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[ Abstract] The solution of surface displacement of an elliptical crack under compressiveshear loading was obtained by

using the complex function method. The closing mode was established by analyzing the geometrical condition of closing

crack, and the corresponding critical stress was solved. The result corrects the traditional viewpoint, in which there exist

only open or close states for an elliptical crack, and points out that the local closing is also one of crack states. Based on

them, the effect of the closed crack on stress intensity factor was discussed in detail, and its rational formulae are put for

ward.
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1 INTRODUCTION

It is important to study the fracture law of the
internal crack in rock under compressive loading. The
crack subjected to compressiveshear stress is often in
company with friction, which has great effect on the
extension of crack!'™? and the stress intensity fac
torl® 31 However, up to now, these effects are not
clear in rock mechanics circles, which lead to several
different mechanism model. For example, someone
thought that friction does not act on fracture!®', but,
another thought that friction governs fracture'’!;
someone thought that there is no the compressive
stress intensity factor when crack closes!® . but, an
other thought that there exists the compressive stress
intensity factor when crack closes, who is equal to the
negative value of tension stress intensity factor'”. In
author’ s opinion, these different view points mainly
originate from the incomprehension to the closing law
of crack. For example, the traditional view points
thought that there is only open or close state for an el-
liptical crack, not transition process between two
states, and neglected the contribution of compressive
stress intensity factor to the extension of crack! "

In this paper, the closing law of an elliptical
crack is studied in detail by using the compressiver
shear element model of an oblique crack under com-
pressive loading. It is proved that the closing mode of
crack is governed by shear stress. Based on it, the
expression of stress intensity factor at the tip of crack
for various closing mode are deduced.

2  SURFACE DISPLACEMENT SOLUTION OF
ELLIPTICAL CRACK UNDER COMPRES
SIVE LOADING

The closing problem of an oblique elliptical crack
under biaxial compressive loading is shown in Fig. 1.
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Suppose O, be the critical compressive stress
which makes the crack close, then by M cClintock-
Walsh modell "', the normal stress and friction acting
on the surface of the closing crack are expressed as

0z 9o (1)
.= Lo, (2)
w here
0, = Ojsin’B+ Oycos’B (3)
Ty =~ _2L( 0j- 0,)sin’B (4)
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Fig. 1 Oblique elliptical crack under biaxial
compressive loading

Because Ty, is negative value in the coordinate
systems of Fig. 1, Ty must be in the direction shown
in Fig. 1. According to the superimposition principle,
if superimposing an stress system of uniform tension
stress — O, and uniform shear stress T; on the stress
state in element of Fig. 1, a new crack problem with
zero stress at the surface of crack, and normal stress
0,— 0O,= O, and shear stress T,+ T= T,+ H( G-

0.) at infinity will be obtained, as shown in Fig. 2.
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Because the uniform stress system in Figs. 2(b)
and (¢) do not bring the displacement to surface of
the crack, the stress system in Fig. 2( a) is equal to
the one in Fig. 2(d).

In order to solve the displacement of an elliptical
crack in infinite body under compressive-shear load-
ing, the angle-keep transformation is used to trans-
form the outside area of an ellipsoid in z plane to the
outside area of a unit circle in ® plane.

z= & = R(%+ m/¢g (5)

where &= Q) R= (a+ b)/2, m= (a- b)/(a
+ b), in which, a is half long axis, and b is short
one.

The elastic displacement field can be solved from

follow ing equation! ' :

2G(u+ iv)= k®2)- T“’%% €y~ ¥y

(6)

3- 4v plane stress

where f= (3—- v)/(1- v) plane qtram
On the surface of crack P= 1, ¢= e"'= S, the

resultant between arbitrary two points on S is ex-

pressed as! !
(X+ i¥)ap= — il <P( an
B
oy =L, 3" ()
(%) 4
Because surface of the crack is free, that is
(X+ iY)s= 0
we have
SH = qye oS (8)

w(e)
Substituting Eqn. (8) into Eqn. (6), a new elas

tic displacement equation of an elliptical crack is ob-
tained as
2G(u+ w)= (k+ 1) %Y (9)
Considering pure compression and pure shear
states respectively, and using superimposition princi-
ple, the complex stress function under compressive
shear loading can be taken as

CF”)(S) =T -ﬁ-(o}'_ Onf)[eie— (- 2+ m)e ie]
(10)
¢Y(S)= iR(Ty+ T)e ™ (1)

Substituting Eqns. ( 10) and (1

ol

‘ ”
Oy

1) into (19),

— a,

—aa

+ s+ D =

and using the trigonometric relation ¢ = cos@ +

. ~ 0 .
isinfande " = cosO- isinfO, we get

u=-Ero 0)(3- mleosts (T, 4
T, )sin 0 (12)

v = — g'(oy_ 0,)(1- m)sinO+ %B'('l;)+
T,) cos 0 (13)

This is the surface displacement solution of an el-
liptical crack under compressive-shear loading. specific
surface energy of the solidliquid interface, L is the
latent heat of solidification.

