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Abstract: In order to study the work-ability and establish the optimum hot formation processing parameters for industrial 1060 pure 
aluminum, the compressive deformation behavior of pure aluminum was investigated at temperatures of 523−823 K and strain rates 
of 0.005−10 s−1 on a Gleeble−1500 thermo-simulation machine. The influence rule of processing parameters (strain, strain rate and 
temperature) on flow stress of pure aluminum was investigated. Nine analysis factors consisting of material parameters and according 
weights were optimized. Then, the constitutive equations of multilevel series rules, multilevel parallel rules and multilevel series & 
parallel rules were established. The correlation coefficients (R) are 0.992, 0.988 and 0.990, respectively, and the average absolute 
relative errors (AAREs) are 6.77%, 8.70% and 7.63%, respectively, which proves that the constitutive equations of multilevel series 
rules can predict the flow stress of pure aluminum with good correlation and precision. 
Key words: 1060 pure aluminum; modified DMNR (double multiple nonlinear regression) constitutive equation; flow behaviour; 
multilevel series rules, multilevel parallel rules; multilevel series & parallel rules 
                                                                                                             
 
 
1 Introduction 
 

Industrial pure aluminum inherits general 
characteristics of aluminum, for example, small density, 
good thermal conductivity property, high causticity 
resistance and excellent plastic processing performance. 
Therefore, industrial pure aluminum is widely used in 
wire, cable and electronic parts, as well as household 
appliances, cooking utensils and so on [1,2]. In addition, 
an important application of pure aluminum is intricate 
shape forming because of its low strength and high 
ductility. It is well known that the deformation behavior 
of industrial pure aluminum is sensitive to the processing 
parameters such as temperature, strain and strain     
rate [3,4]. It is essential to make a relatively 
comprehensive research of the hot deformation behavior 
of industrial pure aluminum. 

Constitutive equation, which plays a vital role in the 
numerical simulation of material processing, is used to 
describe the flow stress varying with strain, temperature 

and strain rate [5]. Nowadays, two methods of 
phenomenological and physically-based constitutive 
models [6] have been proposed to predict constitutive 
behavior in a wide range of metals and alloys. For most 
of these physical models [7,8], the flow rule is based on 
the Orowan equation, and the hardening rule is 
associated with the theory of thermodynamics and 
thermally activated dislocation movement [5]. The 
phenomenological constitutive models, which consist of 
some mathematical functions, provide a definition of 
flow stress based on empirical observation, but they are 
usually used in limited application fields and exhibit less 
flexibility. Among them,  JC constitutive model enjoyed 
much success because of its simplicity and availability of 
parameters for various materials [9]. Besides, the Zerilli− 
Armstrong (Z−A) model [10] has been applied to 
different body-centered cubic (BCC) materials and 
face-centered cubic (FCC) materials at certain 
temperatures between room temperature and 0.6Tm (Tm is 
the melting point). While Z−A model is superior to the 
JC model when the coupled effect of temperature and 
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strain rate is considered, therefore, it has been widely 
used by commercially available FE software. Compared 
with other phenomenological models, Arrhenius 
constitutive model is widely applied to describing the 
relation among strain, strain rate, temperature and flow 
stress. REZAEI ASHTIANI et al [11] have established 
constitutive equations for elevated temperature flow 
behavior of purity aluminum (considering the 
compensation of strain). Nowadays, a constitutive 
equation named double multiple nonlinear regression 
(DMNR) with high precision was proposed [12]. 
However, six analysis factors are not enough, and not all 
of them exert a great influence on the flow stress. As a 
consequence, it is significant to focus on the research of 
DMNR constitutive equation. 

The purpose of this study is to establish the 
constitutive equation formed only by the major analysis 
factors. To achieve that, we did a series of thermal 
simulation compression tests on a Gleeble−1500 thermo- 
mechanical simulator at different deformation 
temperatures (523−823 K), strain rates (0.005−10 s−1) 
and true strain (0.9). Finally, constitutive equations about 
multilevel parallel rules and multilevel series & parallel 
rules were established according to the modified DMNR 
constitutive equation (multilevel series rules). 
 
2 Experimental  
 
2.1 Material and procedures 

The nominal chemical composition of 1060 pure 
aluminum used in this experiment is shown in Table 1. 
The compression specimens were processed into cylinder 
with diameter of 8 mm and height of 12 mm. Heat 
treatment prior to isothermal compressing was applied by 
annealing at 573 K for 2 h in order to remove residual 
stress and followed by furnace-cooling. The 
microstructure of the original sample is shown in Fig. 1. 
Besides, in order to minimize the friction between the 
specimen and fixture during the compression tests, two 
flat ends of the test specimen in the process were painted 
with a layer of nickel-based lubricant, and sticked on a 
piece of graphite foil with 0.0254 mm in thickness. 
 
Table 1 Chemical composition of 1060 pure aluminum (mass 
fraction, %) 

Si Fe Cu Mn Mg Zn Ti V Al

<0.25 <0.35 <0.05 <0.03 <0.03 <0.05 <0.03 <0.05 Bal.
 

