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Abstract: The cylindrical part of sheet metal based on hot-granule medium-pressure forming (HGMF) technology was investigated. 
The stress functions of the free deformation zone and the fracture instability theory were combined to establish the analytical 
expression of the critical pressure of punch. The results show that the active friction between the granule medium and the sheet  
metal, as well as the non-uniform internal pressure presented by the solid granule medium, can obviously improve the forming 
performance of the sheet metal. The critical pressure of punch increases with the increment of the friction coefficient between the 
granule medium and sheet metal, as well as the plastic strain ratio, whereas it decreases with the increase of the material-hardening 
exponent. Furthermore, the impact on the critical pressure from high to low order is the plastic strain ratio, the friction coefficient, 
and material-hardening exponent. The deep-drawing experiment with HGMF technology on AZ31B magnesium alloy sheet verified 
the instability theory. 
Key words: hot-granule medium-pressure forming; deep-drawing; instability; cylindrical part 
                                                                                                             
 
 
1 Introduction 
 

Structural components with lightweight sheets, such 
as magnesium and aluminum alloys, are widely applied 
in the automobile, aerospace, and other industrial fields 
because of the urgent need for low energy consumption 
and low emission [1]. Traditional forming method by 
drawing involves serious difficulties, such as high cost, 
low efficiency, time consuming and human resources 
used during the die designing, manufacturing and trouble 
solving because of the poor formability of lightweight 
alloy sheets at room temperature. 

In recent years, warm/hot flexible-die forming 
technologies, such as warm hydroforming [2−6], super 
plastic forming process [7], quick plastic forming 
process [8], and viscous medium forming [9,10], 
exhibited considerable breakthroughs. In these 
technologies, fractures and wrinkles are the main issues 
involved in the sheet-forming task. In Refs. [11,12], the 
method of combining theoretical analysis with a test was 

adopted to obtain the critical blank-holder force for the 
deep-drawing of cylindrical parts. In Ref. [13], the 
fracture instability for deep-drawing by hydroforming 
was studied. 

The theoretical results and engineering experiences 
in warm/hot flexible-die forming are extensive, and these 
technologies have been excellent options for the 
manufacture of components with lightweight materials. 
However, current theoretical studies are only based on 
liquid/gas forming technology with uniform distribution 
of internal pressure and non-friction. 

Hot-granule medium-pressure forming (HGMF) is a 
technology in which the rigid punch/die (or elastomer, 
liquid, gas) is replaced by heat-resistant solid granules to 
conduct warm/hot flexible-die forming on sheet metals, 
as shown in Fig. 1. This technology overcomes the 
problem of sealing in warm/hot forming and excessive 
thinning during forming because of the active friction 
and non-uniform distribution of internal pressure. 
Producing certain parts with complex cross-sections 
using this technology is possible. A number of local and 
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Fig. 1 Schematic of PGMF technology 

 
international researchers have conducted detailed studies 
on this technology [14−20]. 

Theoretical researches on HGMF technology with 
friction and non-uniform distribution of internal pressure 
are not mentioned in existing studies. Therefore, in the 
present study, the instability of free deformation zone of 
cylindrical parts was investigated based on the HGMF 
technology. The influences of process parameters on 
critical pressure of punch, such as friction coefficient 
between granule medium and sheet metal, comparison 
between plastic-strain ratio and material-hardening 
exponent, and the feasibility of AZ31B magnesium alloy 
sheet using HGMF technology were explored. 
 
2 Basic assumptions 
 

Based on the characteristics of HGMF technology, 
the following hypotheses are proposed: the sheet is in the 
plane-stress state with the normal stress ignored; the 
thickness of the sheet metal is considered to be constant 
during the drawing process; the shear stress generated by 
friction is very small, and thus the direction of the 
deformation principal axis of the sheet metal does not 
change; and the stress–strain relationship of the sheet 
metal conforms to the Holloman constitutive    
equation [21,22] as follows: 
 

nK                                    (1) 
 
where   is the equivalent stress, K is the strength 
coefficient, n is the material hardening exponent, and   
is the equivalent strain. 

