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Abstract: Considering both the effects of the interfacial normal velocity dependence of solute segregation and the local
nonequilibrium solute diffusion, an extended free dendritic growth model was analyzed. Compared with the predictions from the
dendritic model with isosolutal interface assumption, the transition from solutal dendrite to thermal dendrite moves to higher
undercoolings, i.e., the region of undercoolings with solute controlled growth is extended. At high undercoolings, the transition from
the mainly thermal-controlled growth to the purely thermal-controlled growth is not sharp as predicted by the isosolute model, but
occurs in a range of undercooling, due to both the effects of the interfacial normal velocity dependence of solute segregation and the
local nonequilibrium solute diffusion. Model test indicates that the present model can give a satisfactory agreement with the available

experimental data for the Ni—0.7% B (mole fraction) alloy.
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1 Introduction

In past decades, numerous free dendritic growth
models have been established, which include phase field
models [1-3], models in the framwork of microscopic
solvability theory [4—6] and models based on Ivantsov
approach [7-21]. Phase field models adopt an order
parameter, i.e., phase-field variable ¢ to describe the
thermodynamic state of a local volume. This approach
does not require tracking the solid—liquid interface and
describes dynamical phenomena at the interface and in
bulk phases through a single formalism. Microscopic
solvability theory formulates dendritic growth problem
as a single integro-differential equation and solves it
without further hypotheses. The anisotropies of the
interfacial energy and interfacial kinetics were taken into
account, successfully. However, both of the phase field
theory and microscopic solvability theory are very
complicated, mathematically. It is not easy to be used for
them, in practice. In contrast, the series of models based
on Ivantsov approach received wide acceptance from

materials scientists, due to its relative simplicity as well
as the ability to describe the solidification with dendritic
morphology.

During steady-state free dendritic growth, the
paraboloid of revolution is a good approximation for the
dendrite tip shape [22]. Based on this assumption,
IVANTSOV [7,8] first obtained the exact solutions of the
classical Fick diffusion equations for solute and thermal
diffusions in bulk liquids. Subsequently, a series of free
dendritic growth models were proposed by adopting the
Ivanstov results, such as the well-known BCT
model [12], the models developed by GALENKO and
DANILOV [13,14] and SOBOLEV [15,16]. In BCT
model, the thermodynamic driving force, the kinetic
undercooling and Aziz’s solute trapping model [23] were
introduced to describe high Peclet conditions. However,
this model could only deal with the deviation from local
equilibrium state at the solid—liquid interface. By
introducing the local nonequilibrium diffusion model, the
dendritic growth models developed by GALENKO and
DANILOV [13,14] and SOBOLEV [15,16] could
describe the local nonequilibrium state both at the

Foundation item: Project (51101046) supported by the National Natural Science Foundation of China; Project (E201446) supported by the Natural
Science Foundation of Heilongjiang Province of China; Projects (2012M510985, 2014T70361) supported by China Postdoctoral Science
Foundation; Project (LBH-Z12142) supported by the Heilongjiang Postdoctoral Fund, China

Corresponding author: Shu LI; Tel: +86-451-86390978; E-mail: lishu@hrbust.edu.cn

DOI: 10.1016/S1003-6326(15)63971-1



3364 Shu LI, et al/Trans. Nonferrous Met. Soc. China 25(2015) 3363—-3369

interface and in bulk liquids. Recently, WANG et al [20]
further extended the series of models to concentrated
multi-component alloys. In all of these models, however,
it is assumed that the interface is isothermal and
isosolutal.

During steady-state growth, the normal velocity
varies along the dendritic interface. This variation would
lead to different solute partitioning along the interface
and further lead to a nonisosolutal solid—liquid interface.
It is also well known both from phase field and
experiments, that the solute content in a dendritic
structure has a typical appearance, i.e., high
concentration along the stem and low concentration on
both sides. Therefore, it is significant to analyze the
effect of the interfacial normal velocity dependence of
solute segregation on the dendritic solidification behavior.
Recently, a generalized free dendritic growth model was
developed by solving the classical Fick diffusion
equation exactly under the boundary condition of
nonisothermal and nonisosolutal interface [24]. However,
the effect of local nonequilibrium solute diffusion in bulk
liquid was not taken into account. In the present work, a
relatively simple method was proposed to analyze both
the effects of the interfacial normal velocity dependence
of solute segregation and the local nonequilibrium solute
diffusion. An experimental comparison with the available
experimental data for the Ni—0.7%B (mole fraction)
alloy was also made.