The samples were protected by argon gas in the 
process of whole test, and the experiment adopted 
self-resistance heating in large current with heating rate 
of 10 K/s. The deformation temperature was measured 
by thermocouples which were welded to the center 
region of the specimen surface. As shown in Fig. 2, prior 

to hot compression, the specimens were heated to the 
deformation temperature and soaked for 3 min to ensure 
a homogenous temperature distribution. In addition, 
considering that the melting point of 1060 pure 
aluminum is 933 K, the isothermal hot compression 
experiments were carried out at deformation 
temperatures of 523, 573, 623, 673, 773 and 823 K and 
strain rates of 0.005, 0.01, 0.1, 1, 5 and 10 s−1, 
respectively. The isothermal compression reaches the 
true strain of 0.9. Then, the Gleeble−1500 thermal 
simulator automatically controlled the deformation 
conditions (temperature, displacement, displacement 
velocity) and collected the data of true stress and true 
strain throughout the experiment. After the test of each 
sample, the argon gas was removed rapidly and the 
sample was water-quenched to room temperature in 
order to keep the deformed microstructure. The load− 
stroke curves obtained from the compression tests were 
finally converted into true stress−true strain curves. 
Finally, the specimens were mechanically polished and 
then electro-polished at 30 V and −25 °C using a 5% 
perchloric acid solution. The evolution of the grain 
morphology at selected positions along the numerically 
determined material flow line was analyzed using  
EBSD [13]. 
 

 
Fig. 1 Microstructure of original sample 
 

 
Fig. 2 Experimental procedure for hot compression tests 
 
2.2 Results and analysis 

Although the lubricant was used to reduce friction, 
the friction between specimen and indentor will affect 
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the deformation of the specimen, and then it will become 
more and more obvious as the area of contact between 
the sample and the pressure head increases. As a result of 
uneven deformation, the measured stress needs 
correcting to reduce friction error. Figure 3 shows a 
simple representation of solid compression test before 
and after compression. 

ROEBUCK et al [14] proposed a friction correction 
criterion as follows: 
 

2
m

2
0 0

hR
B

h R
=                                 (1) 

 
where B is a barreling coefficient, h is the height of the 
sample after deformation, and Rm is the maximum radius 
of samples after deformation, h0 and R0 are the height 
and radius of the sample before deformation, respectively, 
and RT is the top radius of samples after deformation in 
Fig. 3. When 1<B<1.1, the difference between measured 
and true flow stress is small, and the measured stress 
curve does not need to correct the friction. However, 
when B>1.1, the measured stress curve needs to correct 
it. 
 

 
Fig. 3 Simple representation of solid compression test: (a) 
Before compression; (b) After compression 
 

Table 2 shows the calculated values of B under 
different deformation conditions, and according to the 
above criterion, none of the deformation samples need to 
correct the friction. 
 
Table 2 Calculated B at various deformation temperatures and 
strain rates 

B Strain 
rate/s−1 523 K 573 K 623 K 673 K 773 K 823 K

0.005 1.0701 1.0628 1.0657 1.0723 1.0748 1.0734

0.01 1.0694 1.0718 1.0764 1.0771 1.0783 1.0806

0.1 1.0685 1.0693 1.0716 1.0764 1.0786 1.0815

1 1.0697 1.0726 1.0752 1.0774 1.0791 1.0824

5 1.0724 1.0718 1.0758 1.0741 1.0762 1.0796

10 1.0716 1.0753 1.0739 1.0784 1.0792 1.0856

 
At homologous temperatures above 0.4Tm, plastic 

deformation is strongly influenced by thermally activated 

process, thus, the flow stress heavily depends on the 
temperature and strain rate [15]. Figure 4 describes the 
flow stress−strain curves of pure aluminum obtained 
from the isothermal hot compression tests at different 
temperatures and strain rates. In the initial stage, the flow 
stress increases almost linearly with strain up to the 
maximum, and reaches a peak value. Subsequently, some 
flow stress increases continuously to a higher state, 
whereas others decrease slowly to a steady state which 
shows a dynamic flow softening phenomenon [16]. 

Actually, the shape of the flow stress−strain curve is 
the external appearance of micro structural evolution. 
The initial rapid increase of stress is associated with the 
dislocation sliding, rapid proliferation and dislocation 
interaction. Then, the dynamic recovery (DRV) and 
dynamic recrystallization (DRX) weaken the effect of 
work hardening, as a result, a plateau is achieved. 
In the end, the flow stress entering the steady state region 
is attributed to the balance between work hardening and 
flow softening. Compared with static recrystallization 
(SRX), DRX is more frequently observed at elevated 
temperatures, but it is also observed in pure metals at 
relatively low temperature, such as temperature about 
0.3Tm [17]. Thus, DRX could occur in pure aluminum 
deformation at room temperature. The evolution of 
volume fraction of DRX is described as follows: for a 
fixed strain rate, the strain required for the same amount 
of volume fraction of DRX increases with decreasing the 
deformation temperature; whereas, for a fixed 
temperature, the strain required for the same amount of 
volume fraction of DRX increases with increasing the 
strain rate [18]. Combined with the flow stress−stain 
curves, we found that lower strain rate and higher 
temperature are beneficial to the occurrence of DRX. 
That is due to the fact that low strain rate and high 
temperature provide longer time for energy accumulation 
and higher motility at boundaries for the nucleation, 
growth of dynamically recrystallized grains and 
dislocation annihilation [19]. 

Figure 5 shows the EBSD microstructure of pure 
aluminum under different deformation conditions. The 
angles of boundary below 15° are delineated in black. 
The histograms show that most of the boundaries are low 
angle boundaries (<15°) in the materials [20]. Figure 5(a) 
presents the EBSD results of the sample compressed at 
623 K and strain rate of 5 s−1. The grain elongates 
perpendicular to the direction of compression, and grain 
boundary shows the sawtooth shape, which is attributed 
to dynamic recovery during deformation. In this process, 
screw dislocation gliding and edge dislocation climbing 
occur and lead to dislocation cancellation, as well as 
grain multilateral process. Figure 5(b) presents the EBSD 
results of the sample compressed at 623 K and strain  
rate of 1 s−1, most of the grain boundaries become more 
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Fig. 4 Flow stress−strain curves of pure aluminum at strain rates of 0.005 s−1 (a), 0.01 s−1 (b), 0.1 s−1 (c), 1 s−1 (d), 5 s−1 (e) and     
10 s−1 (f) 
 
irregular zigzag, and some new small grains form near 
deformation zone. Figure 5(c) presents the EBSD results 
of the sample compressed at 573 K and strain rate of   
1 s−1. There are many equiaxial and approximately 
equiaxial crystal structures. The grain boundaries are less 
obvious, only those grain boundaries distributed near the 
original grain boundary are obvious. Figure 5(d) presents 
the EBSD results of the sample compressed at 573 K and 
strain rate of 0.005 s−1. Fine grains fill the original grain, 
thus, dynamic recrystallization takes place and fine 
grains are achieved. 