The transfer pressure (ph) by solid granule medium 
regularly attenuates with the pressure-transfer distance, 
and the attenuation law is expressed as follows [14]: 
 

NMhp
h

                                 (2) 
 
where 1

1 b2 /b
wM a p r   ; N=p1 and μw is the friction 

coefficient between granule medium and sheet metal; a 

and b are the constants of lateral pressure coefficient, 
which are measured by a test; h is the pressure-transfer 
distance of the granule medium; rb is the radius of the 
granular charging barrel system; p1 is the pressure of 
punch; and ph is the transfer pressure at the distance of h. 

The sheet metal during the HGMF process is in a 
free drawing-bulging state before it adheres to the 
bottom of the die. The free deformation zone can be 
approximately regarded as a spherical cap and its 
meridian plane can be denoted by a circle function. 

Fracture instability mostly occurs in the free 
deep-drawing zone according to the HGMF test, as 
shown in Fig. 2. When the sheet metal adheres to the 
cylinder wall of the die, the free-forming process can be 
divided into two stages, namely, the forming stages of 
die fillet and straight wall. 
 

 

Fig. 2 Cylindrical parts with fracture instability (material: 

AZ31B): (a) Forming stage of die fillet; (b) Forming stage of 

straight wall 

 
3 Stress distribution in free deformation 

zone 
 

The stress analysis was conducted in the free 
deformation zone based on PGMF technology with the 
forming stages of die fillet and straight wall. 
 
3.1 Forming stage of die fillet 

The forming stage of the die fillet on the part is 
presented in Fig. 3. The sheet metal is gradually drawn 
into the die fillet under the internal pressure of granule 
medium, and the wrap angle α of the sheet metal to the 

 

 

Fig. 3 Mechanical analysis of free deformation zone (0<α<90°) 
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die fillet satisfies the relationship 0°<α<90°. In this 
forming stage, the forming height H of the part satisfies 
the relationship 0<H<rd+rb. The radius of the spherical 
cap at the bottom of the part is assumed as R, with the 
spherical center z0 of the spherical cap in the free 
deformation zone regarded as the vertex. z0F is regarded 
as the medial axis, a conical surface through any point E 
in the free deformation zone, and is cut from the 
deformed parts for mechanical analysis. 

In Fig. 3, t is the thickness of the sheet metal; R is 
the radius of free deformation zone; z0 is the center of 
fitting circle of the free deformation zone; σEρ is the 
stress in the meridional direction of any point E in the 
free deformation zone; φ is the angle between the normal 
line of any point in the free deformation zone and the 
perpendicular axis;  is the angle between shear conical 
surface and perpendicular axis; H is the forming height 
of the part; H0 is the initial height of granule medium; X 
is the distance between the bottom of the punch and the 
surface of the flange; α is the angle in which the sheet 
metal covers the die fillet; rd is the radius of the die fillet; 
rb is the radius of the die cylinder; rj is the radius at any 
point of the part; rE is the radius at any point E of the 
spherical cap; pm is the internal pressure on the surface of 
the sheet metal by granule medium; μw is the friction 
coefficient between the granule medium and sheet metal; 
and ζ is the lateral pressure coefficient of the granule 
medium. 

The meridian plane of the free deformation zone 
can be approximately denoted by the circle function 
model, i.e.,  

0
22)( zrRrf jj                          (3) 

 
When 0<H<rd+rb,  
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Suppose that the initial height of the granule 

medium is H0, and the distance between the bottom of 
the punch and the surface of the flange is X when the 
spherical cap is completely filled with the granule 
medium by compression. The volume of the granule 
medium remains constant during the deformation process 
because the granular volume compressibility of PGMF 
technology is around 5% [16]. The following 
relationship can be obtained (the thickness of sheet metal 
is ignored):  
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Thus, the expression of height X is obtained:  
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According to Eq. (6), the pressure-transfer distance 
h at a certain point can be expressed as  
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By combining this equation with Eq. (2), the 

expression of ph, which is parallel to axis z at the certain 
position, can be obtained.  
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   (7) 

 
The micro-unit mechanical model of the granule 

medium on the inner surface of the sheet metal is used as 
the object, as shown in the inset of Fig. 3. In the 
micro-unit, the normal stress ph is parallel to axis z. The 
lateral stress ζph, the counterforce pm of the sheet metal, 
and the friction μpm on the surface of the sheet metal 
constitute an equilibrium force system. The equilibrium 
equation along the normal direction of the surface of the 
sheet metal can be denoted as  

