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Abstract: A previous numerical solution method to the strong nonlinear T- ®C/, coupling for a Scheit type binary solidr

fication process was extended and modified for single phase dendrite solidifications of any nominal alloy composition(in a

composition range of single phase or eutectic solidification) and with any solidback diffusion extents. Numerical sample

computations were performed on AFCu system with different nominal compositions from almost pure Al to nearly eutectic

and with different solid diffusion coefficients, which are factitiously enlarged or decreased in eight orders of magnitude.

The calculation results exhibit the feasibility, capability and efficiency of the proposed numerical scheme in modeling an ar

bitrary binary dendrite solidification problem.
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1 INTRODUCTION

Most alloy materials in engineering applications
solidify in a temperature range and in dendritic man-
ners. Such complicated liquid-to-solid phase-change
processes are usually controlled simultaneously by
heat, mass and momentum transfers, and determined
by the alloy s nonlinear properties of solidification
thermodynamics/ kinetics. It has been shown that a
continuum or mixture average model has the mathe
matical succinctness and relative numericaksolution
efficiency in modeling the dendritic solidificatiorr trans-
port-phenomena ( STP)!"™"! However, in addition to
the complexities of the dendritic STP-based model-
ing, there exist several nonlinear and strong couplings
among each transport process. One of the important
couplings is the correlation among the solidifying tem-
perature, volume fraction of the solid phases and the
liquid composition, i. e. the T- %Cy, coupling. In a
previous work!®, a simultaneously numerical method
was proposed to solve this strong nonlinear 7- %C\,
coupling in a binary dendrite solidification problem,
but only for the solidification cases with negligible

solidback diffusion ( SBD)

phases, i.e. for a Scheiltype solidification

within the solidifying
o
However, in a realistic dendrite solidification
process, the SBD effects may vary continuously from
zero to infinite depending on the alloy properties and
solidification conditions ( primarily, the solid-diffu-
siorr coefficient, Dg, and the solidification rate, Ry).
In a recent micro/ macro-scale modeling for solute

L1 the con-

mass transport in dendrite solidification
tinuum model previously proposed by the present au-
thors'® was extended to a general binary solidification
case with any incomplete SBD and any dendritic mor-
phology. This adds some mathematical difficulties to
the numerical model computations, especially for the
T- %Cy, coupling solution. Therefore, the aim of this
work is to extend and modify the numerical solution
procedures previously developed for the T- %C}, cou-
pling of ScheilFtype solidification in order to accom-
modate the any incomplete SBD issue in dendrite so-
lidification processes. Numerical solution samples will
be performed on AFCu binary system and shaped
castings with different nominal compositions and sol-
id-diffusion-coefficients to demonstrate the feasibility
and capabilities of the extended numerical method.

2 NUMERICAL MODEL SOLUTION

In the present work, a general binary solidifica-
tion case with any SBD effects and dendrite mor
phologies, in which the solidifying dendrites are as-
sumed to be macroscopically static, is considered.
Such a five-independent-variable STP problem can be
described by the continuum model( a single-domain
model'®) that was newly modified and extended in
Refs. [ 10, 11]. From this mathematical model it can
be seen that, the jointly varying solidification temper-
ature. T'. volume fraction of solid phase. % and the
liquid concentration, Ci, compose a strong and non-
linear T- %C1, coupling in determining the alloy so-
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lidification processes. In order to solve the proposed
solidification model as accurate as possible, this 7- %
C1. correlation has to be numerically treated at the

same given time level of t'* '. Ref.[ 8] has illustrated
the simultaneous 7- %Ci changing behavior in a
ScheilFtype solidification process, and proposed the
relevant numerical solution methodology. However,
when any SBD effects are incorporated into the solidi-
fication model, as expressed by Eqns. (1) =(4) of
Ref. [ 11], the T- %C\. coupling behavior will be dif-
ferent depending on the SBD extents, even under the
same solidification conditions for the same alloys.
This is schematically illustrated in Fig. 1 for a binary
alloy of nominal composition less than the alloy s
maximum solid limit, i.e. Co< Csum.