It reveals that the flow stress decreases with 
increasing the temperature when the strain rate is 
constant, which is obvious in the flow stress−temperature 
curves shown in Fig. 6. While the trend of flow stress 
dropping with increasing the temperature in high 
temperature region is smaller than that in low 
temperature region [21], and the temperature reaching a 
certain flow stress shifts to higher value as the strain rate 
increases. The result indicates that hot deformation is 
controlled by the interaction between moving 
dislocations and point defects in the dislocation core 
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Fig. 5 EBSD microstructure of pure aluminum at strain of 0.9: (a) 623 K, 5 s−1; (b) 623 K, 1 s−1; (c) 573 K, 1 s−1; (d) 573 K, 0.005 s−1 
 
area. Atomic average kinetic energy increases and critical 
shear stress decreases with increasing the temperature. 
Both of them are beneficial to crystal slip and can reduce 
the block of dislocation movement. In addition, it is 
easier for dynamic recovery and recrystallization to 
occur at a high temperature, which can lower the 
dislocation density. The work hardening process is 
constantly offset by the processes of recovery and 
recrystallization in the state of thermal plasticity. As 
shown in Fig. 6, when the strain rate ranges from 0.005 
to 5 s−1, the maximum stress continues to increase with 
increasing the strain rate. While the maximum stress 
drops precipitously as the strain rate ranges from 5 to  
10 s−1. In fact, it is the thermal softening that results in a 
part of the flow stress reduction when the strain rate is 
relatively high (10 s−1), which leads to the consequence 
that the developed constitutive models cannot accurately 
predict the flow behaviors [21]. 

The influence of strain rate on flow stress includes 
two factors: deformation time and deformation heat 
effect. At the constant temperature, every material 
possesses its own special strain rate where the softening 
process can be performed fully. However, below the 
special strain rate, reducing the strain rate has no effect 
on the softening process. While above the special strain 

rate, yield stress will rise as there is no enough time to 
realize the softening process. What is more, the 
increasing speed of yield stress decreases with increasing 
the strain rate. When strain rate is very high, the heat 
generated in the deformation has no time to dissipate, 
and yield stress will decrease because the deformation 
temperature of metal rises. When the deformation 
temperature is a constant, the flow stress increases with 
increasing the strain rate, as shown in Fig. 7, which 
indicates that the experiments are conducted above the 
special strain rate of pure aluminum. At high strain rates, 
the work hardening ability is enhanced remarkably on 
account that the increment rate of dislocation rises 
rapidly. Moreover, the flow stress− εln  curves are 
scattered, and the flow stress varies in a relatively wide 
range at low temperature. 

Comparing Figs. 6 with 7, both the stress− 
temperature curves and εlnstess−  curves are 
approximately parallel to each other, since the strain has 
less impact on the flow stress. Besides, the stress− 
temperature curves vary more severely than the 

εlnstess −  curves, owing to that the material 
mechanical property is strongly temperature-dependent 
and weakly strain rate-dependent [22]. Therefore, the 
order of primary and secondary test factors affecting 
flow stress are temperature, strain rate and strain. 
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Fig. 6 Flow stress−temperature curves of pure aluminum at strain rates of 0.005 s−1 (a), 0.01 s−1 (b), 0.1 s−1 (c), 1 s−1 (d), 5 s−1 (e) and 
10 s−1 (f) 
 
3 Constitutive equation of pure aluminum 
 

The deformation behavior of pure aluminum 
represented by the constitutive equation consists of flow 
stress and influence parameters. As shown in Fig. 8, xi 
are test factors of ε, ε , T; yi are material parameters, 
mainly describing the single effect (solid line) and the 
interactive effect (dotted line) of test factors on the shape 
of flow stress curves; Ki are the corresponding weights of 

material parameters yi, reflecting the single effect (solid 
line) and the interactive effect (dotted line) of test factors 
on the amplitude of flow stress curves; fj  are the analysis 
factors, j=1, 2, …, 9, reflecting the influence function of 
the single and the interactive effect of analysis factors on 
flow stress; σ represents the flow stress which is set as 
objective function, and it is a pan-function of test  
factors xi and weight-function of analysis factors fj, 
σ=P(xi)=W(fj); ωj are converged weights, representing  
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Fig. 7 Flow stress− εln  curves of pure aluminum at temperatures of 523 K (a), 573 K (b), 623 K (c), 673 K (d), 773 K (e) and   
823 K (f) 
 
the contributions of functions fj to the objective function 
σ. The influence rules of test factors (ε, ε , T) on flow 
stress are complicated, while the simple influence rules 
on flow stress can be obtained based on the analysis 
factors. Consequently, we build the analysis factors 
according to test factors, which is convenient to establish 
the accurate constitutive equation. 

Analysis factors fj consist of material parameters yi 
and corresponding weights Ki, both of which are the 
functions of test factors xi. The objective function σ is 
obtained from the contribution function W(fj), where the 

acquisition of the analysis factors fj is based on the 
physical theory of plastic deformation. In fact, material 
parameters yi (n, m, s) and corresponding weights Ki (N, 
M, S) are derived from the following equations: 
 

nNεσ =                                   (2) 
 

mMεσ =                                  (3)  

)exp('expexp sS
T
sS

RT
mQS =⎟

⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛=σ           (4) 

 
where Q is the deformation activation energy (J/mol), R 
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Fig. 8 Flow diagram about relation of test factors, analysis factors and flow stress 
 
is the mole gas constant (8.314 J/(mol·K)). We define 
s′=mQ/R. 