)sin(cossincos   hhhm pppp       (8) 
 
and the static equilibrium equation of the cut deformed 
part (the zone of heavy line) along axis z can be denoted 
as  
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When Eqs. (8) and (9) are combined, the following 

expression is obtained:  
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By solving Eq. (10), the meridional stress at any 
point E in the free deformation zone is expressed as  
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When 0<H<rd+rb is combined with Eq. (4), I can be 
expressed as 
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The generatrix radius Rρ and the latitude line radius 

Rθ of axisymmetric shell can be denoted as 
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Equation (3) is substituted into the preceding 

expressions, and then 
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When Eqs. (11), (12), and the Laplace equation are 
combined, the result is 
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where p is the internal pressure of the granule medium. 
The circumferential stress of any point E in the free 
deformation zone can be obtained. 
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where I is the same as that in Eq. (11). 

When 0<H<rd+rb, the radius R of the spherical cap 
in Eqs. (11) and (14) can be denoted as Eq. (4). 

To more intuitively express the law of stress 
distribution in the free deformation zone during the stage 
of die-fillet forming, under the condition that the forming 
temperature T=300 °C, AZ31B magnesium alloy sheet is 
adopted as the research object, and the relevant 
parameters are shown in Table 1. When H0=70 mm, 
H=40 mm, and the pressures of punch p1 are 4 and     
5 MPa, respectively, the distribution of the meridional 
stress and the circumferential stress is obtained, as shown 
in Fig. 4. From the spherical center to the die fillet, the 
meridional stress σρ firstly increases and then decreases 
slightly, whereas the circumferential stress σθ shows a 

downtrend. When the angle φ≥20°, the meridional stress 
significantly decreases and is near 0 MPa around the die 
fillet. 
 
Table 1 Parameters of deep-drawing on sheet metal 

ζ a b μw T/°C rb/mm rd/mm t/mm

0.3 0.23 0.14 0.2 300 40 8 1 

 

 

Fig. 4 Curves of stress distribution in free deformation zone 

during die-fillet forming 

 
When φ is 0°, sin φ=0 occurs in the denominator of 

Eq. (10), and thus the limit calculation is necessary to 
obtain the limit of the following equation: 
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According to L’Hôpital’s rule, σρ and σθ at the 

vertex of the spherical cap (φ=0°) can be solved as 
follows: 
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According to the preceding expression, the sheet is 

in equibiaxial tension stress state at the vertex of the 
spherical cap. 

If the shape of the punch is adjusted, and uniformly 
distributed pressure pj is placed on the sheet metal by the 
granule medium, then σρ and σθ can be denoted as 
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Referring to the parameters in Table 1 and assuming  
that pj=4 MPa, pj=5 MPa and H=40 mm, the distribution 
curves of σρ and σθ are obtained, as shown in Fig. 5, 
which greatly differ from those in Fig. 4 (non-uniformly 
distributed pressure). The variation trends of σρ and σθ  
are symmetrical to the horizontal medial axis, and    
the difference between them is the result of frictional 
stress. 
 

 

Fig. 5 Curves of stress distribution under uniformly distributed 

pressure 

 
If μw=0, Eq. (15) becomes 

 

 
2t

Rp j                               (16) 

 
Then, the free deformation zone of the deformed 

part is in the equibiaxial tensile stress state, and the 
meridional and circumferential stress values are 
determined by pj. R and t are consistent with those in 
hydroforming with the characteristics of uniform internal 
pressure and frictionless to sheets [19]. The stress curves 
of σρ and σθ in this state are merely the horizontal 
symmetric line, as shown in Fig. 5. When the friction is 
ignored and internal pressure is uniform, the forming 
mechanics of PGMF technology are evolved into the 
hydroforming. It can be seen that the theoretical research 
on PGMF technology considering friction and 
non-uniform internal pressure has universal significance, 
and the hydroforming is a special case of this process. 
 
3.2 Forming stage of straight wall of parts 

The forming stage of the straight wall of the 
cylindrical parts is shown in Fig. 6. When H≥rd+rb, the 
wrap angle α=90°. Meanwhile, the bottom shape of the 
part is close to the hemisphere whose radius is R=rb. 