Under the assumptions of sufficient interdendrit-
ic liquid mixing and thermodynamic equilibrium held
at the S/ L interface, the interdendritic liquid concen-
tration, Cr(= Cr ), and the interface solid concen-
tration, Cs , always follow the liquidus and solidus of
the alloy system, respectively, during solidification
no matter how strong the SBD is. Whereas, the lo-
cally averaged composition within the solidified phas-
es, Csa(= Cs), behaves differently depending on the
SBD extents. For a Scheiltype solidification mode,
Csa follows the curve labeled with “SBD= 07 in Fig.
1(a), and a fractional eutectic phase will always form
no matter how low the nominal composition of the al-
loy, Co, is'”! . see the “SBD= 0”-labeled &T curve
in Fig. 1(b).

Furthermore, for this zero SBD case,

the solidification always terminates at the eutectic
temperature, Tg. For another extreme case of a
leverrule type solidification, the composition Csa
strictly follows the alloy s solidus curve and termi
nates at T'soi( Co), and no eutectic phase will form
because Co< Cgy. While for a more practical solidif
cation case with any incomplete SBD extents(i.e. a
case of 0< dx 1 by the present modeling), the Csy-
T and %T curves vary between that of the two ex-
treme solidification cases, see the curves labeled with
“0< SBD< ©o@ in Fig. 1(a) and (b). In the latter
case, the freezing termination temperature, 7T sg, and
if or how much a fractional eutectic phase will form,
all depend on the SBD extents occurring in the den-
drite solidification process. The solidification behav-
iors for a binary alloy of nominal composition: Csy <
Co SCr are similar to that shown in Fig. 1, except a
volume fraction of eutectic phase will always form and
the eutectic quantity will depend on the SBD effects.
In the following, the previous numerical solution
methodology for a Scheiktype solidification'® will be
extended and modified in order to accommodate the
arbitrary SBD effects on the strong nonlinear T- % C/,
coupling that can be changed from zero continuously
to infinite.

For computation convenience, a 2-D explicit -
nite difference scheme is adopted to discretize the pre-
sent solidification model, i. e. Eqns.(2) 7(4) and
(10)=(14) of Ref.[ 11]. This scheme can easily sep~
T- %Cy coupling with that for liq
In this artr

arate the
uid momentum transfer numerically.

(a) TT (b)
]iip(CO)
0<SBD< e
TS()I(CO)
_________________________________________________ ISB
, .
Cl% @3

Fig. 1 Solidification behaviors of binary alloy of nominal composition Co< Cgy and with different

solid-back diffusion( SBD) extents( Local thermodynamic equilibrium holds at micro-scale S/ L. interface)
(a) —A portion of binary alloy phase diagram with solidification paths of Cp, Cs

and Eg for different SBD; (b) —Corresponding curves of solid fraction versus liquidus temperature
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cle, the emphasis is focused on the numerical solution
to the nonlinear correlation of 7- %Cy, with arbitrary
SBD effects. The numerical solution scheme for the
momentum transport of liquid flow and the strong P-
V coupling is basically same as that described in Ref.
[12].

The same 2-D meshing pattern and coordinate
system for a casting/ ingot domain as illustrated in
Ref. [ 8] (Fig. 2) are used for the present numerical
approaches. The 2-D continuum modelbased numeri-
cal formula for the heat energy transport for control
volume [j, k] can be derived as

T,H/% = (Tro* T}, 1= Aoy k[ (Tyyi-

Tvy2)! Nyj+ (Tvn— Tvz)/! Azy] -

[(Tovi— Tov2)/ &+ (Tou— Ton)l Azr]}}/
Ty (1)
where Tvy2, Tvn, Tvzn,
Tro and Ty take the

same expression forms as those listed in Ref. [ 8]. In

the terms of T vyi,

Toyi, Tov2, Toz, Toz,

Eqn. (1), the temperature and compositiomr depen-
dent alloy properties for different phases, such as the
specific heats, cpr/ cps, and the thermal conductivi-
ty, km, etc, have been taken into account.