Furthermore, the primary analysis factors have to be 
selected. Then, the contribution function is acquired by 
the nonlinear regression based on the test data scatter 
plot, and weights ωj are acquired using the multivariate 
nonlinear regression based on the least square algorithm. 
Therefore, the construction method for the constitutive 
equation can be called as modified double multivariate 
nonlinear regression (DMNR). The so-called DMNR 
refers to the nonlinear regression of contribution function 
W(fj) and objective function σ. The specific process of 
establishing the constitution model is shown in Fig. 9. 
 
3.1 Determination of material parameters 

As described above, we get the data at strain of 2%, 
4%, 6%, 8%, 10%, 20%, 30%, 40%, 50%, 60%, 70%, 
80% and 90%, strain rates of 0.005, 0.01, 0.1, 1, 5 and 10 
s−1, and temperatures of 523, 573, 623, 673, 773 and 823 
K, respectively. Thus, ),,( iii Tεεσ  represents the stress 
at certain strain, strain rate and temperature. 

Take experimental factors ε, ε  and T for  
examples, and assume there are three levels for each test 
factor, as shown in Table 3, the mean stress values of 

),( εεσ  and σ(ε,T) at different levels could be acquired 
as follows: 
 

∑=
T

T 3/),,(),( εεσεεσ                       (5) 

∑=
ε

εεσεσ 3/),,(),( TT                      (6) 

 
where ),( εεσ  is the mean value of stress at all 
temperatures, σ(ε,T) is the mean value of stress at all 
strain rates, and ),,( Tεεσ  is the flow stress 

corresponding to the processing parameters. 
The mean stress value of σ(ε) at different levels 

could be acquired as follows: 
 

∑ ∑ ∑
−

===
ε ε

εσεεσεεσεσ
T T

TT 3/),(3/),(9/),,()( (7) 

 
where σ(ε) is the mean value of stress at all temperatures 
and strain rates. 

The corresponding data list of ),( i iTεσε −  can be 
obtained in the same way, and then the mean stress 
values of ),( εεσ , ),( Tεσ  and )(εσ  at different 
levels can be acquired. Eventually, by establishing the 
table of ),( iiT εε− , the mean stress values of ),( εσ T , 

),( εσ T  and )(Tσ  at different levels can be acquired. 
Equations (1)−(3) can be transformed into another forms 
by taking logarithm of both sides.  

εσ lnlnln nN +=                            (8) 
εσ lnlnln mM +=                           (9) 

sS
T
sS

RT
mQS +=+=+= ln'lnlnlnσ            (10) 

 
The values of n and N can be obtained from the 

slope and intercept of lines in lnσ−lnε plot according to 
Eq. (8), respectively. Similarly, m and M can be got from 
the slope and intercept of lines in εσ lnln −  plot 
according to Eq. (9), respectively. Then, s′ and S can be 
acquired from the slope and intercept of lines in lnσ−1/T 
plot according to Eq. (10), respectively, and s can be 
obtained as defined as s=s′/T. According to Table 3, we 
get the mean stress value of σ(ε), and the value of n 
varying with strain can be derived from the slope of the 
lines in lnσ−lnε. Subsequently, the value of n varying 
with strain rate and temperature can be derived from the 
slopes of lines in εεεσ ln),(ln −  and εεσ ln),(ln −T , 
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Fig. 9 Procedure of constitution model based on modified DMNR of major analysis factors 

 
Table 3 Experimental program of three factors with three levels 

ε  ),,( 11 Ti εεσ  ),,( 21 Ti εεσ  ),,( 31 Ti εεσ )( 1εσ  … )( 2εσ  … )( 3εσ  σ(ε)  

ε1 ),( 11 εεσ  ),( 21 εεσ  ),( 31 εεσ σ(ε1) 

ε2 ),( 12 εεσ  ),( 22 εεσ  ),( 32 εεσ σ(ε2) 

ε3 

),,( 1 ii Tεεσ  

),( 13 εεσ  ),( 23 εεσ  ),( 33 εεσ σ(ε3) 

 
respectively. It is quite clear that m and s varying with 
strain, strain rate and temperature can also be obtained in 
the same way, as shown in Fig. 10. Meanwhile, N, M and 
S as the weights of strain hardening exponent, strain rate 
sensitive exponent and temperature sensitive exponent 
can be obtained from the intercept of Eqs. (8), (9) and 
(10), respectively, as shown in Fig. 11. 

Almost all the n, m, s and N, M, S varying     
with strain, strain rate and temperature can be expressed 
by polynomial, except N(ε), M(ε), S(ε) and s(ε). The 
coefficients of the polynomial are shown in Table 4. C0 is 

the constant term, C1, C2, C3, C4 and C5 are the 
coefficients of the first degree term, quadratic term, cubic 
term, biquadratic term and quintic term, respectively. 

