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Abstract: Underground coal mining inevitably results in land surface subsidence. Acquiring information on land surface subsidence 
is important in the detection of surface change. However, conventional data acquisition techniques cannot always retrieve 
information on whole subsidence area. This study focuses on the reconstruction of a digital elevation model (DEM) with terrestrial 
laser scanning (TLS) point cloud data. Firstly, the methodology of the DEM with terrestrial 3-dimensional laser scanning is 
introduced. Then, a DEM modeling approach that involves the application of curved non-uniform rational B-splines (NURBS) 
surface is put forward. Finally, the performance of the DEM modeling approach with different surface inverse methods is 
demonstrated. The results indicate that the DEM based on the point cloud data and curved NURBS surface can achieve satisfactory 
accuracy. In addition, the performance of the hyperbolic paraboloid appears to be better than that of the elliptic paraboloid. The 
reconstructed DEM is continuous and can easily be integrated into other programs. Such features are of great importance in 
monitoring dynamic ground surface subsidence. 
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1 Introduction 
 

The terrestrial laser scanner (TLS), which is also 
referred to as LiDAR, uses a time-of-flight distance 
measurement of an infrared laser pulse that is reflected 
on a scanned object. A point cloud is then obtained and 
holds information such as the x, y, and z coordinates as 
well as the intensity of the reflected pulse for each 
reflected point [1]. The TLS offers the possibility of 
acquiring 3-dimensional terrain information with high 
accuracy and high spatial resolution. It can also 
contribute greatly to the knowledge on both the surface 
shape and the kinematics of land subsidence and provide 
data that geologists, geomorphologists, and geo-technics 
can use to interpret the phenomenon. The application of 
the TLS technique in land subsidence analysis is 
particularly interesting because it can produce a digital 
elevation model (DEM) of land surfaces with high 
accuracy and precision. Moreover, TLS devices have the 
advantage of providing a large amount of high-resolution 

data within a short period and allowing the development 
of precise and detailed descriptions of scanned     
areas [2,3]. Thus, such devices have been increasingly 
used to track the evolution of natural surfaces. The 
existing applications mainly include landslide and 
rockfall dynamics as well as coastal cliff erosion [4−7]. 

Land subsidence induced by coal mining is a 
complex spatio-temporal process. Monitoring land 
surface subsidence is known to provide a basis for 
studying such a complex process. Thus, traditional 
leveling, total stations, GPS−RTK, and GNSS precise 
point positioning have been used to monitor mining 
subsidence, but these methods can only acquire point 
coordinates or height information [9,10]. Although 
several approaches for deformation monitoring have 
been found to yield highly accurate results, the 
point-based information they acquire is still considered 
as a limitation [11,12]. Both DInSAR and the persistent 
scatterer interferometry (PSI) technique with 
programmed high-resolution TerraSAR-X data set   
have been utilized in a coal mining area. However, the  
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typically high rate of subsidence and low density of 
detected persistent scatterers limit the application of the 
PSI technique, and the scarcity of sufficient SAR data 
sets presents another dilemma [13]. 

As a new measurement technique developed in 
recent years, the TLS can quickly achieve the whole 
basin monitoring of surface subsidence caused by coal 
mining. This device can also overcome the defects of the 
point-based observation mode. However, a weak 
topological relationship exists among the large amount of 
point clouds obtained by the TLS because of the lack of 
manual intervention, which is a challenge for the 
reconstruction of surface DEMs based on discrete  
points [14,15]. 

