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Abstract: A dynamic imaging method for monitoring self-potential data was proposed. Based on the Darcy’s law and Archie’s
formulas, a dynamic model was built as a state model to simulate the transportation of metallic ions in porous medium, and the
Nernst equation was used to calculate the redox potential of metallic ions for observation modeling. Then, the state model and
observation model form an extended Kalman filter cycle to perform dynamic imaging. The noise added synthetic data imaging test
shows that the extended Kalman filter can effectively fuse the model evolution and observed self-potential data. The further sandbox
monitoring experiment also demonstrates that the self-potential can be used to monitor the activities of metallic ions and exactly

retrieve the dynamic process of metallic contamination.
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1 Introduction

The environmental problems during metallic mining
and smelting attract increased attention. Particularly, the
solid and liquid metallic wastes always threaten the
surrounding soil and groundwater safety [1,2]. Duly
detecting and monitoring the contamination sources is an
active way to reduce the risk of metallic contamination.
Because of the conductivity of metallic ions and the
electrochemical characteristics of the redox reaction,
there are obvious resistivity and self-potential anomalies
in metallic contaminated zone. Thus, the electrical
resistivity method, self-potential method, or other
geophysical methods are widely used to monitor and
evaluate metallic contamination [3,4]. Besides, the
convenience of passive source, the self-potential method
is very sensitive to redox potential. Many researchers
have measured distinctive self-potential anomalies on the
ground which is contaminated by metallic ions [5—8].
Thereby, the self-potential method plays an important
role in the environmental geophysics and is very suitable
for performing soil and groundwater monitoring for the

prevention and treatment of metallic pollution [9,10].
The routine contamination plume tomography based
on monitoring data depends on independently inverting
all the data of each observation [11]. This kind of
independent inversion is based on static models. The
correlation information among model evolution is
ignored. Thus, the performance of data interpretation is
always suffered from observation error and the
inaccuracy of inversion algorithms [12,13]. Some
researchers tried to use the inversion result of previous
data as the initial and reference model for the inversion
of subsequent datasets and received a better inversion
result [14,15]. In order to take full advantages of the
correlation information among monitoring data, the
Kalman filter technique is used to estimate the model
parameters of dynamic system by fusing the observation
data and model evolution [16—18]. LEHIKOINEN
et al [19,20] and NENNA et al [21] introduced the
Kalman filter into the inversion for monitoring electrical
resistivity data and imaging the movements of
groundwater. The metallic wastes contaminate
environment through the diffusion of metallic ions
to surrounding soil and underground water during its
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transportation in the underground porous medium. In
order to effectively monitor metallic contamination
plume, we adopt the self-potential method to measure
redox potential induced by metallic ions and use the
extended Kalman filter to process observed self-potential
data. Through metallic ions diffusion model construction
and self-potential observation, we build an extended
Kalman filter cycle to perform dynamic imaging of
metallic contamination plume.

2 Description of method

2.1 Dynamic geoelectric modeling

In the process of metallic contaminant diffusion in
underground porous medium, the movement of fluid in
saturated porous media is governed by [21]

v=—£(VP+ngz) (1)
du

where v is the Darcy velocity; K is the permeability; ¢ is
the porosity; u is the dynamic viscosity of the pore fluid;
P is the differential pressure; p is the fluid density; g is
the acceleration of the gravity; and z is the height
difference.

Let some abstract particles unify specific metallic
ions, and then the activities of metallic contamination
can be treated as a macroscopic embodiment of all
particles’ movement. At time £, the location of particle i
can be denoted as

XF = XMy vtr)de ()

where X lk ! is the location at time A—1; dr is the time
interval or time step; and r, is a random velocity used to
simulate the anisotropy and the motion noise of particles.

After all particles’ locations are certain, the relative

particle concentration (S) can be expressed as
S:I’l/I’la” (3)

where #n is the number of particles in a grid, and n,, is the
number of particles in the whole space.

According to the Archie’s law, the electrical
conductivity of porous media is mainly governed by the
pore fluid.

o=(/a)o,¢"B; @)

where o is the electrical conductivity of the solution
saturated porous media, a is the tortuosity factor, oy
represents the electrical conductivity of the solution, ¢
denotes the porosity, B,, is the solution saturation, m is
the cementation exponent of the porous media, and ¢ is
the saturation exponent. In a metallic contaminant
diffusion case, all the parameters can be regarded as
constants except the solution saturation. And the solution
saturation varies proportionally with the metallic ion

concentration.