N(ε), M(ε), S(ε) and s(ε) can be fitted in equation of 
ExpDec2 (two-phase exponential decay function), as 
shown in the following equations: 
 

+−+= )17337.0/(exp7846.2530363.91)( εεN  
)01516.0/exp(05213.264 ε−  

+−−−= )0247.0/(exp34911.5036094.68033)( εεM  
)34679.5042/exp(66144.68145 ε−  
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Fig. 10 n, m and s changing with strain, strain rate and temperature: (a) n(ε); (b) n( ε ); (c) n(T); (d) m(ε); (e) m( ε ); (f) m(T); (g) s(ε); 
(h) s( ε ); (i) s(T) 

 
Table 4 Coefficients of polynomial about n, m, s and N, M, S 

Parameter C0 C1 C2 C3 C4 C5 

n(ε) 0.2454 −3.98449 21.79279 −56.36109 66.87249 −29.29298 

m(ε) 0.04081 0.35242 −1.56324 3.38892 −3.38296 1.22345 

n(ln ε ) 0.0288 0.00896 −0.0045 −0.00103 −4.58991×10−5 0 

m(ln ε ) −0.01958 −0.01494 0.02106 0.01103 0.00134 0 

s(ln ε ) 3.38127 −0.00954 0.1383 −0.02189 −0.02087 −0.00249 

n(T/1000) −4.80178 34.45493 −87.76708 95.61725 −38.044 0 

m(T/1000) 52.02171 −413.4907 1300.20623 −2021.84578 1556.21067 −474.48889 

s(T/1000) −270.42078 1215.09424 −1756.30416 828.24106 0 0 

N(ln ε ) 114.02284 5.77208 −1.4751 −0.08399 0.01688 0 

M(ln ε ) 166.42984 −4.58313 −5.69223 −1.16931 0 0 

S(ln ε ) 3.06562 −0.04261 −0.3677 0.09958 0.06704 0.00728 

N(T/1000) −5294.54544 36512.52413 −86635.75573 87231.54453 −31968.22703 0 

M(T/1000) −7804.02999 49875.31048 −112834.07404 109722.29705 −39103.93466 0 

S(T/1000) −1023.01581 6868.43481 −16752.83248 17648.32039 −6776.35073 0 
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Fig. 11 N, M and S changing with strain, strain rate and temperature: (a) N(ε); (b) N( ε ); (c) N(T); (d) M(ε); (e) M( ε ); (f) M(T);    
(g) S(ε); (h) S( ε ); (i) S(T) 
 

+−+= )21598.0/(exp7469.062182.1)( εεS  
 

)01216.0/exp(36921.9 ε−  
 

−−−= )01347.0/(exp89604.278071.3)( εεs  
 

)1328.0/exp(32225.0 ε−  
 
3.2 Determination of major analysis factors 
3.2.1 Determination of all analysis factors 

Above all, n, m and s varying with strain, strain rate 
and temperature influence the shape of flow stress  
curves, meanwhile N, M and S changing with strain, 
strain rate and temperature affect the amplitude of flow 
stress curves. According to Eqs. (1)−(3), analysis factors 
fj consist of material parameters yi and corresponding 
weights Ki, both of which varying with strain, strain rate 
and temperature were obtained. The whole analysis 
factors can be expressed as follows: 
 

)(
1 )( ε

ε εε nNff ==  
 

)(
2 )( ε

εε εε nNff == −  

)(
3 )( Tn

T TNff εε == −  
 

)(
4 )( ε

εε εε mMff == −  
 

)(
5 )( ε

ε εε mMff ==  
 

)(
6 )( Tm

T TMff εε == −  
 

)](exp[)(7 εεε sSff T == −  
 

)](exp[)(8 εεε sSff T == −  
 

)](exp[)(9 TsTSff T ==  
 
3.2.2 Primary and secondary analysis factors 

Analysis factors are composed of material 
parameters and corresponding weights. However, some 
have major impacts on the flow stress while others make 
relatively small contributions. Thus, it is essential to 
figure out the primary−secondary analysis factors. As we 
know, the mean value and standard deviation value are 
digital characteristics of statistics. The mean value 
represents overall level, and the standard deviation as 
arithmetic square root of variances reflects the discrete 
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degree of a data set. Besides, another statistic CV 
(coefficient of variance), which can better reflect the 
discrete degree of data, was introduced to measure the 
data fluctuation. CV is the ratio of mean value to 
standard deviation value. The order of CV about analysis 
factors is shown in Table 5. 
 
Table 5 Ordering of CV about analysis factors 

No. 
Analysis 

factor 
Mean value 

Standard 
deviation value 

CV/%

1 fT 109.17 78.41 71.8
2 Tf −ε  96.88 52.62 57.4
3 fε−T 96.88 52.23 53.9
4 ε−Tf  78.86 17.76 22.5
5 εε −f  96.97 19.41 20.0
6 εε −f  96.90 18.46 19.1
7 εf  161.59 14.51 9.0 
8 fε 96.61 4.24 4.4 
9 fT−ε 75.04 2.83 3.8 

 
As shown in Table 5, CV about analysis factors is 

selected in descending order. In order to evaluate the 
accuracy of the developed constitutive equation, standard 
statistical parameters, such as correlation coefficient R 
and average absolute relative error (AARE) A are 
adopted. They are expressed as follows: 
 

∑ ∑

∑
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where Ei is the experimental flow stress, Pi is the 
predicted flow stress, E  and P  are the mean values 
of experimental flow stress and predicted flow stress, 
respectively, N is the total number of selected flow stress 
data. 

Figure 12 shows the correlation coefficient R and 
average absolute relative error (AARE) based on the 
modified DMNR constitution model with the analysis 
factors ranging from 9 to 1. Obviously, when the number 
of analysis factor is 6, the value of R is relatively high 
and AARE is relatively low. Therefore, when CV is 
greater than 10%, analysis factors play an important part 
in the flow stress. As a result, fT, Tf −ε  fε−T, 

ε−Tf , εε −f , εε −f are selected as the major analysis 
factors. 
 
3.3 Determination of converged weights 
3.3.1 Constitutive equation of multilevel series rules 

Taking the example of current distributing 
regularity in series circuits, the entirety is going to be 
zero when an item is zero. Similarly, the former DMNR 
constitutive model is defined as a function multiplied by 
every analysis factor, while the modified DMNR 
(constitutive equation of multilevel series rules) can be 
determined by the major analysis factors fj mentioned 
above, as shown in Fig. 13(a). 
 