2 Model

In this section, two independent variables were
introduced to describe the dendritic morphology during
steady state solidification. Based on this interfacial
morphology, the solute trapping model recently
developed by LI and SOBOLEYV [25] was outlined. Then
taking into account the interfacial driving force, an
interfacial ~ response  function @ was  proposed,
approximately. From this interfacial response function,
the tip radius of curvature was derived. Finally, an
extended free dendritic growth model was obtained for
binary alloys, which could deal with both the interfacial
normal velocity dependence of solute segregation and the
local nonequilibrium solute diffusion.

2.1 Extended solute trapping model

During steady-state solidification, the dendritic
morphology could be approximated by a paraboloid of
revolution [22]. For describing the interfacial
morphology with the paraboloid of revolution uniquely,
it is required mathematically to introduce the radius of
curvature (R) at the dendrite tip. This parameter has been
widely adopted in previous dendritic models [9-21]. In
the present work, taking into account the interfacial

normal velocity dependence of solute partitioning, it is
not enough to only adopt the parameter R. Here, an angle
(0) is introduced. The normal direction at an interface
element makes the angle # with respect to the growth
axis. For steady-state growth at a given interface
migration velocity V (i.e., tip velocity), there is a critical
value of the angle #. This critical angle 0, i.e., the
maximum angle, is marked by 6. For 6>6,,, the
solid—liquid interface becomes unstable and the
secondary dendrite arm and necking phenomenon may
appear. The present model focuses on the range of
0<6<6Oax, Which corresponds to the shape preserving part
of the dendritic interface. Therefore, considering the
interfacial normal velocity dependence of solute
segregation, one should use both the parameter R and the
angle O,.x to describe the steady-state shape and the
boundary.

Along the dendritic interface from the tip (6=0) to
the root (6=0.), the normal velocity ¥, decreases,
which could be described by V,(#)=Vcosf due to the
shape preserving condition. The normal velocity V,(6)
can be regarded as the effective velocity which controls
the solute redistribution at the interface element marked
by angle 6. Introducing this dependence of V;, on 6 into
the solute trapping model proposed by SOBOLEV
[15,16], the solute partition coefficient K could be further
described as [25]

Kp(1-V?cos? 0/V3)+V cosO/Vp,
(1=V?cos> @/V3)+V cos/Vp,

KWV,0)=4 VcosO<Vp )

I, Vcos@2Vy

where Kg is the equilibrium partition coefficient, Vp; is
the interface diffusive speed and Vp is the bulk liquid
diffusive speed.

In order to analyze the effect of the interfacial
normal velocity dependence of solute segregation on the
dendritic solidification behavior, it is useful to calculate
the average of partition coefficient K (V) from the tip
to the root of the dendrite. For the interface
approximated by a paraboloid of revolution, K()
could be given as follows [25]:

3 k(7 0)exp(30)d0
0 , Veos, .«
exp(30max) -1
L, VeosOpay = Vp

max —

K(V)= <"p(2)

2.2 Interfacial response function

In previous models, the driving force on
solidification, i.e., the effective driving free energy
AGgrr was calculated with the values for liquid solute
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concentration (CE) and solid solute concentration (C;)
at the dendrite tip (6=0), due to the isosolutal interface
assumption [12—21]. In the present work, taking into
account the dependence of K(V, 6) on 6, the interfacial
composition is not constant. Therefore, as an
approximation, the effective driving free energy AGggr
could be evaluated based on the average values of the
interfacial ~solute concentration C; and Cj
Following the Galenko’s analysis based on the extended
irreversible thermodynamics [26], the effective driving
free energy AGggr can be given as

AGrrr = (1= Cp) Ay + Cr A, +(Cp = Cs)(1= K)R TV Iy,

VeosO,,.« <Vp 3)

AGppp = (1-Cg)Apy + CsAu,,  VeosO,. 2V (4)

max —

where Au; and Au, are the chemical potential changes
upon solidification for solvent and solute, respectively;
R, is the gas constant, and 7; is the interfacial
temperature, which is assumed to be constant along the
interface. For sufficiently dilute alloys, the Henry’s law
is valid. Thus, based on the analysis of BAKER and
CAHN [27], Auy and Au, could be approximated by

(1-Co)1-CfY)

Apy = R,Ty In-——=5 =
(1-C)(1-CY
RT(CL - Cs+ G =GP 5)
K
Ay = R, T In| — 6
) el1 { KE) (6)
where C? and Cg? are the equilibrium solute

concentrations at the interface, for the temperature
Ty + ATy . Here, the curvature correction is considered
and AT, 1is the curvature undercooling defined by
2I'/R (I is the Gibbs—Thompson coefficient, R is the
radius of curvature).

