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Stress/strain aging mechanisms in Al alloys from first principles 
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Abstract: First-principles based calculations were carried out to explore the possible mechanisms of stress/strain aging in Al alloys. 
Potential effects of temperature and external stress/strain were evaluated on the solvus boundary of Al3Sc in Al−Sc alloy, and the 
interface energy of Al/θ'' in Al−Cu alloys. Results show that applying tensile strain/stress during conventional aging can significantly 
decrease the solubility entropy, by red-shifting the phonon DOS at high states. The resulted solvus boundary would shift up on the 
phase diagram, suggesting a reduced solubility limit and an increased maximum possible precipitation volume of Al3Sc in Al−Sc 
alloy. Moreover, the applied strain/stress has different impacts on the formation energies of different orientated Al/θ'' interfaces in 
Al−Cu alloys, which can be further exaggerated by the Poisson effect, and eventually affect the preferential precipitation orientation 
in Al−Cu alloy. Both mechanisms are expected to play important roles during stress/strain aging. 
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1 Introduction 
 

Precipitation hardening, also called age hardening, 
is a most widely used heat treatment technique aimed to 
increase the yield strength of malleable alloys. It relies 
on changes in solid solubility with temperature to 
produce fine size second-phase precipitates, to impede 
the movement of dislocations or grain boundaries during 
plastic deformation. The yield strength of the alloy is 
thus largely dictated by the number density and spatial 
distribution of the precipitates. It has been noticed [1−3] 
that, applying stresses/strains during the aging process, 
namely stress/strain aging, can impose a great effect on 
the habit planes, density and size of second-phases in the 
alloys, and hence the effectiveness of age hardening. 
NAKADA and LESLIE [4] first proposed that the 
commensuration strain due to the lattice misfit of 
coherent precipitates might be largely compensated by 
the applied stress/strain, and thus the nucleation and 
perhaps the growth of the precipitates can be enhanced. 
Based on an interface diffusion model, other researchers 
[5,6] demonstrated that for Al−Cu alloys, stress/strain 
aging may play a more effective role in the nucleation 
than the growth stage. HOSFORD and AGRAWAL [7] 

further improved the model by considering the 
stress-biased diffusion of solute atoms. All these 
mechanism models were focused on the nucleation and 
growth of the precipitates. We still lack the knowledge of 
whether and how an external stress/strain impacts the 
solvus boundary, namely, whether and how the 
maximum possible volume fraction of the precipitate 
phase vary differently with temperature when subjected 
to stress/ strain. On the other hand, interface structure 
and composition of a precipitate phase are critical in 
determining its nucleation and growth behaviors, and as 
well its interaction with dislocations. Thus, interface 
energy under stress/strain also needs a thorough 
investigation. 

In this work, we plan to develop a density 
functional theory (DFT) based strategy to investigate the 
impact of temperature and external stress/strain on both 
the solvus boundary (i.e., solubility limit) and the 
interface energetics of the second phase precipitates in 
alloys. This strategy will be demonstrated for L12−Al3Sc 
in an Al−Sc alloy and the θ'' interface in an Al−Cu alloy. 
Based on the obtained results, the possible mechanisms 
of stress/strain aging in Al alloys are discussed. This 
approach would enable us to eventually achieve the 
energetics- and interface-level understanding of stress/  
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strain aging effects. 
 
2 Calculation methods 
 

All calculations were performed using the 
semi-commercial DFT code VASP [8]. The plane-wave 
basis sets were generated with valence configurations of 
Al 3s23p1, Cu 3d104s1 and Sc 3p64s23d1. The electron−ion 
interaction was described by the projector augmented 
wave method within the frozen-core approximation [9]. 
The exchange-correlation functions used the generalized 
gradient approximation [10]. For hcp-Sc calculations in a 
2×2×2 16-atom orthorhombic superlattice, an adequately 
high energy cutoff of 300 eV and a 15×15×9 
Monkhorst–Pack (MP) k-mesh for Brillouin-zone 
integrations were used. Calculations on the precipitate 
phase L12-Al3Sc used a 2×2×2 32-atom fcc superlattice 
and a 9×9×9 MP k-mesh. The calculations for a dilute 
Al−Sc solid solution (Al31Sc) used a 2×2×2 fcc Al 
superlattice and a 9×9×9 MP k-mesh. The coherent Al/θ'' 
interface was modeled using an Al/θ''/Al sandwich 
configuration with an 18×18×1 MP k-mesh. All 
structures were fully relaxed until the total force on each 
ion converged to to within 0.01 eV/Å. Phonon 
calculations employed the direct supercell approach 
within the quasiharmonic approximation [11]. Force 
constants were calculated within the density-functional 
perturbation theory [12], using a stringent ionic force 
criterion of 10−7 eV/Å. The phonon modes were 
calculated from the force constant matrix using 
PHONOPY [13]. 
 