3 CLOSING LAW AND CRITICAL COMPRES
SIVE STRESS OF ELLIPTICAL CRACK

It is possible for an elliptical crack to be in un-
closing state, or in full closing state, and or in local
closing state. In geometry, the corresponding dis-
placement condition are as follows:

1) closing at ends

_ Qv _ du, 00 _ _
v=0 3,= 308, - % %= 0T(Y
2) closing at middle
v=- R(1- m)sinf, 6 Z0, T (15)

Here sine curve is used to simulate the surface of
an elliptical crack.
3) closing in whole

v== R(1- m)sinf, 0 <O KT (16)
If let
A=- ﬂ_E—‘iR(l— m) (17)
T T
B = iL“};_LZR (18)

the critical stresses of three closing models are as fol-
lowing respectively:

1) closing at ends

Substituting Eqn. ( 13) into ( 14), we have

Asin0+ BceosO= 0 (19)

AcosO- BsinO= 0

When 0= 0, T, solving Eqn. (19) we have B=
0, A= 0. Because the surfaces of crack do not touch
each other, so 0,= 0. Thus, the critical stress when
crack closes at ends are

Ti o, o,
Tyt T4
Q ]
‘l'( +rf
Gy~ Og

Fig. 2 Stress superimposition method for an elliptical crack
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0=0 T,=0 (20)
From Eqns. (3) and (4), we know that Eqn.
(20) expresses the condition of zero compressive load-
ing.
2) closing at middle
Substituting Eqn. ( 13) into Eqn. (15), we have
Asin@+ BcosO=- R(1- m)sin0, 0 Z0, T
(21)
or

(A+ b)sinB+ BeosO= 0, 6 Z0, T (22)

Solving Eqn. (22), we get
0= tan el (23)
o (1— m)[( %= %)= E]

This is the initial closing place of an elliptical
crack under compressive-shear loading. At this mo-
ment, it is still believed that 0,= 0. Substituting 0,
= O, into Eqn. (23),

stress when crack closes at middle:

we get the critical compressive

0. 47T,
o= S (1- m)tan®. (24)

It is seen from above equation that the critical
compressive stress is relative to shear stress.

3) closing in whole

Substituting Eqn. ( 13) into Eqn. (16), we have

Asin0+ BcosO=- R(1- m)sin0, all® (25)

Solution of Eqn. (25) is A= - R(1- m), and

B= 0, from these, we can get

g- 0,= E (26)
"’;cy:_ Tf:_ l'l'on (27)

Using Eqn. (1), the critical compressive stress
when crack closes in whole is as follows:
o= E (28)

Eqn. (28) shows that the exerted compressive
stress must reach elastic modulus of materials in order
to close the crack in whole. In other words, it is im-
possible for an oblique elliptical crack under compres-
sive loading to close at ends. So there must exist the
local closing state of crack.

From above analysis, following results can be
obtained.

1) The closure of an elliptical crack under com-
pressive-shear stress is a process, in which the closing
face gradually extend. So the critical compressive
stress is not single.

2) It is impossible for an elliptical crack to close
in whole, the closing is just local, so, there must ex-
ists the compressive stress intensity factor, and it
must affects the extension of crack.

3) Shear stress is very important in the closing
process of crack. It determines the initial closing
place of crack, and governs the magnitude of critical
compressive stress. That is, the greater the shear
stress, the smaller the critical load, and it is the same
vice versa.

4) When subjected to pure compressive loading

(ty=0),

the crack is either open or close, no tran-

sition period exists, the critical load is just one,
which can be proved as follows.

Because T,,= 0, so we have B= 0. Thus, Eqn.
(21) becomes

Asin@=- R(1- m)sin0 (29)
Solution of above equation is
sinf= 0, 6= 0, T (30)

A=-R(1- m), 0. = E (31)

However, the strength of most brittle materials
is much less than its elastic modulus. So, before crack
closes in whole, the material has already broken
down.

5) When subjected to pure shear loading ( G, =
0), it is possible for a crack to close at one point,

which is proved as follows.