When the initial height of the granule medium is H0, 
and the thickness of the sheet metal is ignored, according 
to the invariability of the granule medium volume, the 
following expression is obtained: 
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Then, the expression of X is obtained as follows: 
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where X may be either a positive or a negative value. 
When the value is positive, the punch is above the 
surface of the flange (the position denoted in Fig. 6); 
when the value is negative, the punch inserts into the 
cavity of the part. To analyze the entire spherical cap 
with free deformation, the lowest position of the punch 
discussed in this work is the junction surface of the 
spherical cap and the straight wall (the horizontal section 
through point D vertical to the z-axis). Then, for the part 
with forming height H, the pressure-transfer distance h at 
any point is 
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According to Eq. (2), ph at this position can be 

obtained as follows: 
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Based on the deduction process in the forming stage 

of the die fillet, the following expressions are obtained:  
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Fig. 6 Mechanical analysis of free deformation zone (α=90°) 
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where ph is denoted by Eq. (17). 
If the sheet sustains the uniform internal pressure pj, 

the meridional and circumferential stresses can be 
denoted as 
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If μw = 0, Eq. (20) can be degenerated into the form 

of hydroforming [22] and expressed as 
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HGMF technology can improve the drawing 

performance of sheet metal. Firstly, the friction between 
the granule medium and sheet metal is characterized as 
active friction, and the internal stress of the straight wall 
is reduced by the active friction distributed at the bottom 
and the straight wall of the part; thus, the risk of fracture 
is reduced. Secondly, the non-uniform distribution of 
internal pressure improves the plastic forming 
performance of the sheet metal by changing its stress 
state. Thirdly, during the free-drawing process, the 
spherical cap at the bottom bears most of the drawing 
forces; thus, the stress concentration at the punch fillet in 
the deep-drawing with traditional rigid punch can be 
avoided effectively. 
 
4 Deep-drawing instability model and effect 

of parameters 
 

According to Ref. [10], instability occurs when the 
critical meridional stress σcr fits the following condition: 
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where r is the plastic strain ratio of the material. 

Suppose that φ=φ0, the meridional stress σρ reaches 
the extreme value σρ(φ0). Set σρ(φ0)=σcr, and the relation 
equation of the parameters for the fracture instability of 
sheet metal in the HGMF technology is obtained based 
on Eqs. (11), (18), and (22). 

The forming stage of the die fillet of the part is 
expressed as 
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where M, N and I are the same as those in Eq. (11). 

The forming stage of the straight wall of the part is 
expressed as 
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where M and N are the same as those in Eq. (2), and 
 

b0 3

2
rHJ  . 

 
In the case of the forming stage of the die fillet, the 

effect of the parameters such as n, r and μw on the 
fracture instability of the sheet metal in the HGMF 
technology is studied. The critical pressure of the punch 
is defined as pc when critical fracture occurs. Refer to 
Table 1 and set H0=70 mm, φ0=π/6, and refer to the 
actual sampling ranges of the forming parameters and  
the change law of pc under different deep-drawing  
height H. 

Figure 7 shows the evolution of pc according to H at 
different n. The result indicates that pc gradually 
increases and tends to be constant with the deep-drawing 
of the part. Overall, as n increases, pc slightly decreases 
with the increase of H, but the variation amplitude is 
small. 



Miao-yan CAO, et al/Trans. Nonferrous Met. Soc. China 26(2016) 2188−2196 

 

2194

pc increases with the increment of r, and the 
amplitude increases with the rising H, as shown in Fig. 8. 

μw has an obvious effect on pc, and pc increases with 
the increment of μw. The increase in amplitude increases 
with the increase in H, which finally tends to be constant, 
as shown in Fig. 9. 
 

 
Fig. 7 Influencing curves of n (r=1, μw=0.12) 

 

 

Fig. 8 Influencing curves of r (n=0.16, μw=0.12) 

 

 
Fig. 9 Influencing curves of μw (r=1, n=0.16) 

 
pc increases with the increase of μw and r but 

decreases with n, as shown in Figs. 7−9. Moreover, the 

impact order on pc from high to low is r, μw, n. 
In the HGMF technology for sheet metal, 

maintaining the pressure of the punch within the critical 
value is necessary to ensure the drawing feasibility. To 
improve the qualification rate of drawing parts, the value 
of pc should increase as much as possible. The preceding 
analysis shows that in the sheet metal with a small value 
of n and large values of r and μw can be adopted, which is 
beneficial to deep-drawing. 