The cloud point model of terrestrial laser scanning 
is a geometric model comprising elements of discrete 
points. This model cannot be used directly, and the land 
surface must be reconstructed through modeling such as 
numeric description and graphic representation. The 
modeling methods for land surface DEMs are generally 
based on the point, Delaunay triangulation, grid, or 
mixed approaches. The triangulated irregular network 
methods in particular have been widely used in DEM 
reconstruction because of their superior performance in 
terrain fitting [16,17]. The triangulation network 
methods are characterized with good flexibility and 
perfect boundary adaptability. However, the curved 
surface created by a triangulation network method can 
hardly be described by mathematical formulas. In 
addition, such curved surface is difficult to operate, thus 
making DEMs inconvenient to be utilized when 
extracting land subsidence or deformation information. 
Curved non-uniform rational B-splines (NURBS) 
surfaces have been widely applied in industrial design, 
scene modeling, and reverse engineering because of their 
favorable continuity, smoothness, affine invariance, 
perspective invariance, and local control characters [18]. 
NURBS is a parametric representation method that 
requires lesser storage space than traditional methods and 
thus allows the possibility to improve the management of 

extensive terrain data. 
Coal is expected to remain as the primary energy 

source of China in the coming decades. However, 
underground coal mining inevitably causes land 
subsidence. Thus, studying the damage and deformation 
law of strata and surface caused by coal mining within 
the context of maintaining coal mining resources is 
significant. To analyze mining subsidence and the 
resulting ecological damage, DEM reconstruction within 
coal mining subsidence areas is essential. 

This work aims to present an elaborate DEM 
reconstruction methodology based on TLS point cloud 
data with a curved NURBS surface. The methodology is 
presented on the basis of quadrilateral surface domain 
parameters for land subsidence induced by underground 
coal mining. 
 
2 Preprocessing point cloud data acquired 

with TLS 
 

The point cloud data were acquired with a Trimble 
GX200 3D laser scanner with a wavelength of 1540 nm. 
The laser scanner featured a 40° × 40° field of view, and 
the beam divergence was 170 μrad. One centrally located 
scanner position was used in each field plot (Fig. 1). 

To obtain the topographic information of a large 
area, data acquisition was performed according to the 
following procedures: 1) topographic investigation and 
control point arrangement; 2) control measurement for 
georeferencing; 3) target setting; 4) laser scanning of 
terrain affected by underground coal mining; 5) target 
measurement and extraction [14]. 

After obtaining the surface point cloud data via 
terrestrial 3D laser scanning, pre-processing steps for 
point clouds, such as noise mitigation, point cloud 
registration, data compaction and surface reconstruction, 
must be conducted. 

An important consideration in maximizing the use 
of TLS point clouds is data processing, which involves 
the removal of erroneous points, point cloud registration,  

 

 
Fig. 1 Coal mining subsidence monitoring with terrestrial laser scanner 
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data segmentation and thinning, mesh generation, and 
post processing. To obtain the points corresponding to 
the DEM, raw point clouds must be cleaned. In the 
current research, an effective mean shift algorithm based 
on statistical iteration was used to remove the noise 
within the point cloud data [19,20]. Moreover, the 
weights of the sampling points were assumed to be equal. 
The iteration was performed by Eq. (1). 
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where xi is the value of the ith point within circle O and h 
denotes the specified radius of circle O. The kernel 
function g(·) can be set as the Epanechnikov kernel, a 
uniform kernel, a normal kernel, or other kernels. 

A mean shift algorithm was adopted to identify the 
point with the maximum density in circle O. After 
eliminating the noise within the point cloud data, the 
resultant data were chosen as input for generating the 
land surface DEM. 
 
3 DEM modeling with NURBS surface 
 

Several approaches to the reconstruction of real 
models using 3D laser scanning data have been proposed 
in the fields of computer vision and computer graphics 
over the last two decades. A number of strategies for 
reducing data volume have also been suggested. 
Modeling itself, especially model reconstruction with the 
aid of analytical surfaces, can be considered as a means 
to reduce data volume, and fitting surfaces can be 
regarded as a means to reduce noise. Although the Bezier 
curve is very flexible and adaptive when applied to 3D 
modeling, it must be transformed to the standard NURBS, 
in which case all precision is lost. 

NURBS is a mathematical model in computer 
graphics that is commonly used to generate and represent 
curves and surfaces. This model offers great flexibility 
and precision in the handling of both analytic (surfaces 
defined by common mathematical formulas) and 
modeled shapes. The modeled surface can be efficiently 
handled by computer programs while allowing easy 
human interaction. NURBS surfaces are functions of two 
parameters mapping to a surface in 3D space. The shape 
of the surface is determined by control points. NURBS 
surfaces can represent simple geometrical shapes in 
compact form [21,22]. 

