2 Complex loading path 

Specimen No. 1st load ratio 2nd load ratio 

 0׃4 0׃4 1

 1׃4 0׃4 2

 2׃4 0׃4 3

 3׃4 0׃4 4

 4׃4 0׃4 5

 4׃3 0׃4 6

 4׃2 0׃4 7

 4׃1 0׃4 8

 4׃0 0׃4 9

 
Normal stress components σx and σy were 

determined by dividing the measured tensile loads Fx and 
Fy by the current cross-sectional area of gage section. 
 
2.3 Determination of experimental plastic work 

contours and initial yield locus 
Plastic work contours are used to investigate the 

suitability of a yield criterion and are commonly 
considered subsequent yield loci for simplicity[10]. 
According to the principle of constant amount of total 
plastic work per unit volume, the relationship between  
stress—plastic strain along two directions in biaxial 
tensile test and equivalent stress—equivalent plastic 
strain can be written as  

p p
1 21 2d d dσ ε σ ε σ ε+ =∫ ∫ ∫                      (1) 

 
where σ1, p

1ε  and σ2, p
2ε  are the stress and plastic 

strain along rolling direction and transverse direction, 
respectively; σ  and ε  are the equivalent stress and 
equivalent plastic strain. 

First, uniaxial tensile tests in rolling direction of the 
specimen were carried out and the stresses )(σσ  
corresponding to some values of plastic strain )(εε  
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were determined. The corresponding plastic work W per 
unit volume was measured for each .ε  In the biaxial 
tensile tests, true stress components were determined at 
the same plastic W. Then plastic work contours were 
constructed in plane stress space. 

The experimental plastic work contour at ε =0.2% 
was adopted as the experimental initial yield locus. 
 
2.4 Determination of experimental subsequent yield 

loci 
The complex loading path presented in Table 2 was 

used for investigating the subsequent yield locus. After 
the first loading and unloading, the specimens had some 
pre-strain and are called “new” specimens here. The 
specimens with no pre-strain (no deformation) were 
called “original” specimens. Therefore, the initial yield 
locus of the “new” specimens was the subsequent yield 
locus of the “original” specimens. 

The initial yield locus of the “new” specimens was 
determined in the second loading path with the same 
method as that for determining the experimental initial 
yield locus. Then the subsequent yield locus of the 
“original” specimens was constructed in the plane stress 
space. 
 
3 Theoretical subsequent yield loci 
 

A more accurate constitutive model consisting of 
yield criterion and hardening mode is needed to analyze 
forming processes of sheet metal better. The common 
hardening modes consist of isotropic, kinematic and 
mixed hardening modes. 

Isotropic hardening mode can be expressed by yield 
criterion and is most widely used. Many kinds of yield 
criterions were proposed by scholars all over the world. 
In recent years, BARLAT et al[12−16] proposed several 
yield criterions in order to describe the anisotropy of 
sheet metals more accurately. Yld2000-2d yield criterion 
was proposed by BARLAT et al[16] in 2003. The 
orthotropic yield function is reasonably suitable to 
describe the anisotropy of rolled sheets, especially that of 
aluminum alloy sheets[16−19]. Yld2000-2d is given by 
 

mσφφφ 2=′′+′=                              (2) 
 
where exponent m is a material coefficient and 
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and φ  is the sum of two isotropic functions, which are 
symmetric with respect to iX ′  and ;jX ′′  iX ′  and jX ′′  

are the principal values of the matrices, X ′  and :X ′′  

⎪
⎪
⎩

⎪⎪
⎨

⎧

′′+′′−′′±′′+′′=′′

′+′−′±′+′=′

)4)((
2
1

)4)((
2
1

2
12

2
22112211

2
12

2
22112211

XXXXXX

XXXXXX

j

i
     (4) 

 
Components of X ′  and X ′′  are obtained from 

the following linear transformation of the Cauchy stress: 
 

,σLX ′=′′  σLX ′′=′′                         (5) 
 
where  
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In Eqs.(5), (6) and (7), σ is Cauchy stress and β1−β8 

are eight anisotropic coefficients. The procedure of 
solving β1−β8 numerically was developed according to 
Ref.[16]. 

L-C kinematic hardening model proposed by 
LEMAITRE and CHABOCHE[20] is mostly used for 
kinematic hardening mode, which can be expressed as 
 

εγε
σ

dd)(d αασα −
−

= c                       (8) 

 
where c and γ are material constants; ε  is equivalent 
plastic strain; σ and α are stress and back stress tensors. 

Mixed hardening mode is a combination of isotropic 
and kinematic hardening mode, for which the 
constitutive equation can be written as 

mσφ 2)( =−ασ                               (9) 

where σ  is equivalent stress. Eq.(9) means isotropic 
hardening when α=0 and kinematic hardening when σ  
is a constant. 