Thereby, a linear relationship between the electrical
conductivity distributions of the porous media and the
metallic ion concentration can be built by using a linear
coupling coefficient k.

a(S)=k.S %)

Considering the movements of metallic ions in
porous medium as a dynamic system with electrical
conductivity distribution variation, the model state at
present time k can be evolved from the model state at
previous time £—1 of the dynamic system.

O-(S)/(:I_I/(O-(S)k* 1 +Wk (6)

where H, is a nonlinear state evolving operator
determined by the diffusion model based on the Darcy’s
law. For simplicity, rewrite Eq. (6) as

M=HM;—+twy (7

where H is the state evolving operator; M, is the model
state expressed by the relative particle concentration S;
and wy, is the process noise which is assumed to be drawn
from a zero mean multivariate normal distribution with
covariance Q.

wi~N(0, Q) ®)

2.2 Self-potential observation

While a solution of metallic ions flows through a
porous medium, there will be complex redox reactions
accompanied. The redox potential can be calculated by
Nernst formula [22]:

Ey=2.3(kgtle)p, ©)

where kg is the Boltzmann constant; ¢ is the absolute
temperature; e is the elementary charge of the electron;
and p, is the relative electron activity.

In this case, the redox potential induces
self-potential anomalies when it is monitored on the
ground. The self-potential and redox potential obeys the
Poisson’s equation.

V:(6Vp)=-V-(6VEy) (10)

where o is the electrical conductivity of the underground
medium; and ¢ is the self-potential.

Define Z; to be the self-potential data measured
from model M;, at time %, and then,

Zk:FMk+Vk (11)

where F is the nonlinear forward calculating operator
denoting the solving process of Eq. (10) by using the
finite element method or other numerical simulation
methods; and v, is the observation noise which is
assumed to be drawn from a zero mean multivariate
normal distribution with covariance R.

vieN(0, R) (12)
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2.3 Extended Kalman filter imaging

The extend Kalman filter is the nonlinear version of
the Kalman filter. It can be built on a model state
equation and a model observation equation. In the
underground porous medium, the model state equation of
metallic ions diffusion can be expressed as Eq. (7), and
its corresponding self-potential observation equation is
defined by Eq. (11). While the initial model state M,, the
process noise {w;, ***, wy} and the observation noise
{v1, ***, v} are independent of each other, Egs. (7) and
(11) can be used to form an extend Kalman filter for the
dynamic process of metallic ions diffusion.

As a recursive estimator, the extended Kalman filter
can keep using a previous state estimation and the
present observation data to calculate the present state
estimation. Each recursive process is divided into two
phases, predicting and filtering, of each recursive process.
In the predicting phase, a present state estimation is
evolved from the previous state estimation. This present
state estimation is named as a priori state estimation, and
denoted by M K1 and its corresponding covariance
Pk‘ 1 - The predicting calculation is shown as follows:

Mk\k—l = HMk—l\k—l (13)
B =VHE iy (VH)' +0, (14)

In the filtering phase, the priori state estimation is
corrected by the present observation data Z;. The refined
state estimation is called as a posteriori state estimation,
and denoted by M Kk and its corresponding covariance
Pk‘ . - The filtering calculation is shown as follows:

Mk\k :Mk\k—l + Ky (Z _FA;[k\k—l) (15)

Py ==K NVF)PBy (16)

where K is the Kalman gain,

K =Py \VF' (VFPy VF' +R)” (17)

As shown in Fig. 1, by repeating this process of
predicting and filtering, the Kalman filter can provide a
series of state estimation to reconstruct a dynamic
process and achieve the dynamic imaging.

3 Results

3.1 Dynamic imaging using synthetic data

During the metallic contamination self-potential
monitoring, a series of self-potential data will be
acquired. Continuously inputting the observation data
into the extended Kalman filter, a series of refined model
corresponding to the observed data will be output. This
process can be regarded as dynamic imaging for metallic
contamination  diffusion based on  monitoring
self-potential data.