In this research, the NURBS surface was adopted 
for land surface modeling, i.e., terrain DEM. The 
performances of this model are provided in the following 
section. 

3.1 NURBS surface 
A k×l NURBS surface can be described by three 

kinds of equivalent expressions, namely, rational fraction, 
rational base function, and homogeneous coordinates 
[21−23]. 

The rational fraction is defined by Eq. (2). Its 
control vertices, weight factors, and knot vectors are 
computed by explicit formulas [24]. 
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where the control points di,j (i=0, 1, …, m; j=0, 1, …, n) 
present a topological mesh and ωi,j represents the 
corresponding weight. The NURBS surface is the tensor 
product of two NURBS curves. Hence, two independent 
parameters u and v (with indices i and j, respectively) are 
used. Ni,k(u) and Nj,l(v) are the B-spline basis functions 
derived from the Cox–de Boor recursion formula in 
terms of knot vectors 0 1 1( ,  ,  ,  )m ku u u + +=U  and 

0 1 1( ,  ,  ,  )n lv v v + +=V , respectively. 
The rational basis function is defined as follows: 
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where , ; , ( , )i k j lR u v  is a bivariate rational basis function 
defined by Eq. (4): 
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The rational bivariate basis function , ; , ( , )i k j lR u v  

is the extension of the variable B-spline function. It has 
the same function graph and geometric properties as 
those of the irrational B-spline function. Such properties 
include local support, normativeness, and 
differentiability. Meanwhile, ωi,j=1, and , ; , ( , )i k j lR u v  is 
equal to , ,( ) ( )i k j lN u N v . 

The homogeneous coordinates are described in   
Eq. (5). 
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where , , , ,[ ]i j i j i j i jω ω=D d  and represents the control 
points with the corresponding weights or the 
homogeneous coordinates of control vertices di,j. 

To generate a NURBS surface, a few parameters 
such as control vertices di,j, weight factors ωi,j, and knot 
vectors U, V must be determined, along with their orders 
k and l. The weight factor ωi,j is a shape parameter that 
only affects the curved surface within the rectangular 
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domain 1i i ku u u + +< < , 1j j lv v v + +< < . When ωi,j 
increases, the curved surface approaches the control 
points, and vice versa. 

Similar to the curved non-rational B-spline surface, 
the NURBS surface can be classified into different types 
according to the knot vector along the direction of each 
parameter. The knots with multiplicity k+1 are generally 
selected to be the endpoints of each knot vector. Thus, 
the four corner points of the curved NURBS surface are 
exactly located at the corner points of the control mesh. 
Moreover, the unilateral partial derivative in the corner 
points of the curved surface is the same as that in the 
endpoints of the boundary. 
 
3.2 Surface inverse algorithm 

The inverse of the NURBS surface is the key for 
DEM reconstruction. It mainly involves the construction 
of a k×l cubic B-spline interpolation surface according to 
the provided data points Pi,j (i=0, 1, …, m; j=0, 1, …, n) 
with a topology matrix, which is important in the search 
for unknown interpolation surface control points di,j (i=0, 
1, …, m+k−1; j=0, 1, …, n+l−1). Despite the fact that 
the surface inverse generally adopts the reverse solution 
for tensor product surfaces, the surface inverse is 
simplified into two phases of curve inverse. Thus, the 
B-spline interpolation surface equation is adopted as 
follows [23,24]: 
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The control points within the curve equation can be 

replaced with the m+k control curves ci(v). If parameter v 
is fixed, then ci(v) from m+k can be computed 
accordingly. Given that these points are regarded as 
control points, the interpolation curves with parameter u 
are determined. These curves are also called 
isoparametric curves. When the traversal of v within its 
domain is performed, the interpolation surface can be 
depicted with a large amount of isoparametric curves. 
The control points ,i jd  within the n+l section curves 
can be inversed via B-spline interpolation, in which each 
curve has m+k control points. The control points are 
expressed as Eq. (8).  
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Other control curves must be determined to define 
the control points ,( )i l j i jv + =c d  within the section 
curves. These control curves can be calculated with   
Eq. (9) on the basis of the m+k interpolation curves. 
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Within the B-spline interpolation curve, (m+k)× 