Based on the author s unified @ parameter mod-
eling, i.e. Eqns. (11) and (2)7(4) of Ref. [11], a
2-D discretized equation for the species mass transport
of [/, k] volume can be written as

C k— {Cro* CL, k= A[HI{[(CVYI_ Cvy2) +
(Coyi— Coy2) |/ Ayj— [(Cvzi— Cvz) +
(Coz1i— Coz2) ]/ Az} )/ Cry (2)

where
Cyyi= Cij p*max(RFV Y., 1,5 1, 0) +
C"Lj+ 1. #*max( RFV Yf+ 2 k> 0)
Cvya= Cij_ 1 r*max(RFV Y} 15 4, 0)+
CiLj-, r*max( RFV Yf_ 12, k> 0)
Cvzi= Cij, k*max(RFVZj, k- 12, 0)+
Cij, i- 1*max( RFV Y; k-1/2, 0)
= C‘Lj, I 1'H13X(RFVZ;, k172, 0) +
Cij. r*max(RFV Y, 4, 12, 0)
Cpyi= {DiLj+ 2, ko[ ( ‘PL'pL'CL)jivL 1, k—
(BPeCu)) v+ _
D{%/#_l/ZZJ.[( % Bt Cs)js 1, 4m
(P2 Cs)/ 11}/ Ayjs 2
Cpy2= {Dij— v kel Fe pL'CL)ji, k=
(PLePLeCL)ion al+
D{@j-_l/Z:‘c.[( P 050 Cs)f. 1m
( P Pse Cg)ji_ Lk} Ayi- 2
Com= { DL i vt (e PLeCL)j- . -
(A PeCr)il+
DS, k- 112 (%R Co)f i1
( ‘P-pg Cq) K1}/ Dzjo 12
Cor= { D% i 12°[ (B P Cr) ) im

(PePre CL)f, k1]t
Df@j,ﬁ+ 12'[( Pe s Cs)ji, E—
( Pefse C%)f ke 1]} Dzpy 12
Cro= (P P)/ o+ Bue % (O k) n
Cri= (A pL)l+1 (A‘psj',/ﬁ q;’,k' (Péj, K
( pL k) z+ 1
This new formula is suitable for the macroscopic
species mass transport in a dendrite solidification pro-
cess with any SBD extents and dendrite morpholo-
gies. Similar to the numerical species mass-transport
equation previously derived for Scheiltype solidifica

[8]

tion Eqn. (2) again indicates that the interden-

driticliquid concentration, Cf 'y, will increase( for a
system with partition coefficient k< 1) with the so-
lidification proceeding, f increasing, for any SBD
conditions.

As discussed in the previous work[ 8 the tem-
perature calculated by Eqn. (1), T;%', only repre-
sents the value that corresponds to the heat-energy
change caused by the conductive and convective terms
in the time interval of At'* '= ¢"* '~ ', Based on the
heat-energy balance principle and the thermodynamic
equilibrium solidification assumption, the following
numerical formula has been proposed to account for
the latent heat term and to calculate the solid fraction

increment, Acpéj,llf,_in lhe At'* 1 time interval:
(st = (%P p@‘cpq+ B Beg L)/
(Beh) 1}, 4o (T, 75 (3)
e F(CL/',

ture of alloy determined by the liquid concentration.

w here ) is the liquidus tempera
This formula is still applicable to the present numeri
cal approaches to the T- %C\, coupling with any SBD
effects. Again, the superscript i+ 17 onto all
the alloy properties terms, e. g. qu B+ 172, ( Q-
k)% and (R*h); 1 etc, in Eqns. (2) and (3) ac

counts for the influences of the temperature or/ and

3 ” [13

composition-dependent properties variations. T he nu-
merical Eqns. (1) to (3) compose the basic numerical
iteration formulas to solve the T- %Ci, coupling at
'(to determine T%*), A% % and CT5')).