 
Fig. 12 Correlation coefficient (a) and average absolute relative 
error (b) based on modified DMNR constitution model with 
analysis factors ranging from 9 to 1 
 

 
Fig. 13 Relation of analysis factors and flow stress of different 
constitution models: (a) Multilevel series rules; (b) Multilevel 
parallel rules; (c) Multilevel series & parallel rules 
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On the basis of the orthogonal experiment and 
variance analysis, a comprehensive constitutive equation 
incorporating the effects of strain, strain rate and 
deformation temperature was established [8]:  

Tfff εεσσ 0=                             (13) 
 
where σ0 is the initial yield stress of the material, fε, εf  
and fT are the influence functions of strain, strain rate and 
deformation temperature, respectively. To simplify the 
calculation, the interaction among the single factors was 
ignored. However, ignoring some primary interaction 
among the single factors affects the accuracy of 
constitutive equation. Based on the analysis of the 
relation among analysis factors fj (ranking from primary 
to secondary) and regression function σ, Eq. (13) can be 
modified as  

εεεεεεεσεεσσ −−−−−== ffffffT TTTT0),,(     (14)  
By considering the converged weights ωj, Eq. (14) 

can be modified as  
654321

0),,( ω
εε

ω
εε

ω
ε

ω
ε

ω
ε

ωσεεσσ −−−−−== ffffffT TTTT      (15) 
 
where ωj is the converged weights. By taking the 
logarithm on both sides of Eq. (15), one can obtain  

++++= −− TTT fff εε ωωωσσ lnlnlnlnln 3210  

εεεεε ωωω −−− ++ fffT lnlnln 654          (16) 
 

After the least-squares regression with independent 
variable and dependent variable lnσ, σ0 and contribution 
weights ωj are obtained by multivariate linear regression, 
as shown in Table 6. 
 
Table 6 Values of σ0 and ωj according to multilevel series rules 

σ0 ω1 ω2 ω3 ω4 ω5 ω6 
0.043936933 0.012 0.647 0.37 −0.768 0.342 1.043

 
3.3.2 Constitutive equation of multilevel parallel rules 

Researchers carried out enormous studies about 
constitutive equation constructed by adding each of the 
major analysis factors. Just like current distributing 
regularity in parallel circuits, the entirety is zero only 
when all the items are zero, as shown in Fig. 13(b). 
Taking the converged weights ωj into consideration, 
multilevel parallel rules can be described as follows:  

+++++= −−− εεε ωωωωσσ TTTT ffff 43210  

εεεε ωω −− + ff 65                        (17) 
 

σ0 and ωj are obtained by multivariate linear 
regression, as shown in Table 7. 

 
Table 7 Values of σ0 and ωj according to multilevel parallel 
rules 

σ0 ω1 ω2 ω3 ω4 ω5 ω6 
−71.863 0.005 0.401 0.605 −0.833 0.536 0.869

3.3.3 Constitutive equation of multilevel series & parallel 
rules 

Both of multilevel series rules and multilevel 
parallel rules were introduced in this study, and 
multilevel series & parallel rules were also employed, as 
shown in Fig. 13(c). Multilevel series & parallel rules are 
fitted step by step, which is quite different from the 
single multilevel series rules and multilevel parallel  
rules. By considering the converged weights ωj, 
multilevel series & parallel rules can be described as 
follows: 
 
 

TTT fefdfcfba lnlnlnlnlnln 111111 ++++= −−− εεεεσ  
 (18)  

TTT fefdfcfba lnlnlnlnlnln 222222 ++++= −−− εεεεσ  
 (19) 

2103 σσσσ BA ++=                        (20) 
 

In other words, analysis factors of strain-hardening 
and analysis factors of strain rate-strengthen are added 
together, both of which are in series with the analysis 
factors of deformation temperature. Then, σ0 and ωj are 
obtained by multivariate linear regression, as shown in 
Table 8. 

 
Table 8 Values of correction coefficient σ0 and contribution 
weights ωj according to multilevel series & parallel rules 

a1 b1 c1 d1 e1 a2 b2 

0.00346 1.028 1.036 0.162 0.017 0.626 0.348

c2 d2 e2 σ0 A B 

0.993 −0.247 −0.003 1.83 0.287 0.696

 
3.4 Verification of constitutive model 

The predicted flow stress data were obtained by 
inputting strain, strain rate and temperature into     
Eqs. (16)−(20). According to multilevel series rules, 
multilevel parallel rules and multilevel series & parallel 
rules at constant strain rate, the comparisons between the 
experimental and predicted flow stress data are shown in 
Figs. 14−16. 

As we know, correlation coefficient R is a statistical 
parameter representing correlation between the 
experimental and predicted flow stress data, ranging 
from 0 to 1. However, a higher value of R does not mean 
that the predicted flow stress shows a better agreement 
with the experimental flow stress, as the tendency of the 
model may be biased towards higher or lower values. 
Therefore, introducing average absolute relative error 
(AARE) is necessary, and the relative errors among each 
of them are also analyzed. Thus, AARE as an impartial 
statistic could accurately verify the constitutive equation. 