(n+l) control points di,j (i=0, 1, …, m+k−1; j=0, 1, …, 
n+l−1) exist. These control points can be calculated with 
Eqs. (8) and (9). Finally, the surface inverse achieved via 
B-spline interpolation can be performed by substituting 
the control points di,j and the parameters u and v into the 
B-spline interpolation formula derived for curved 
surfaces. Figure 2 shows the surface inverse process in 
detail. The result is shown in Fig. 3. 

 

 
Fig. 2 Surface inverse algorithm 



Bing SONG, et al/Trans. Nonferrous Met. Soc. China 25(2015) 3165−3172 

 

3169
 
 

 

Fig. 3 Surface inverse through B-spline curved surface:      
(a) Section curve and control polyline; (b) Control curve and 
control polyline; (c) Inverted surface and its control meshes 
 
3.3 DEM reconstruction 

To effectively reconstruct the DEM of topographic 
surfaces, data segmentation must be conducted. In this 
work, the NURBS surface algorithm is adopted to extract 
characteristic lines from the topographic data obtained 
from terrestrial laser scanning. For a continuous 
topographic surface with minor curvature change, the 
terrain surface curvature detection technique is employed 
for data segmentation. Considering the occurrence of 
fractures or large curvatures in the terrain, the contour 
detection method is used. The terrain is also divided into 
a few surfaces. In other words, the terrain can be 
subdivided. For any subdivision, the terrain can be 
meshed. Figure 4 shows the surface patches with meshes. 

After data segmentation and mesh processing, the 
surface DEM can be ultimately generated with the 
NURBS interpolation (Fig. 5). 

 

 
Fig. 4 Details of meshes of surface paches 
 

 

Fig. 5 DEM reconstruction with NURBS surface: (a) DEM in 
3D platform; (b) DEM within AutoCAD environment 
 
4 Performance analysis of DEM modeling 
 

Given the few errors within the data acquired by the 
TLS, an experimental research was conducted to 
evaluate the performance of the DEM. The simulated 
elevation errors were used as inputs for DEM modeling 
for reconstruction considering instrument specification. 

Firstly, the DEM model was generated with the 
application of the TLS point cloud data after being 
preprocessed. In this model, the projection range was 
defined in [−3, 3]×[−3, 3] within the horizontal plane. 
Both the elliptic paraboloid z=(x2+y2)/18 and the 
hyperbolic paraboloid z=(x2−y2)/18 were used to shape 
the valley and ridge of the topographic terrain, with the 
absolute elevation differences being less than 1 (Figs. 6 
and 7). The aim was to assess modeling precision with 
clean, error-free data. 

Secondly, after uniformly sampling the digital 
terrain model with an interval distance of 1, 7×7 
sampling points were obtained. These points were 
randomly added with certain errors that showed a normal 
distribution elevation. Given that the nominal accuracy 
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Fig. 6 Elliptic paraboloid for shaping topographic terrain  
 

 

Fig. 7 Hyperbolic paraboloid for shaping topographic terrain 
 
of a single point obtained by the Trimble GX200 laser 
scanner is ±6 mm/50 m, the error range could be within 
±12 mm while the sampling range is lower than 50 m. A 
curved quasi-uniform double cubic B-spline surface was 
chosen to shape the terrain. Firstly, 9×9 control points 
were inverted, and then both elliptic paraboloid and 
hyperbolic paraboloid were interpolated according to the 
curved B-spline surface. The results show no obvious 
differences after the incorporation of the normal error 
(Figs. 8 and 9). Although observation and simulated 
errors are included, the interpolated curved surfaces are 
acceptable in terms of their shapes. 