Yld2000-2d yield criterion and L-C kinematic 
hardening model are used in this work. 

The theoretical subsequent yield loci are obtained 
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with transformation (including expansion and moving) of 
the theoretical initial yield locus. The expansion and 
moving are solved with numerical method and the 
procedure for solving the transformation of different 
kinds of hardening modes is developed. 
 
4 Results and discussion 
 
4.1 Plastic work contours 

Based on Eq.(1) and the experimental stress—
plastic strain curves, the experimental plastic work 
contours for different equivalent plastic strains are 
determined. Also, the theoretical plastic work contours 
calculated based on Yld2000-2d for different equivalent 
plastic strains are compared with the experimental plastic 
work contours. As shown in Fig.2, Yld2000-2d yield 
criterion can well describe the trends of the plastic work 
contours, which proves the suitability of Yld2000-2d. In 
Fig.2, “Exp. 0.2%” denotes experimental initial yield 
locus mentioned above. 
 

 
Fig.2 Comparison of Yld2000-2d yield criterion and 
experimental plastic work contours 
 
4.2 Subsequent yield loci 

The experimental subsequent yield loci are 
determined after pre-strains of 3.6% and 5.8%. In 
addition, the experimental subsequent yield loci are 
compared with the theoretical subsequent yield loci 
based on different kinds of hardening modes at the same 
pre-strains, as shown in Fig.3. I, K and M denote the 
theoretical subsequent yield loci based on isotropic, 
kinematic and mixed hardening modes, respectively, and 
the curve drawn with thick lines represents the 
theoretical initial yield locus. “Exp.0.2%” denotes the 
experimental initial yield locus. 

As seen from Fig.3(b), over all, the theoretical yield 
loci based on mixed hardening mode describe the 
experimental yield loci well, whereas isotropic hardening 
mode predicts values larger than the experimental results. 

 

 
Fig.3 Comparison of theoretical and experimental subsequent 
yield loci (I— Isotropic hardening mode; K— Kinematic 
hardening mode; M—Mixed hardening mode) 
 
Kinematic hardening mode predicts values smaller than 
the experimental results and its errors are the largest. 

As is well known, the isotropic hardening mode can 
describe the homogeneous expansion instead of the 
moving of the yield loci. And from Figs.3(a) and (b), it 
can be obviously found that the experimental subsequent 
yield loci present a trend of shift to right so that the 
isotropic hardening mode cannot describe the subsequent 
yield loci accurately. The kinematic hardening mode can 
describe the moving instead of the expansion of the yield 
loci. However, the expansion of the subsequent yield loci 
is clearly shown in Fig.3(a), which indicates that the 
kinematic hardening mode cannot describe the 
subsequent yield loci accurately either. The mixed 
hardening mode is a combination of the isotropic and the 
kinematic hardening modes so that it can describe the 
expansion and moving of the yield loci simultaneously. 
Therefore, the mixed hardening model can describe the 
true subsequent yield loci. 

As indicated in Fig.3, when the 2nd load ratios are 
 the isotropic and the kinematic ,3׃and 4 2׃4 ,1׃4 ,0׃4
hardening modes can reasonably describe the subsequent 
yield behavior. From Fig.3(b), it is found that, when the 
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2nd load ratio is 44׃, the mixed hardening mode still has 
large error though it describes the subsequent yield 
behavior better than the other hardening modes. 

It can be easily proved that the plastic work 
contours are coincident with the subsequent yield loci 
based on isotropic hardening mode for the same 
equivalent plastic strain. The latter does not coincide 
with the experimental subsequent yield loci. Therefore, 
the plastic work contours do not coincide with the 
experimental subsequent yield loci as mentioned by 
KUWABARA[10]. 
 
5 Conclusions 
 

1) Complex loading paths are realized using 
cruciform specimens and biaxial loading testing  
machine. The subsequent yield loci of 5754O aluminum 
alloy sheet are obtained. The experimental plastic work 
contours are also obtained. 

2) Theoretical plastic work contours are calculated 
based on Yld2000-2d yield criterion and they describe 
the experimental plastic work contours well. 

3) The theoretical subsequent yield loci based on 
Yld2000-2d yield criterion and three kinds of hardening 
modes are calculated, and compared with the 
experimental results. Because of the moving and 
expansion of the experimental subsequent yield loci, the 
yield loci based on the mixed hardening mode describe 
the experimental results well; whereas those based on the 
other hardening modes do not. When the 2nd load ratio is 
 .the mixed hardening mode still has large error ,4׃4

4) The view that the subsequent yield loci do not 
coincide with the plastic work contours is verified. 
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