For sufficiently dilute alloys, the linear liquidus and
solidus line approximation is reasonable. Combining this
linear approximation and Baker and Chan’s
approximation [27], Egs. (5) and (6), with Turnbull’s
collision-limited growth law AGggs/(RgT7)+V/V=0 [28],
one can obtain the interfacial response function as
follows:

Ty =Ty +m(V)C, —V/ g2/ R 7

where Ty is the melting point of pure solvent, x4, is the
kinetic coefficient defined by Vy(Kg—1)mg, V, is the
maximum crystallization velocity, mg is the equilibrium
liquidus slope and m(¥) is the kinetic liquidus slope
given by
K+ a5 L.
—Rg Kg Vb
Veosb,. <Vp ®)

mg

m(V) = "

my In Ky

m(V) = K, -1

, VeosO,, 2Vp ©)

In the present model, taking into account the
interfacial normal velocity dependence of solute
partitioning, the solid—liquid interface is nonisosolutal.
Along the dendritic side from the tip to the root, the
solute partition coefficient K(V, ) decreases and the
liquid solute concentration CE (6) increases. Based on
the Ivantsov treatment for solute diffusion [7,8], the
average solute concentration along the interface CE
could be approximated by
— Gy

C = — , Veo
1=-[1-K(P)Iv(E)

SO <Vp (10)

C. =C,, VeosO,, >Vp (11)

max —

where C, is the nominal composition of alloys,
P=RV/(2Dy) is the solutal Peclet number, Dy is the
solute diffusion coefficient in liquid and Iv is the
Ivantsov function [7,8]. In addition, based on the
Ivantsov approach for thermal diffusion, the interfacial
temperature 77 in the interfacial response function,
Eq. (7), is given as follows, with the isothermal interface
approximation,

1 =201 (p )+, (12)

p

where AH: is the latent heat of fusion, ¢, is the specific
heat capacity of liquid alloy, P=RV/(2ayr) is the thermal
Peclet number, q; is the thermal diffusivity in liquid and
T, is the temperature of undercooled melt far from the tip.
Combining Egs. (7) and (12), one could describe the bath
undercooling AT as

=71 V 2I' AH
ATz[mECO—m(V)CL}+—+?+ Lvp)  (13)
M

0 Cp

It should be noted that the Ivantsov results for the
description of CE(H) is adopted in the present
treatment. Strictly speaking, the Ivantsov results are only
suitable for the isosolutal interface condition. The
present model provides an approximated method to
analyze the effect of the interfacial normal velocity
dependence of solute segregation. For more exact
solution, the model given in Ref. [24] should be further
extended.

2.3 Tip radius of curvature

Based on the marginal stability theory [29-34],
adopting the planar interface response function (Eq. (7),
in which the curvature undercooling 2/7/R is removed),
and combined with Langer and Muller—Krumbhaar
approximation [35], one could describe the radius of
curvature R as
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R r'loc
RAH; .  2m(V)[(K(V)-1IC{ P,
ft + 2 2 §C
¢y 1- (Vcos 0rnax ) Vh
VeosO,.. <Vp (14)
R:%, VeosO,.. > Vy (15)
g
CP

where ¢ is the stability constant (o'~1/4n%) and the
parameters & and &, are defined as follows:

1
G =l-me—oe (16)
Vl+(o F7)"
s 1 2K * .
1+ = (VeosB,,)2 1V V(0" P2) + 2K —1
Veosb . <Vp a7
E. =0, VeosO,, 2Vp (18)

Integrating Eq. (2) and Eqgs. (7)—(18) gives the
dendritic solidification behavior uniquely, such as the
interfacial migration velocity V, the dendritic tip radius R,
the profiles of the solute partition coefficient K(V, ¢) and
the liquid solute concentration CE(&) along the
interface as well as the average partition coefficient
K).

3 Discussion and with
experiment

comparison

Taking into account the interfacial normal velocity
dependence of solute partitioning, the present model
could describe the nonisosolutal nature of the solid—
liquid interface. For making a comparison between the
present model and the corresponding model with the
assumption of isosolutal interface, i.e. Gelenko and
Danilov model [13,14], Ni—0.7%B (mole fraction) alloy
was adopted in model computations. The parameters
used are listed in Table 1. The calculated results are
shown in Figs. 1-3, including the interfacial migration
velocity V, the dendritic tip radius R and the partition
coefficient K as functions of the bath undercooling AT.