For performance comparison purposes, 19×19 
check points were uniformly selected from the fitted 
terrain surface and their surface elevations were 
computed  base  on  the  fitted  surface  model.   The 
 

 
Fig. 8 Interpolation of elliptic paraboloid 

 

 

Fig. 9 Interpolation of hyperbolic paraboloid 
 
differences between the fitted surface and the original 
elliptic paraboloid as well as those between the fitted 
surface and the hyperbolic paraboloid were viewed as 
true errors. The distributions of errors from the elliptic 
paraboloid and hyperbolic paraboloid are shown in  
Figs. 10 and 11, respectively. 
 

 
Fig. 10 DEM modeling error with elliptic paraboloid 
 

 

Fig. 11 DEM modeling error with hyperbolic paraboloid  
 

The comparisons in terms of two scenarios, namely, 
error within the whole domain and error of the domain 
unaffected by vertices with multiplicity, are shown in 
Tables 1 and 2, respectively. The results indicate that 
both paraboloids are effective when applied in terrain 
surface reconstruction for processing terrestrial laser  
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Table 1 Error of whole domain (mm) 

Mean absolute error Mean square error Maximum absolute error 
Curved surface 

Without data error Data error Without data error Data error Without data error Data error

Elliptic paraboloid 2.24 3.25 ±3.26 ±4.25 10.7 11.90 

Hyperbolic paraboloid 1.98 3.23 ±2.90 ±4.02 6.80 10.00 

 
Table 2 Error of domain unaffected by vertices with multiplicity (mm) 

Mean absolute error Mean square error Maximum absolute error 
Curved surface 

Without data error Data error Without data error Data error Without data error Data error

Elliptic paraboloid 0.25 2.64 ±0.31 ±3.17 0.61 6.00 

Hyperbolic paraboloid 0.14 2.44 ±0.19 ±2.71 0.32 5.00 

 
scanning data. Notably, the performance of the 
hyperbolic paraboloid appears to be better than that of 
the elliptic paraboloid. 

The consideration of data errors increases the total 
errors of the DEM. However, the modeling errors within 
the whole domain are found to be equivalent to the data 
source errors. Such errors do not greatly affect the DEM. 
Although the accuracy of modeling at the center of the 
domain is high, given that this region is unaffected by 
points with multiplicity, the precision of input data 
appears to be particularly important. 
 
5 Conclusions 
 

1) Terrestrial 3D laser scanning is a new approach 
to DEM reconstruction. It can be employed to extract 
information on land surface deformation in underground 
coal mining areas. 

2) The curved NURBS surface algorithm based on 
quadrilateral surface domain parameters was studied for 
DEM modeling. The performance of the DEM 
reconstruction was analyzed using errors from both the 
data source and the modeling algorithm. The results 
indicate that the precision can reach a couple of 
millimeters and that high precision occurs at the domain 
unaffected by knots with multiplicity. 

3) The application of cubic quasi-uniform B-spline 
interpolation reduces the modeling accuracy in the knots 
with certain multiplicity. 

4) The approach does not pay significant attention 
to specific topographic terrains such as discontinuous 
terrains and to the efficiency of control point searching. 
Further study in this area thus must be conducted. 
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摘  要：煤炭资源的井工开采不可避免地引起地表沉陷，快速高精度获取地面沉降信息尤为重要。然而，传统的

数据获取方法难以满足要求，本研究基于地面激光扫描点云数据重建数字高程模型（DEM）。在介绍地面三维激

光扫描重建 DEM 原理的基础上，提出一种融合 NURBS 曲面的 DEM 重建方法，并分析不同曲面拟合模型重建

DEM 的性能特征。结果表明：基于点云数据和 NURBS 曲面重建的 DEM 能够较好地满足精度要求，而马鞍面拟

合方法的精度高于椭圆抛物面拟合方法的精度。采用 NURBS 曲面算法重建的 DEM 表面连续，易于互操作，对

监测分析煤矿开采引起的地表动态沉降过程具有重要意义。 

关键词：地面三维激光扫描；NURBS 曲面；DEM 建模；精度分析 
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