However,

time ¢
as illustrated in Fig.1 for a binary
dendrite solidification process, an important possibili-
ty exists that a volume fraction of eutectic phase, 1-
%p, can form at the final solidification stage, de-
Co, the

SBD extents, solidification rate and dendrite mor
[ 10]

pending on the nominal alloy composition,
phologies etc' . For some alloy systems, the eutec
tic composition, Cg, is possibly so high compared to
Csum, that
even very tiny eutectic fraction formed will signifi-

its maximum solid solution composition,

cantly influence the calculated compositions of the so-
lidified phases, such as for AFCu alloy. Therefore, to
achieve a reliable numerical solution to the T- &C\,
coupling, the eutectic phase fraction must be deter
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mined as accurately as possible. The supplemental
formulas to treat such issue, so that the solid fraction
for eutectic formation for [j, k]-volume can be de
termined by s 1= %+ A%{gg);. 4, are given
as follows:
Ap = Ay [ (T~ Tr)/ (T~ Tiyea) ]
(4)
AFidy = Al *[(Te- Tiblcay)/ (T -
Thiean) 1 *[( Paha) /( Poe= hx) 1),k (5)

where @"fq?clal) j. & 1s the calculated solid-fraction in-
crement within which the eutectic phase starts to

form.
3 RESULTS AND DISCUSSION

To demonstrate the feasibility and efficiency of
the present numerical solution procedure to the
strongly coupled nonlinear dendrite solidification
problems with any SBD, numerical computations are
performed with AFCu solidification samples of differ-
ent nominal compositions and different solid solute
diffusivities. Nine different alloy compositions of Al
0.001%, 0.5%, 2.0%, 4.5%, 8.0%, 14. 0%,
20. 0%, 28. 0% and 32. 0% Cu( mass fraction) are
chosen, and five different levels of temperature de-
pendent soliddiffusion coefficients of 10™° x Dg( T,
0.1xDs(T), Ds(T), 10xDs(T) and 10’ x Ds
(T) are assumed for the present sample computa-
tions. The STP-based binary solidification model, i.
e. Eqns. (2) 7(4) and (10) =(14) of Ref. [ 11], are
fully solved with the numerical formulas of Eqns. (1)

I and a modified nu-

~(5), in a iteration procedure[8
merical method similar to that previously proposed for
the gravity- and solidificatiorrshrinkage-induced liq-
uid flow in dendrite solidification| !

The above binary alloys with a 22D blade like
casting shape are assumed to solidify in a directional
freezing furnace at a constant withdrawal velocity of
0. 15 mm/s. The solidification configuration, cast-
ing/shell mold dimensions, meshing pattern and
varying alloy properties used are the same as those
adopted in Ref.[ 11]. The computation results shown
in the followings are only for a control volume at the
bottom of the directionally solidified bladelike cast-
ings for the present investigation purposes. T his

means that the present T- %C\, solution results are

B and with varying

for an open solidification volume
solidification rates in a range of 0.008— 0.42 s ' for
the whole solidification process according to the
recorded modeling computation results' ',

Figs. (2) and (3) show the comparisons of the
calculated C1, - %and Csy —%curves for the Al
4.5% Cu dendrite solidification with different as-
sumed solid-diffusion coefficients. In these figures,

the curves labeled with “Dg( T)”

correspond to the

true alloy property case. According to some additional
computations with the assumed solid-diffusion coeffi

cients of 107 2% Ds( T) and 10*x Dg( T) ete, the
present curves calculated with 10”° x Dg( T') and 10°
X Ds(T) show to be quite close to the Scheittype
and lever-rule-type solidification modes, respectively.

It can be seen that under the present solidification
case, the alloy volume exhibits a solute redistribution
behavior with an incomplete SBD. At the end of so-

lidification, the concentration of the interdendritic
liquid phase reaches the alloy s eutectic composition,

Ce= 33.2%Cu, see the “Dgs( T)”-labeled C1 —%
curve, and predicts the presence of tiny fraction of
eutectic phase.