In Fig. 1, four undercoolings, AT}, AT, AT; and ATy,
are defined for the present model, which determine five
ranges of bath undercooling AT. AT, is the critical
undercooling, at which the velocity V" coincides with the
critical velocity of absolute solute stability V: [19]. At
AT<AT), the dendritic growth is mainly controlled by
solute diffusion, and at AT=AT;, the transition from
mainly solute controlled growth to mainly thermal
controlled growth occurs. As shown in Fig. 1, the range 2
of AT is the transition region, and at AT=AT,,
this transition completes. AT, is defined by the critical

Table 1 Thermodynamic parameters for Ni—0.7%B (mole
fraction) alloy used in model computations [13]

Parameter Value
Mole fraction of boron /% 0.7
Melting point of pure Ni, 7)y/K 1726
Specific heat of fusion, AHy/(J-mol ") 1.72x10*
Specific heat capacity, cp/(J-m017'~K71) 36.39
Capillarity constant, /7(K-m) 3.42x1077
Diffusion coefficient, Dy / (m2~sfl) 5.5%107°
Thermal diffusivity, a;/(m>s ") 8.5x10°°
Interfacial diffusion speed, Vp(m's ") 16.2
Diffusion speed in bulk liquid, Vp/(ms ") 18.9
Liquidus slope, mp/(K-% ") —14.3
Partition coefficient, kg 0.0155
Kinetic coefficient, uo/(m's K ) 0.25

40
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0 100 200 300
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Fig. 1 Interfacial migration velocity ¥ vs bath undercooling AT
predicted by isosolutal model [13,14] and present model
(Oax=0.25m) for Ni—-0.7%B alloy (mole fraction)
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Fig. 2 Tip radius of curvature vs bath undercooling predicted

by isosolutal model [13,14] and present model for Ni—0.7%B

alloy (For the present model two different values of 6,,,x were

adopted)
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undercooling, at which the tip radius R attains its
extreme point. When AT is larger than AT, the tip radius
R decreases monotonically with increasing AT (Fig. 2).
AT; is the critical undercooling, at which the interfacial
velocity V equals the bulk liquid diffusive velocity Vp.
And AT} corresponds to a bath undercooling, at which
the normal velocity V,=Vp at the dendrite root (6=6,.x),
i.e.,, the dendritic growth velocity V=Vp/coSOp.x- It is
noted that 6,,,,=0.251 was used in Fig. 1 as an example.
Under the condition that the interface velocity V is
of the order or larger than the solute diffusion velocity
Vb, the solute diffusion is in local nonequilibrium.
Taking into account the nonequilibrium nature of
diffusion, the isosolutal model predicts that at V>Jp,
complete solute trapping occurs (Fig. 3) and the
transition at V=V is sharp (Fig. 1). This indicates that
the transition from mainly thermal controlled growth to
purely thermal controlled growth is sharp. For the
isosolutal model, these predictions are based on the
assumption that the dendritic interface including the tip
is isosolutal. In reality, however, it is obvious that during
steady-state solidification, the normal velocity ¥}, is not
constant along the dendritic interface. For solute
redistribution at the solid—liquid interface, the normal
velocity V, is the decisive factor. Therefore, the
solid—liquid interface is nonisosolutal. The present model
provides an approach to deal with the effect of the
interfacial normal velocity variation. As described by
Fig. 3, at V=Ip, ie., AT=AT;, the complete solute
trapping (K=1) only occurs at the dendrite tip due to
Va<Vp at the other parts of the dendritic interface. With
increasing AT, the interface velocity V increases and K=1

------- Isosolutal model
1.0+
— Present model
=30

|
I
|
I
7 |
- w
= 087 EE'S, :
‘S =5 I
= ='15
= ‘S |
f— -1
2 067 3" I
S E g s ST [
i
g 0700 200 300
= 0.4+ Undercooling/K |
=
e
o
=9

0.2}

Average

0 100 200
Undercooling/K

Fig. 3 Partition coefficient as functions of bath undercooling
predicted by isosolutal model [13,14] and present model for
Ni—0.7%B alloy (For the present model, 0,,,,=0.251 was
adopted as an example. The insert shows the relationship
between the interfacial migration velocity and the bath
undercooling. The solid line is the result predicted by the
present model with 6,,,,=0.157 and the open circles denote the
experimental data for Ni—0.7%B alloy [36])

occurs at the interface with more elements. When
V=Vp/cosOmnax (AT=AT}), for the root of dendrite K=1 and
thus the complete solute trapping achieves at the whole
interface  (0<6<6..x). Therefore, considering the
interfacial normal velocity dependence of solute
partitioning, the transition to partitionless solidification is
not sharp, but occurs in a range of AT. This transition is
shown by the grey region in Figs. 1-3, i.e., the range 4 of
AT. At AT>AT,, purely thermal controlled growth occurs.
Under this condition, the solidification behavior is the
same as that for pure metals.