/ Initialize a model M /

k=k+1

Monitoring

data set Z

Predict: calculate My, and Py, by
Egs. (13) and (14), respectively

Filter: calculate M, and Py by
Eqgs. (15) and (16), respectively

/ Save and output corrected model /

Fig. 1 Flowchart of dynamic imaging

In order to evaluate the dynamic imaging algorithm,
a numerical dynamic model was built to produce
synthetic data. The 2D model area with a background
electrical conductivity 1x107 S/m is divided to 30x30
grids, and the grid sizes are 0.1 m x 0.1 m. By following
the time step, particles gathered at the center of the top
section spread out as Eq. (2). The aim is to simulate the
transportation of metallic contamination plume in an
underground porous medium. In this numerical model,
3000 particles are employed. And the permeability, the
porosity, the dynamic viscosity of solution and the fluid
density are set to be 1x10™"" m/s, 30%, 1x10° Pa-s and
1x10° kg/m’, respectively. Thus, according to Eq. (1), the
Darcy velocity varies proportionally with the depth along
y direction. With the model involved, the particles
continue to diffuse and form a series of synthetic
geoelectric section at different time step.

For convenience, the ratio of the -electrical
conductivity to the background, named the relative
electrical conductivity, was used to describe the synthetic
geoelectric  sections. Figure 2
electrical conductivity distribution snapshots of the
particles diffusing process at time steps of 10, 30, 60,
100, 150 and 210, respectively.

The synthetic self-potential observation data can be
obtained by forwarding these geoelectric model sections
at different time steps. The finite element method was
used to perform the forward and calculate the electric
potential distribution. Then, the surface data points were
selected with 5 cm interval to simulate a self-potential
observation dataset. And a random noise of 30% of
the self-potential values are added respectively to the

shows six relative
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Fig. 2 Relative electrical conductivity distribution snapshots of 2D dynamic model at different time steps: (a) 10; (b) 30; (c) 60;

(d) 100; (e) 150; (f) 210

synthetic data for each time step. These added noises are
used to simulate the observation errors generated during
the process of acquiring field data from a noisy
measurement. Figure 3 shows the synthetic self-potential
observation data at time steps of 10, 30, 60, 100, 150 and
210, respectively. The solid blue line is drawn from the
directly forwarded data, and the red dashed line is drawn
from the noise added data.

By following the flowchart as Fig. 1, we input the
noise added synthetic self-potential data into the
extended Kalman filter recursion to perform the dynamic
imaging. After alternately predicting and filtering, a
series of resulting model sections were output.

As shown in Fig. 4, there are relative electrical
conductivity distribution sections calculated from the
corresponding synthetic self-potential observation data at
time steps 10, 30, 60, 100, 150 and 210, respectively.
Comparing Fig. 4 with Fig. 2, the dynamic imaging

results match the original models very well. This
demonstrates that the extended Kalman filter algorithm
achieves dynamic imaging with high accuracy and a
good performance on anti-noise.

3.2 Dynamic imaging using self-potential monitoring
experiment data

A metallic ions diffusion monitoring experiment has
been implemented in a sandbox in laboratory. Then, the
laboratory measured time-lapse self-potential data were
used to recover the diffusion process by the Kalman
dynamic imaging. The sandbox is 1.0 m long, 0.5 m
wide, and 0.5 m high. It was open at the top and filled
with saturated fine sand with an average grain size of
approximately 0.25 mm. And a small amount of KMnO,
solution was uniformly mixed into the sand. A container
filled with saturated FeCl, solution was set on top of a
sandbox. The FeCl, solution can be dripped into the sand
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Fig. 3 Synthetic self-potential observation data at different time steps: (a) 10; (b) 30; (c) 60; (d) 100; (e) 150; () 210

from the small opening hole on the bottom of the
container. The leakage of the FeCl, into the sandbox will
cause sand to change its electric conductivity due to the
effects of the highly concentrated ferrous ions. Meanwhile,
the ferrous ions react with KMnQO, in the sandbox and
induce redox reactions. The ionic reaction is as follows:

(19)

These redox reactions may induce self-potential
anomalies that can be measured on the sand surface. As
shown in Fig. 5, in order to measure the self-potential, a