3 Results and discussion 
 
3.1 Solvus boundary under stress/strain 

The orientation relationship of L12-Al3Sc in     
the matrix is {001}[001]Al3Sc//{001} [001]Al [14]. 
Following the experimental practices, we apply a series 
of uniaxial tensile strains to the matrix (along Al[001]), 
to assess the maximum possible stress/strain effect on the 
solvus boundary of L12−Al3Sc in Al−Sc alloys. In the 
isotropic elastic regime, the tensile stress along [001] 
inevitably leads to a compression in both the [010] and 
[100] directions (Poisson effect). Consequently, the cubic 
lattices may distort to an orthorhombic structure with 
a>b=c. The solubility, x0, can be expressed as [15] 
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where kB is the Boltzmann constant. The solubility 
enthalpy, ScAlScAl

sol
331

HHH Δ−Δ=Δ  is defined as the 
difference between the formation enthalpies of Al31Sc 
and L12-Al3Sc, and 
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x
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where ScAlx

E  represents the total energy of Al31Sc or 
L12−Al3Sc, and EAl (or ESc) is the elemental energy at its 
pure state. With Eq. (2), the solubility enthalpy, solHΔ , 
can be rewritten as 
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and similarly, 
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The vibrational entropies can be further evaluated 

from the obtained phonon DOS as 
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where h is Planck’s constant, υ is the frequency, and g(υ) 
is the phonon DOS. 

Table 1 compares the calculated elastic properties of 
Al, the dilute solid solution Al31Sc, and the compound 
L12−Al3Sc. Note that the elastic properties of Al and 
Al31Sc are quite close. L12−Al3Sc has much higher shear 
and elastic modulus, and a very low Poisson ratio. Note, 
the elastic modulus of L12−Al3Sc is about three times 
higher than that of Al or Al31Sc, and thus, upon the same 
tensile stress, the stretching of L12−Al3Sc should be 
about one third of the matrix. 
 
Table 1 Calculated bulk elastic properties 

Item 
C11/
GPa

C12/
GPa

C44/ 
GPa 

B/ 
GPa 

G/ 
GPa 

E/
GPa

ν 

Al 97 62 21 74 20 54 0.38

Al31Sc 103 58 23 73 21 62 0.36

Al3Sc 180 37 69 85 70 165 0.18

 
Vibration calculations are then performed on all the 

distorted (orthorhombic) structures. Here, we only 
consider the strains below 1%, to ensure the matrix to 
maintmain elastity. For the reason mentioned above, only 
one third of the applied strains will be imposed on 
L12−Al3Sc. Also, according to Eqs. (3) and (4), Sc does 
not really contribute to solubility enthalpy and entropy, 
and hence will be ignored in such calculations. The 
computed solubility enthalpies are listed in Table 2. Note 
that ΔHsol does not change obviously with the strains, and 
thus strain effect on phonon vibrations can be important. 
Figure 1 compares the calculated phonon DOS under 
strains for the three systems. A left-shift is evident in 
both of the two high states, particularly for Al and Al3Sc.  
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Table 2 ΔHsol of Al3Sc in Al under strains 

Strain/% 0 0.1 0.5 1 

ΔHsol/(eV·Sc atom−1) 0. 762 0.762 0. 760 0. 760

 
Low frequency phonon modes give a large contribution 
to vibrational entropy. Thus, the increase in vibrational 
entropy of Al and Al3Sc due to the strain effect should be 
more significant than that of Al31Sc. This is clearly seen 
in Fig. 2. 