Another effect of the interfacial normal velocity
dependence of solute partitioning is the transition region
of undercooling from mainly solute controlled growth to
mainly thermal controlled growth (the range 2 of AT). As
indicated by Figs. 1-3, the effect of the interfacial
normal velocity dependence of solute partitioning leads
to that the transition region moves to higher
undercooling, i.e., the region with solute controlled
growth is extended. This is because that the average
partition coefficient is considered in the present model to
deal with the effect of the nonisosolutal interface. Along
the interface from the tip to the root, the partition
coefficient K(V, 6) decreases as described by Eq. (1),
since the normal velocity V, decreases. Thus, the average
partition coefficient is less than the partition coefficient
at the dendrite tip (Fig. 3). This implies that the degree of
average solute segregation is larger than that at the tip.
Therefore, the wundercooling region with solute-
controlled growth is extended under the nonisosolutal
interface condition. In addition, with increasing the
interfacial region with steady-state growth marked by
Omax, the solutal dendrite region of undercooling is
further extended (Figs. 1-3) and thus the effect of the
interfacial normal velocity dependence of solute
partitioning is more significant.

In order to further validate the present model, a
comparison with the available experimental data for
Ni—0.7%B alloy was made. The related values of the
parameters used in the model computation are given in
Table 1. The insert in Fig. 3 shows the data points from
the electromagnetic levitation experiment [35] and the
predicted dendritic growth velocity as a function of the
bath undercooling AT for the present model. It is noted
that 6,,,,=0.151 was adopted as a fitting parameter to
obtain a better description for the experiment results. As
can be seen clearly, the present model gives an
agreement with the experimental data.

As indicated by Fig. 1, at V=Vp/cosOnax (AT=ATY),
the complete solute trapping occurs at the whole
interface 0<6<6,,, with steady-state growth. And the
transition to complete partitionless solidification is not
sharp, but occurs in the range 4 of AT marked by the grey
region. Thus, with increasing the value for 6, the
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transition region, i.e., the range 4 of AT is extended and
the effect of the interfacial normal velocity dependence
of solute partitioning is more significant. From the
present experimental comparison, 6,,,x with the value of
0.157 is obtained as a fitting parameter. It is small and
the corresponding transition region is also narrow with
the value of 10 K (AT,—AT3). This can also be found
from Fig. 2, in which the difference is not remarkable
between the predictions from the isosolutal model and
the present model with 6,,,,=0.15% for the tip radius.
Therefore, it implied that the effect of the interfacial
normal velocity dependence of solute partitioning is
relatively small for the Ni—0.7%B alloy. Furthermore,
the present model can also describe the transition of
growth mode from the power law to linear growth due to
the narrow transition region.

It should be stressed that the critical angle 6,,,x was
introduced into the present model to characterize the
shape preserving part of dendritic interface during
steady-state growth and the angle 6,,, was used as a
fitting parameter in the present work. Strictly speaking,
at different interfacial migration velocities V, the shape
of interface is also different, and thus the values of R and
Omax are variable. The relationship between V and R could
be described by marginal stability theory (see Eqs. (14)
and (15)). Also, there should be another relationship
between V' (R) and 6,,,x. For a very large tip radius R, i.e.,
when the solid—liquid interface tends to planar one, 6.
would be very small. In contrast, 6, could even reach
/2 if R is very small. This problem should be further
studied.

4 Conclusions

1) A free dendritic growth model was proposed for
binary alloys, which could deal with both the interfacial
normal velocity dependence of solute partitioning and
the local nonequilibrium solute diffusion. Numerical test
indicates that the solutal dendrite region of undercooling
is extended due to the effect of the interfacial normal
velocity dependence of solute partitioning for the present
model, compared with the isosolutal model.

2) At high undercoolings, when the solidification
velocity is of the order or larger than the solute diffusive
velocity, the transition to diffusionless solidification is
not sharp as predicted by the isosolute model, but occurs
in a range of undercoolings. This is because that the
present model considered both the effects of the

interfacial normal velocity dependence of solute
partitioning and the local nonequilibrium solute
diffusion.

3) With increasing the interfacial region with
steady-state growth, the effect of the interfacial normal
velocity dependence of solute segregation is more

significant. Furthermore, it is also shown that the present
model provides a satisfactory agreement with the
available experimental data.
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