In the forming stage of the straight wall during free 
deep-drawing, the bottom of the part is basically 
hemispherical and nearly constant. ph is unrelated to H 
and is only associated with H0 (see Eq. (24)). 
Consequently, pc is a constant value at this stage, which 
is consistent with the fact that pc tends to be constant 
with the increase in forming height H in the forming 
stage of the die fillet (as shown in Figs. 7–9). 

 
5 Experimental verification 

 
To verify the theoretical results, an experiment of 

deep-drawing forming for the cylindrical part based on 
the HGMF technology was conducted on AZ31B 
magnesium alloy sheet, and the experimental device is 
shown in Fig. 10(a). The performance parameters of 
AZ31B magnesium alloy sheet were obtained by 
electronic universal testing machine InspektTable100, as 
shown in Table 2. 

 
Table 2 Material properties of AZ31B sheet (strain rate is  
0.01 s−1) 

Forming 
temperature/

°C 

Yield 
stress/ 
MPa 

Tensile 
strength/ 

MPa 

Strain 
hardening 

exponent, n

Plastic 
strain 
ratio, r

20 188 259 0.15 1.36 

200 54 74 0.12 1.31 

250 42 52 0.10 1.27 

300 38 45 0.08 1.2 

 
The experiment was conducted using the 3150 kN 

hydraulic machine, and the diameter of the punch is   
70 mm. Other relevant forming parameters of the 
experiment are shown in Table 1. The initial height of the 
granule medium is 70 mm, and the deep-drawing 
velocity 1 mm/s [14]. When the pressure of the punch 
exceeds the critical value, the fracture instability of the 
part occurs, as shown in Fig. 10(b). When the pressure of 
the punch is controlled within the critical value, the part 
with limit drawing ratio (LDR) of 2.41 can be 
successfully obtained, as shown in Fig. 10(c). 

The experimental pressure values of the punch are 
compared with the theoretical pressure values of the 
critical fracture under the preceding two conditions (as 
shown in Fig. 11). The theoretical analysis can guide the 
experiments effectively. 
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Fig. 10 Experimental device for deep-drawing and formed  

parts on AZ31B magnesium alloy: (a) Experimental device;  

(b) Fractured part; (c) Qualified part 

 

 

Fig. 11 Comparison between theoretical curves of critical 

punch pressure and experimental ones by HGMF technology 

 
6 Conclusions 
 

1) On the basis of the pressure-transfer attenuation 
law of solid granule medium, plastic mechanical analysis 
is conducted in the free deformation zone of the 
cylindrical parts of sheet metals based on HGMF 
technology, and the analytical expressions of the stress 
distribution at any point of the zone in the female die 
fillet forming stage and the straight wall forming stage 
are eventually obtained, which are associated with the 
parameters of the punch pressure, the initial medium 
height, the friction coefficient between the granule 
medium and the sheet. 

2) Based on the analytic expression of the stress 
distribution in the free deformation zone, the relation 
equation of the critical pressure of the punch is 
established and combined with fracture instability theory. 
The critical pressure increases with the increment of the 
friction coefficient between the granule medium and 
sheet metal μw, as well as the plastic strain ratio r, 
whereas it decreases with the increase of the 

material-hardening exponent n. Furthermore, the impact 
on pc from high to low order is r, μw, n. Finally, the 
instability theory is verified by the hot deep-drawing 
experiment for cylindrical parts with the HGMF 
technology on an AZ31B magnesium alloy sheet, and the 
LDR of 2.41 is obtained. 
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筒形件热态颗粒介质压力成形自由变形区失稳分析 
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摘  要：采用热态固体颗粒介质成形工艺对金属板材筒形件成形展开研究，得到板材变形过程中的应力分布函数，

并结合板材破裂失稳理论给出自由变形区冲头临界破裂成形压力的解析表达式。研究结果表明，颗粒介质所具有

的主动摩擦效应和内压非均匀分布特征能显著提高板材的成形性能；冲头临界破裂成形压力随颗粒介质与板材间

摩擦因数和材料塑性应变比的增加而上升，随材料硬化指数的增加而下降。各因素对冲头临界破裂成形压力影响

由大到小的顺序为塑性应变比、摩擦因数和硬化指数。最后，采用 AZ31B 镁合金板材 HGMF 工艺试验对失稳理

论进行验证。 

关键词：热态颗粒介质压力成形；拉深；失稳；筒形件 
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