Figure 2(a)−(c) plots the calculated vibrational 
entropy changes with temperature for the three systems. 
Note that the entropies increase rapidly with the 

increasing strain, before reaching a plateau at ~600 K. 
The entropy changes of Al and Al3Sc are more sensitive 
to strain than Al31Sc, especially at low strains. According 
to Eqs. (1)−(4), the different responses of vibrational 
entropies of Al3Sc, Al, and Al31Sc to strain will govern 
the accurate position of the solvus boundary of Al31Sc in 
Al. The resulted solubility entropies and solubility free 
energies (ΔFsol) are plotted in Figs. 2(d) and (e), 
respectively. Note that the applied strains increase the 
solubility entropy at all the temperatures of interest. ΔFsol 
always decreases with temperature, while at a fixed 
temperature, the increasing trend of ΔFsol with strain   
is pronounced. Recall that −ΔFsol measures the driving  

 

 
Fig. 1 Calculated phonon DOS (a, b, c) and differential phonon DOS (a′, b′, c′) under applied strains: (a, a′) Al; (b, b') Al31Sc;      
(c, c') Al3Sc 
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Fig. 2 Entropy difference (a, b, c) due to uniaxial external strains and ΔS sol (d), ΔF sol (e) , and solvus boundaries (f) of Al3Sc in Al 
under applied strains 
 
force of nucleation. Through Eq. (1), ΔFsol further 
dictates the maximum possible solubility of Al3Sc in Al. 
Thus, the increase of ΔFsol with strain indicates that 
applying strain/stress would not only promote the 
nucleation, but also reduce the solubility of Al3Sc in Al. 
Eventually, the solvus boundaries of Al3Sc can be plotted 
as shown in Fig. 2(f). The solvus boundary curve shifts 
up on the phase diagram under strains, resulting in a 
decrease in solubility limits and hence an increase of the 
maximum possible precipitation amount of Al3Sc in Al. 

This is expected to provide a larger strengthening effect 
than conventional aging, which we believe, is one major 
mechanism of stress/strain aging. 
 
3.2 Interface energy and precipitation orientation 

under stress/strain 
It is known that θ'' phase and Al matrix have a 

completely coherent relationship of (001)[001]θ''// 
{001}[001]Al [16]. Figure 3 shows the recently obtained 
high-angle annular dark-field (HAADF) scanning 
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Fig. 3 HAADF-STEM images of coherent, metastable precipitates (θ'' and θ') (a, b) in an Al−1.7%Cu alloy [23] and sandwich model 
of Al/θ'' interface (c) (Note that the θ'' phase is only one unit cell thick) 
 
transmission electron microscopy (STEM) images of 
metastable precipitates (θ'' and θ') in an α-phase Al−Cu 
alloy [17]. It is noticed that θ'' forms as ultra-thin 
platelets on the three equivalent {001}α planes of the 
aluminium matrix. The thickness of the θ'' precipitate is 
no more than a few atomic layers, namely, it is only one 
unit cell thick (c=7.68 Å). 

We extend the defect model in Refs. [18,19] to 
express the interface energy under strain (ε) as 
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where A is the interface area, E0 is the total energy of the 
interface, μi and Ni are the chemical potential and the 
atom number of each species, i, respectively. The 
superscript “0” refers to the pure bulk state. αCu, the 
activity of Cu in Al, is related to the activity coefficient, 
γCu, as 
 

( ) ( )εγεα ,,,, CuCuCuCuCu xTxxT =                 (7) 
 

At dilute concentrations (xCu <10%), γCu can be 
approximated as [16] 
 

=≈ ),(),,( CuCuCu εγεγ TxT  
 

)}/()],(),({[exp cn KTTSTTH εε −Δ−Δ         (8) 
 
where ΔH and ΔSn−c are, respectively, the enthalpy and 
the non-configurational entropy differences due to the 
formation of the dilute solid solution. A detailed 
description of DFT computation of ΔH and ΔSn−c can be 
found in Ref. [20]. 

