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Abstract: A mass transfer mathematical model was developed based on oneside plate steady state ultrafiltration

(UF), and the numerical solution was obtained by Crank-Nicolson finite difference method. The effects of the feed

concentration, channel length, axial velocity, and diffusion coefficient on the concentration at membrane surface and

the concentration profiles were investigated. Furthermore, the operation parameters and the parameters of mem-

brane module were all transformed into dimensionless ones, and the parameter rejection was included in the mass

transfer model, therefore, it can be used to calculate the steady-state ultrafiltration with different rejections. The

model was used for the calculation of the ultrafiltration of metak cutting oil emulsion. The results show that the con-

centration polarization can be reduced by increasing the axial velocity to some extent, but the reduction of concentra-

tion polarization is very small when the resistance of ultrafiltration is very great.
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1 INTRODUCTION

Ultrafiltration( UF) is a pressure-driven mem-
brane separation process widely used for separation
of macromolecules, colloidal particles from liquid,
and the treatment of oil emulsion. Many mathe
matical models describing the steady-state ultrafil-
tration have been developed based on concentration
polarization and membrane fouling in ultrafiltra-

1" but they are almost based on hollow fiber

tion
membranes or tubular membranes'”™'”. The foul-
ing index can also be applied in a model to predict
fouling during ultrafiltration'™, both Navier
Stokes and Darcy s law may be used for the calcu-
lation of filtration with tubular membranes' "' .
However, up to know, there are few models
on cross-flow plate ultrafiltration. The distribution
of concentration is symmetrical because of the sym-
metry of the membrane module, for example, the
concentration profile of hollow fiber is symmetrical
on the axis, and the concentration of two-side plate
cross-flow UF is symmetrical on the central plane.
Furthermore, the rejection of the solute is not con-
sidered in most UF models, that is to say, the de-
fault value of rejection is 100% . In fact, the rejec
tion of the solute is not complete in most circum-
stances. Thus, the parameter rejection is essential
to be considered in a mathematical model so that
the models can be used to solve the practical prob-
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lems. However, there have been few mathematical
models reported for oneside plate cross-flow ultra-
filtration. In this paper, a mass transfer mathe-
matical model for one-side plate steady-state ultra-
filtration is developed, and numerical results are
obtained by application of Crank-Nicolson finite
difference according to the boundary conditions and
experimental conditions''”. The calculated results
can be used for the design of the membrane module
and the selection of the operation conditions.

2 MODEL

The mass transfer mathematical model for
one side plate steady-state ultrafiltration can be de-
duced according to the principles of transfer as

u'ac+1j'ac:D'aL2+D,'aLZ (1)

Ox Oy " Ox’ " 0y’
where u and v are the axial velocity and trans-
verse velocity, respectively, c¢ is the concentration,
D. and D, are the axial diffusion coefficient and the
transverse diffusion coefficient, m?>/s, respective

ly.
Boundary conditions are given by
(0, y) = c (2)
c(x, H) = co (2)
& //
vRe+ Dypi| =0 (2)
where c¢o and ¢, are the concentration of the feed
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and the permeate, respectively, H is the height of
the channel, L is the length of the channel, as
shown in Fig. I, R is the rejection of the solute.
R= @;—C“ x 100% (3)
p
Then Eqn. (1) can be non-dimensionalized as

e,y L @c, 1 H &
oX oY Pe, 0Y? Pe. L 0X*
(4)
Let
- & _ X o _ L _ A _
X = 7 Y= H ¢ = o U= o V= 0o’
_ wl _wH , wH
Pee= "> Per="p o b= 0L
where Pe. and Pe, are the axial Peclet number

and the transverse Peclet number, respectively.

Because Pe. > Pe,, il< 1, Eqn. (4) can be

written as
o o 1 Q¢
Uoax*Vor= pe oy ()

/

And the boundary conditions Eqns. (2), (2),

/!

and (2) become

¢ (0, Y)=1 (6)

¢ (X, =1 (6)

V" -+ ]—)];%?LZO: 0 (6
L

= —
o'

p

Fig. 1 Schematic of one side plate cross-flow UF
3 RESULTS AND DISCUSSION

Eqn. (5) can be solved by using Crank-
Nicolson finite difference method''”. The parame-
ters used in this model are determined by the mem-
brane module and the operating conditions. Unless
specifically stated, the parameters are given in Ta-
ble 1, where Ap is transmembrane pressure, Ra
and R: are the intrinsic membrane resistance and
the total resistance of membrane process, u is the

axial velocity.