As shown in Fig. 17, the correlation coefficients   
R of multilevel series rules, multilevel parallel rules and 
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Fig. 14 Comparison between experimental and predicted flow stress data according to multilevel series rules at strain rates of 0.005 
s−1 (a), 0.01 s−1 (b), 0.1 s−1 (c), 1 s−1 (d), 5 s−1 (e) and 10 s−1 (f) 
 

 
Fig. 15 Comparison between experimental and predicted flow stress data according to multilevel parallel rules at strain rates of 0.005 
s−1 (a), 0.01 s−1 (b), 0.1 s−1 (c), 1 s−1 (d), 5 s−1 (e) and 10 s−1 (f) 
 
multilevel series & parallel rules are 0.992, 0.988 and 
0.990, respectively, and the corresponding average 
absolute relative error (AARE) are 6.77%, 8.70% and 
7.63%, respectively. It is clear that the prediction 
accuracy of multilevel parallel rules is slightly lower 
than other two constitutive equations and the predicted 

flow stress is significantly lower than the experimental 
flow stress in the low stress region, while the predicted 
flow stress of multilevel parallel rules is in a better 
agreement with the experimental flow stress at low 
temperature. On the contrary, the multilevel series rules 
constitutive model owns the highest prediction precision  
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Fig. 16 Comparison between experimental and predicted flow stress data according to multilevel series & parallel rules at strain rates 
of 0.005 s−1 (a), 0.01 s−1 (b), 0.1 s−1 (c), 1 s−1 (d), 5 s−1 (e) and 10 s−1 (f) 
 

 
Fig. 17 Correlation between experimental and predicted flow stress data: (a) Multilevel series rules; (b) Multilevel parallel rules;   
(c) Multilevel series & parallel rules 
 
through a comprehensive analysis of the shape variation 
of predicted flow stress curves, as described in Fig. 14, 
but it is in less agreement with the experimental flow 
stress at low temperature. What is more, the prediction 
precision of multilevel series & parallel rules constitution 
model is in the intermediate level, and its predicted flow 
stress fits well with the experimental flow stress not only 
at low temperature but also at high temperature. That is 
because the multilevel series & parallel rules constitution 
model adopts series & parallel method which considers 
the influence of temperature on both strain hardening 
exponent n and strain rate sensitivity exponent m. 
Therefore, n and m varying with temperature have a 
significant impact on the shape of flow stress curves, as 
shown in Fig. 18. As described in Fig. 16, no matter what 

a high or low temperature, the flow stress curves of 
predicted and experimental agree well with each other. 
This indicates that multilevel series rules constitution 
model is more specifically suited to describe influence 
law in the single Z region of flow stress at higher 
temperature, as temperature contributes more to the 
rheological effect (strain rate strengthening) of material 
deformation’s intercrystalline mechanism. Oppositely, 
the multilevel parallel rules constitution model is more 
appropriate for describing influence law in the single Z 
region of flow stress at a lower temperature, since 
temperature has significant impact on the deformation 
effect (strain-hardening) of material deformation’s 
intracrystalline mechanism. In addition, further studies 
are expected in the future. 
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Fig. 18 Strain hardening exponent n and strain rate sensitivity 
exponent m changing with temperature 
 
4 Conclusions 
 

1) It is noticeable that the flow stress increases with 
increasing the strain rate and decreases with increasing 
the temperature. Moreover, according to the flow 
stress−temperature curves and flow stress−strain rate 
curves, the order of primary and secondary test factors 
affecting flow stress are temperature, strain rate and 
strain. 

2) Based on the basic equations of material, the 
variation trends of strain hardening exponent (n), strain 
rate sensitivity exponent (m), temperature sensitivity 
exponent (s) and corresponding weights N, M, S with 
increasing the strain, strain rate and temperature were 
obtained. In addition, the analysis factors composed of 
the material parameters (n, m, s) and the corresponding 
weights (N, M, S) were optimized. 

3) The constitutive equations based on multilevel 
series rules, multilevel parallel rules and multilevel series 
& parallel rules were proposed, regardless of secondary 
analysis factors. The predictability of the developed 
constitutive equations was quantified in terms of 
correlation coefficient (R) and average absolute relative 
error (AARE). The correlation coefficients R of 
multilevel series rules, multilevel parallel rules and 
multilevel series & parallel rules are 0.992, 0.988 and 
0.990, respectively, and the AAREs are 6.77%, 8.70% 
and 7.63%, respectively, which indicate that the 
constitutive equation based on multilevel series rules has 
a fairly good ability to predict the flow stress. 

4) Analyzed by variation trends of predicted flow 
stress curves, the multilevel series rules constitution 
equation has a low accuracy at low temperature. On the 
contrary, the multilevel parallel rules constitution 
equation has a high precision at low temperature. While 
the multilevel series & parallel rules constitution 
equation whose prediction precision is in the 

intermediate level, can accurately predict the flow stress 
over a wide temperature range. 
 
References 
 
[1] TOTTEN G E, MACKENZIE D S. Handbook of aluminum: Physical 

metallurgy and processes [M]. Vol. 1. Boca Raton: CRC Press, 2003. 
[2] ROY R K, DAS S. New combination of polishing and etching 

technique for revealing grain structure of an annealed aluminum 
(AA1235) alloy [J]. Journal of Materials Science, 2006, 41(1): 
289−292. 

[3] PICUA R C, VINCZEB G, OZTURKA F, GRACIOB J J, BARLATB 
F, MANIATTYA A M. Strain rate sensitivity of the commercial 
aluminum alloy AA5182-O [J]. Materials Science and Engineering  
A, 2005, 390(1): 334−343. 

[4] ABEDRABBO N, POURBOGHRAT F, CARSLEY J. Forming of 
aluminum alloys at elevated temperatures–Part 1: Material 
characterization [J]. International Journal of Plasticity, 2006, 22(2): 
314−341. 

[5] LIN Y C, CHEN X M. A critical review of experimental results and 
constitutive descriptions for metals and alloys in hot working [J]. 
Materials and Design, 2011, 32(4): 1733−1759. 

[6] SAMANTARAY D, MANDAL S, BHADURI A K, VENUGOPAL S, 
SIVAPRASAD P V. Analysis and mathematical modelling of 
elevated temperature flow behaviour of austenitic stainless steels [J]. 
Materials Science and Engineering A, 2011, 528(4): 1937−1943. 