5Fe*’+ MnO}, +8H "=Mn*"+5Fe*"+4H,0

strip fixed with 18 lead wire non-polarized electrodes is
placed on the top of the sandbox. Each electrode is 5 cm
apart except electrodes 9 and 10 which is set to be 10 cm
apart. Meanwhile, a reference electrode is set on the
bottom of the sandbox. The self-potential differences
between each of the measuring electrodes and the
reference electrode are recorded by a multi-channel
electric instrument. The instrument is named as
WGMD-60 resistivity measurement system initially
manufactured for resistivity, self-potential, and other
geophysical exploration.
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Fig. 4 Relative electrical conductivity distribution snapshots of reconstructed model by dynamic imaging at different time steps:
(a) 10; (b) 30; (c) 60; (d) 100; (e) 150; (f) 210
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KMnO, solution

Fig. 5 Experimental setup: (a) Sketch of electrode system; (b) Photo of setup
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Before the FeCl, solution starts to leak into the
sandbox, the initial self-potential signals are measured at
each electrode. All the measuring electrodes have
potential values from —0.5 to 0.9 mV. The self-potential
monitoring starts immediately after the FeCl, begins
leaking. The self-potential data of each measuring
electrode are recorded within a time interval of 30 s. All
the measuring electrodes show some changes in their

(2)
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self-potential values while FeCl, solution is leaking into
the sandbox. The multi-channel electric instrument
shows a rapid down stroke of negative potential within
the solution diffusion range. It also shows that the further
the electrodes are away from the FeCl, diffusion center,
the smaller the amplitude variation of self-potential
signal is. Figure 6 shows the recorded monitoring
self-potential curves at time from 30 to 240 s.

~
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< |
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Fig. 6 Monitoring self-potential data recorded on electrodes in sandbox at different time: (a) 30 s; (b) 60 s; (c) 90 s; (d) 120 s;

(e) 150s; (f) 180 s; (g) 210 s; (h) 240 s
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Fig. 7 Dynamic imaging of monitoring data at different time: (a) 30 s; (b) 60 s; (c) 90 s; (d) 120 s; (e) 150 s; (f) 180 s; (g) 210 s;
(h) 240 s

Then, these monitoring self-potential data are
processed by the Kalman dynamic imaging cycle. In a
similar way to the synthetic case, the model state of the
metallic ions diffusion evolves depending on the Darcy’s
equation. Then, the Archie’s equation is used to
transform the ionic concentration distribution to the
electrical conductivity distribution. And the self-potential
observation data were used to refine the electrical
conductivity distribution. As the dynamic imaging results,
a series of relative electrical conductivity distribution
models were output. As shown in Fig. 7, these are
imaging results at time from 30 to 240 s, respectively.

According to the results calculated from the Darcy’s
model [21], the FeCl, plume reaches the bottom of the
sandbox at time 180 s. The imaging results of
self-potential monitoring data align well with the
theoretical results. As shown in Fig. 7, the relative
electrical conductivity distribution varies little after at
time 180 s because the diffusion slowed down rapidly
after the plume reaches the bottom. That means the
dynamic imaging method is effective to invert the
self-potential monitoring data and recover the dynamic
process of metallic ions diffusion.

4 Conclusions

1) Based on the electrochemical properties of
metallic ions, self-potential method was used to monitor
the underground metallic contaminants. And a
corresponding dynamic imaging method was proposed to
interpret the monitoring self-potential data by using the

ylem
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extended Kalman filter.

2) Like other geophysical inversions, it is very
difficult to recover a geoelectric model exactly only by a
single self-potential observation. Thereby, instead of
using regular inversion methods, the Kalman filter
technique was used to perform dynamic imaging for the
self-potential monitoring data. By combining the model
evolving information with self-potential observation data
to minimize possible inversion artifacts, the Kalman
filter recursion can exactly recover the process of
metallic ions diffusion in porous medium.

3) The noise added numerical test demonstrates that
the dynamic imaging method can interpret self-potential
monitoring data successfully. It also shows that the
algorithm is effective, robust, and tolerance to noise.

4) The laboratory experiment proves that the
metallic ions diffusion in porous medium can be
monitored effectively by self-potential observation.
Also, the laboratory monitoring data test proves that
the dynamic imaging method can precisely retrieve
the metallic ions plume even with being given very
limited observation data at each time step. That is

very meaningful to real metallic contamination
monitoring.
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