3.1 Effects of rejection on concentration at menr
brane surface

The metakNaCl modified PVA-CA blend UF
membrane were used to treat the O/ W cutting oil
emulsion, and the average concentration at the
membrane surface was calculated at the steady
state at transmembrane pressure 0. 30 MPa, the
results are shown in Fig. 2, where J is steady-state

Table 1 Values of model parameters
and coefficients

Parameter Value
L/m 0.11
H/m 0.04

Ap/ M Pa 0.30
Ru/(10° m™") 1.083
R/ (10% m™ ")

w/ (me*s ') 0.053
D,/(m**s ") 1x 107"

permeate flux, L *m™ > * h™', w is the mass frac
tion of cutting oil, R is the rejection, and the value
to which the dash line pointed is the experimental
value, cm is the dimensionless concentration at the
which is defined as cm =
c¢m/co , here cm is the concentration at the mem-
brane surface.

Fig. 2 shows that the concentration at the
membrane surface increases with the rejection of

membrane surface,

oil under a certain operation condition, when the
concentration of the emulsion increases the steady-
state flux decreases and also the dimensionless con-
centration at the membrane surface at the same re-
jection.

3.2 Effects of channel length on concentration at
membrane surface

Fig. 3 shows the correlation of the concentra-
tion at membrane surface and the channel length at
transmembrane pressure 0.30 MPa and the feed
velocity 0.053 m/s. It illustrates that the concen-
tration at membrane surface increases with the dis-
tance from the entrance of the module, the concen-
tration at membrane surface is small but it increa
ses greatly within one fifth of the length. The con-
centration polarization also increases with the
length of the channel. Thus, the long channel does
not help to prevent concentration polarization and
the fouling of the membrane.

3.3 Effects of distance from membrane surface on

concentration

Fig. 4 shows the correlation between concen-
tration and the distance from the surface of the
membrane at transmembrane pressure 0. 30 MPa
and the feed velocity 0. 053 m/s, where the mass
concentrations of the emulsion in Figs.4(a) and
(b) are 0.5% and 1.0%, respectively. Fig.4
shows that the closer the distance from the surface
of the membrane, the greater the concentration,
and the increment of the concentration is in the

range Y <0. 025.
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Fig.2 Curves of concentration vs rejection at membrane surface
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Fig. 3 Curves of concentration at membrane surface vs distance to entrance of channel
(a) —w= 0.5%; (b) —w=1.0%

3.4 Effects of velocity on concentration at menr
brane surface

Fig. 5 shows that the concentration at mem-
brane surface decreases with the increase of the ax-
ial velocity of the fluid. When the axial velocity is
small (u< 0.25 m/s), the concentration decreases
greatly with increment of the velocity, when the
velocity is greater than 1.0 m/s, the concentration
decreases very slowly with the increment of the ve
locity, and the increment of the velocity contrib-

utes little to the reduction of concentration polari-
zation. Furthermore, it illustrates that the reduc
tion to concentration polarization is very little if
only by increasing the velocity, when the total re-
sistance of the ultrafiltration is great ( Fig. 5(¢) and
(d)).

brane is heavy and the resistance of concentration

It also shows that the fouling of the mem-

polarization is far less than the fouling resistance,
in order to eliminate the fouling of membrane,
cleaning is needed. Indeed, great velocity has ac
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Fig. 5 Curves of concentration at membrane surface vs axial velocity
(a) —R.= 3.001%x 10"/ m; (b) —R.= 4.321%10"”/m; (¢) —R.= 5.402% 10"/ m; (d) —R.= 6.837x10"/m

tive action on the elimination of concentration po-
larization, and the turbulent fluid may take some
effects on the cleaning of the surface of the mem-
brane. But great velocity may bring about the in-
crease of the energy consumption.

3.5 Effects of diffusion coefficient on concentra-
tion at membrane surface

Fig. 6 shows that the concentration at mem-

brane surface decreases with the increase of the dif-

fusion coefficient under the same operation condi

tions. When R= 0.9, diffusion coefficient increase
from 0. 5% 107" to 1.0 x 10" m?*/s, the dimen-
sionless concentration at membrane surface decrea-
ses from 100. 49 to 40. 48, but when diffusion coef-
ficient is greater than 2. 0 x 10" m*/s, the con-
centration at membrane surface decreases very
slowly with the increase of the diffusion coeffi-
cient. Diffusion coefficient increases from 2. 0 X
100" to 5. 0 x 10" " m?/s, the dimensionless con-
centration at the membrane surface decreases from

18.66 to 7. 62 at R= 0.9.
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