Because 9,= 0, and 0,= 0, so we have A = 0.
Thus, Eqn. (21) becomes

BeosO=- R(1- m)sin0 (32)

Solution of above equation is

sin@= 0 and B = 0, natural state (33)
or

b= tan || ——|,

b = tan (1- m)E local closure (34)

4 EFFECT OF CLOSING CRACK ON STRESS IN-
TENSITY FACTOR

Once crack closes (either in whole or localiza
tion), it can be regarded as the mathematical one ( m
= 1). So, the stress intensity factor at the tip of the
crack can be written as follows:

K = K] + 1K I

= 22 limf o Y- o L))IE (L d(Y
(35)
Substituting Eqns. ( 10) and ( 11) into Eqn.

(35), and dividing the real part and imaginary part,
we get

Ki=-(0%-0)/m (36)
Ki= (T~ Tt (37)
1) When crack opens, 0,= 0

Ki=- 9 /[T (38)
Ki= T, | (39)

It is seen that the compressive stress intensity
factor is equal to the negative value of tensive stress
intensity factor only when crack is open.

2) When crack closes in localization, substitut-

ing Eqn. (24) into Eqns. (36) and (37), we get
4T
K= E+ m [ Tu (40)
K nm= I 1;, + lJI (E +

—3’4;

(1- m)igh. l 7 (31

Above equations show that when crack is close in

localization, the compressive stress intensity factor is
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determined by T, not by 0,. So, it is recognized
that the compressive stress intensity factor is never e
qual to the negative value of tensive stress intensity
factor when crack closes. It is a new mechanical
quantity distinguishing from the traditional stress in-
tensity factors of [, II and IIImode.

It needs to be pointed out that the results given
here are obtained without considering the condition of
long axial displacement of an elliptical crack. In spite
of this, they still reflect the law of closing crack and

stress intensity factor to some extent.
S CONCLUSIONS

1) Either closing in localization ( T, Z0) or in
whole ( T,,= 0) can occur in the elliptical crack under
compressiveshear loading, in which shear stress is a
dominant factor.

2) The critical compressive stress is determined
by shear stress when crack closes in localization.
While the critical compressive stress is a constant un-
der pure compressive loading, and its value is equal to
elastic modulus of brittle material.

3) There always exists the compressive stress in-
tensity factor at tip of crack when it closes in localiza-
tion, and its value is determined by shear stress, not
by compressive stress.

[ REFERENCES]

[1] Bobet A, Einstein H H. Fracture coalescence in rock
type materials under uniaxial and biaxial compression
[J]. Int J Rock Mech Min Seci, 1998, 35(7): 863-
888.

[2] WANG Guryao, SUN Zong qi. Exploration for some

problems in fracture mechanics analysis of earthquake

[ 10]

[11]

[12]

mechanism [ J]. Chinese Journal of Rock Mechanics and
Engineering, (in Chinese), 1999, 18(1): 55- 59.
SUN Zong-qi. Is crack branching under shear loading
caused by shear fracture? —a critical review on maxi
mum circumferential stress theory [ J]. Trans Nonferrous
Met Soc China, 2001, 11(2): 287- 292.
CHEN Feng, SUN Zong qi, XU Jrcheng. A crack clo-
sure model for brittle rock subjected to compressive shear
loading [J]. Trans Nonferrous Met Soc China, 1999, 9
(2): 427- 432.
ZHOU Curyun, WANG Liangzhi, LONG Xiang gui,
et al. Compression shear fracture form of rock with close
crack [J]. Chinese Journal of Rock Mechanics and Engi
neering, (in Chinese), 1999, 18(3): 259- 261.
Mossakovskii V I, Rybka M T. An attempt to construct
a theory of fracture for brittle materials based on Grif-
fith’ s criterion [ J]. Prikl Mat Mekh, 1965, 29(2):
291- 296.
Erdogan F, Sih G C. On the crack extension in plates
urr
der plane loading and transverse shear [ J ] . J Bas
Eng, 1963, 85(4): 519- 527.
CHEN Pershan. Research on the rupture course of earth-
quake and earthquake prediction from fracture mechanics
[J]. Chinese Journal of Geophysics, (in Chinese),
1977, 20(3): 278- 283.
ZHOU Qurli, LIU Gefei. Compression shear fracture
of brittle materials [ J]. Chinese Journal of Hydraulics,
(in Chinese), 1982, 7(1): 21- 27.
WENG Prhua. Research on surface closing and friction
of blunt crack of rock [J]. Chinese Journal of Hy-
draulics, (in Chinese), 1989, 2(1): 60- 66.
McClintock F A, Walsh J B. Friction on Griffith cracks
under pressure [ A]. Fourth U S Nat Congress of Appl
Mech Proc [ C]. Berkeley, California, 1962. 1015-
1021.
Muskhelishvili N I. Some Basic Problems of M athemati
cal Theory of Elasticity [ M]. Groningen, Netherlands:
Noordhoff International Publishing, 1953. 83— 86.

(Edited by HE Xue feng)