35

4 — 103X Dg(T)
30+ = — 1071 X Dg(T)
25| * — Dg(T)

s — 10XDg(T)
= 5ol * — 105X Dg(T)
=
8 15 -

)
10+
5y
0 02 0.4 0.6 0.8 1.0
73

Fig. 2 Comparison of calculated Cy, —%;

curves for AF4. 5% Cu dendrite solidification
with different assumed solid-diffusion coefficients

6

5% s — 103X Dg(T)
= — 10°1X Dg(T)

4t * — Dg(T)
+ — 10XDy(T)
* — 105X Dy(T)

Csa(Cu)/%
[¥S)

0 0.2 0.4 0.6 0.8 1.0
@

Fig. 3 Comparison of calculated Csy —%;

curves for AF4. 5% Cu dendrite solidification
with different assumed solid-diffusion coefficients

From Fig. 2, it also can be seen that when the
solidtdiffusion coefficient is decreased or increased by
an order of magnitude, the corresponding Cyp —%

curve moves towards to those for 107 % x Ds( T) or

10° x Ds( T) more closely, respectively. These re-
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sults show the significant influences of the solid-diffu-
sion variation on the present solidification and solute-
redistribution behaviors. As illustrated in Fig. 1 that,
for a close solidification volume, the final averaged
solid composition should be always equal to the nomi
nal alloy composition no matter what extent of the
SBD occurs. However, from the comparison of the
Csa — %curves shown in Fig. 3, it can be seen that,
with different solid-diffusion coefficients the final av-
eraged solid compositions of these curves are differ
ent: the stronger the solid-diffusion, the lower the fr
nal Csa value is. This is because that for the present

directional solidification case, an inverse macrosegre-
gation, 1. e. a positive segregation: Csy> Co, will
always form at the bottom of the casting. On the oth-
er hand, for an open solidification volume, when the
solid diffusion becomes strong, the solutes will diffuse
more out of the volume resulting in its final averaged
composition Csa lower.

Figs. 4 and 5 show the comparison of the calcu
lated C,— %and Cs — ®curves for AFCu dendrite
solidification with different nominal compositions but
solid- diffusion coefficients of
All these computational results demon-

the same

Ds(T).

30

25

= — 0.001%Cul
20} * — (.5%Cu
NS e — 2.0%Cu
= / x — 4.5%Cu
C v— 8.0%Cu
G 19] +— 14.0%Cu
e — 20.0%Cu
* — 28.0%Cu

2 — 32.0%Cu
10 /

0 0.2 04

0.6 0.8 1.0
s

Fig. 4 Comparison of calculated Ci, —%curves for AFCu dendrite solidification with
different nominal alloy compositions but same solid-diffusion coefficients Dg( T')

30
= — 0.001%Cu
25 * — 0.5%Cu
e — 2.0%Cu
x— 4.5%Cu
v — 8.0%Cu
=X 20 +— 14.0%Cu
= * — 20.0%Cu
< * — 28.0%Cu
10

0.6 0.8 1.0

Ds

Fig.5 Comparison of calculated Cs — curves for AFCu dendrite solidification with
different nominal alloy compositions but same solid-diffusion coefficients Ds( T')
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strate the feasibility and capability of the proposed
numericaksolution scheme to the strong nonlinear 7-
% C1, coupling in a binary dendrite solidification pro-
cess. From the present numericalsolution procedures
and the schematic solidification behaviors shown in
Fig. 1, it is known that the most computationalef-
fort-consuming portion in treating the 7- %C1, cou-
pling is the numerical iterations to determine the sin-

a( Al) phase

for the present case. In all the sample computations

gle phase solidification behavior, 1. e.

for different alloy compositions and with different sol-
id-diffusion coefficients, the iterative times in deter-
mining a convergent T- %C| computation at a "'
time level are mostly among a range of 13 to 25. This
indicates that the presently proposed numericalsolu-
tion method to the strong nonlinear 7- %y, coupling

in binary dendrite solidification is efficient.
4 CONCLUSION

In a binary dendrite solidification process, there
exist several possible solidification paths depending on
the alloy types, the nominal alloy compositions and
the SBD effects occurring within the solidifying phas-
es etc. Through the sample computations, the nu-
merical-solution methods presented in this paper show
to be feasible and capable to treat all the possible T-
% C\. coupling cases occurring in a binary dendrite so-
lidification process (single-phase + eutectic) of arbi-
trary nominal compositions and with any SBD ex-
tents. The proposed iteration procedures also show to
be efficient in numerically determining a 7- %Cy, cor-
relation balance in the single-phase solidification
stage.
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