[7] ROTERS F, RAABE D, GOTTSTEIN G. Work hardening in 
heterogeneous alloys—A microstructural approach based on three 
internal state variables [J]. Acta Materialia, 2000, 48(17): 
4181−4189. 

[8] BARLAT F, GLAZOV M V, BREM J C, LEGE D J. A simple model 
for dislocation behavior, strain and strain rate hardening evolution in 
deforming aluminum alloys [J]. International Journal of Plasticity, 
2002, 18(7): 919−939. 

[9] LIANG R Q, KHAN A S. A critical review of experimental results 
and constitutive models for BCC and FCC metals over a wide range 
of strain rates and temperatures [J]. International Journal of Plasticity, 
1999, 15(9): 963−980. 

[10] HE An, XIE Gan-lin, ZHANG Hai-long, WANG Xi-tao. A modified 
Zerilli–Armstrong constitutive model to predict hot deformation 
behavior of 20CrMo alloy steel [J]. Materials and Design, 2014, 56: 
122−127. 

[11] REZAEI ASHTIANI H R R, PARSA M H, BISADI H. Constitutive 
equations for elevated temperature flow behavior of commercial 
purity aluminum [J]. Materials Science and Engineering A, 2012, 545: 
61−67. 

[12] YUAN Zhan-wei, LI Fu-guo, QIAO Hui-juan, XIAO Mei-li, CAI 
Jun, LI Jiang. A modified constitutive equation for elevated 
temperature flow behavior of Ti−6Al−4V alloy based on double 
multiple nonlinear regression [J]. Materials Science and Engineering 
A, 2013, 578: 260−270. 

[13] GUZEL A, JAGER A, PARVIZIAN F, LAMBERS H G, TEKKAY A 
E, SVENDSEN B, MAIERC H J. A new method for determining 
dynamic grain structure evolution during hot aluminum extrusion [J]. 
Journal of Materials Processing Technology, 2012, 212(1): 323−330. 

[14] ROEBUCK B,  LORD J D,  BROOKS M,  LOVEDAY M 
S,  SELLARS C M,  EVANS R W. Measurement of flow stress in hot 
axisymmetric compression tests [J]. Materials at High Temperatures, 
2006, 23(2): 59−83. 

[15] VERLINDEN B, DRIVER J, SAMAJDAR I, DOHERTY R D. 
Thermo-mechanical processing of metallic materials [M]. 
Amsterdam: Elsevier, 2007. 

[16] XIAO Mei-li, LI Fu-guo, ZHAO Wei, YANG Gen-lin. Constitutive 



Pan LI, et al/Trans. Nonferrous Met. Soc. China 26(2016) 1079−1095 

 

1095
equation for elevated temperature flow behavior of TiNiNb alloy 
based on orthogonal analysis [J]. Materials and Design, 2012, 35: 
184−193. 

[17] KASSNER M E, BARRABES S R. New developments in geometric 
dynamic recrystallization [J]. Materials Science and Engineering A, 
2005, 410: 152−155. 

[18] QUAN Guo-zheng, MAO Yuan-ping, LI Gui-sheng, LV Wen-quan, 
WANG Yang, ZHOU Jie. A characterization for the dynamic 
recrystallization kinetics of as-extruded 7075 aluminum alloy based 
on true stress–strain curves [J]. Computational Materials Science, 
2012, 55: 65−72. 

[19] WU Horng-yu, YANG Jie-chen, ZHU Feng-jun, WU Cheng-tao. Hot 
compressive flow stress modeling of homogenized AZ61 Mg alloy 

using strain-dependent constitutive equations [J]. Materials Science 
and Engineering A, 2013, 574: 17−24. 

[20] LI Luo-xing, WANG Guan, LIU Jie, YAO Zai-qi. Flow softening 
behavior and microstructure evolution of Al−5Zn−2Mg aluminum 
alloy during dynamic recovery [J]. Transactions of Nonferrous 
Metals Society of China, 2014, 24(1): 42−48. 

[21] LIN Y C, ZHANG J, ZHONG J. Application of neural networks to 
predict the elevated temperature flow behavior of a low alloy steel [J]. 
Computational Materials Science, 2008, 43(4): 752−758. 

[22] NEMAT-NASSER S, GUO W G, NESTERENKO V F, 
INDRAKANTI S S, GU Y B. Dynamic response of conventional and 
hot isostatically pressed Ti−6Al−4V alloys: Experiments and 
modeling [J]. Mechanics of Materials, 2001, 33(8): 425−439. 

 
 

基于修正 DMNR 模型的 1060 纯铝本构方程 
 

李 攀，李付国，曹 俊，马新凯，李景辉 

 
西北工业大学 材料学院 凝固技术国家重点实验室，西安 710072 

 
摘  要：为了研究工业纯铝的可加工性，并建立最优的热加工工艺参数，通过 Gleeble−1500 热模拟压缩机，研究

在温度为 523~823 K，应变速率为 0.005~10 s−1 范围内纯铝的热变形行为。同时研究应变、应变速率和温度等加

工参数对纯铝流动应力的影响。优化了由材料参数构成的九个分析因素和其相应的权重系数。建立了多级串联、

多级并联和多级串并联规则的本构方程，其相关性系数 R 分别是 0.992、0.988 和 0.990，平均绝对相对误差分别

是 6.77%、8.70%和 7.63%，这证明串联本构方程能很好地预测纯铝的流动应力。 

关键词：1060 纯铝；修正 DMNR(二重多元非线性)本构方程；流变行为；多级串联规则；多级并级规则；多级串

并联规则 

 (Edited by Mu-lan QIN) 
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