To calculate the strained interface energies, we 
considered two different directions of loads, i.e., either 
vertical (along [001]) or parallel (along [100]) to an 
Al{001}[001]// θ''(001)[001] interface. It is believed that 

nano-sized θ'' deforms well compatibly with the matrix 
in its early elastic regime. We hence applied a series of 
strains, ranging from 0 up to 2%, uniformly to the 
supercell. Following one our previous practice [21], the 
upper and lower Al blocks in the supercell were 
displaced rigidly, leaving the two interfacial rows of Al 
atoms permitted to relax, as well as all atoms in θ'', until 
the net force on each diminishes below the threshold. 
The resulted interface energies under strains were then 
calculated, and are plotted in Fig. 4. It is noted that, 
different strain signs and directions have small but 
different impacts on interface energy. 

Figure 5 replots the calculated Al/θ'' interface 
energies under strains for T=298, 398, and 498 K. 
Obviously, temperature and strain have opposite effects 
on interface energy. The interface energy always 
increases with temperature. Thus, the stability of the 
interface would decline with temperature. In contrast, the 
external strain always increases the interface stability, no 
matter whether the load is compressive or tensile, along 
the vertical or parallel direction, so as to promote the θ'' 
precipitation. More interestingly, we note that, under a 
same degree of compressive strain, the formation energy 
of a parallel oriented interface is slightly higher that of a 
vertical interface, while under a same degree of tensile 
strain, the formation energy of a vertically oriented 
interface would become slightly higher. These results can 
be further correlated to the “stress/strain-orienting effect” 
[3] that is often observed in stress/strain aging 
experiments. 

Figure 6 shows schematically the stress-orienting 
effect. During normal aging (i.e., under zero stress/strain, 
Fig. 6(b)), θ'' forms in three equivalent crystallographic 
orientations, the [010], [001], and [100], as manifested in 
Fig. 3. A compressive stress/stain (e.g., along [001] in 
Fig. 6(a)) would reduce the interface energy of       
the vertically-oriented θ'' slightly more than its parallel  
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Fig. 4 Calculated interface energies of Al(001)/θ''(001) under compressive (a, c) and tensile (b, d) strains over temperature range of 
interest (from T=298 to 498 K) 
 

 
Fig. 5 Replot of calculated interface energies of Al(001)/θ''(001) 
under externally imposed strains along [001] and [100] for 
T=298, 398, and 498 K (from down to up), respectively 
 
counterpart, so that the [010] oriented θ'' would be more 
favored. If a tensile stress/stain is applied along the same 
direction (Fig. 6(c)), it would reduce the interface energy 
of the parallelly-oriented θ'' slightly more, so as to favor 
the [001] oriented θ''. The [100] orientation is completely 
equivalent to the [010], and shall respond in exactly 
the same way as the [010]. Undoubtedly, such orientation 

selectivity would be further exaggerated by the Poisson 
effect. As the matrix is compressed along the [001] in  
Fig. 6(a), the preferable [010] orientation would be 
further favored by the induced stretching in the 
transverse direction of [010]. The induced amount of 
stretching can be estimated by the Poisson ratio of the 
matrix. Consequently, the stress/strain-induced 
orientation effect observed in stress/strain aging [3] can 
be well reproduced by our theoretical calculations. The 
different influence of applied strain/stress on the 
formation energies of the different orientated Al/θ'' 
interfaces shall thus be regarded as one major 
mechanism for the stress/strain-orienting effect. 

To validate our proposed mechanisms, we further 
performed TEM analyses on stress-aged Al−5%Cu alloys 
(under T=453 K for 6 h) under different load conditions, 
zero and 50 MPa (ε=~0.1%). Figure 7 shows the 
obtained bright-field TEM images and diffraction 
patterns using FEI Tecnai G2 20 transmission electron 
microscope (operated at 200 kV). It is clearly revealed 
that only a ~0.1% tensile strain could increase 
significantly the volume fraction of Al2Cu (θ'') 
precipitates in Al, consistent well with our predictions in 
Fig. 2(f). Meanwhile, the parallelly-oriented θ'' was also 
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Fig. 6 Schematic diagrams for describing theoretically predicted “stress/strain-orienting effect”— preferential precipitation 
orientation of θ'' changes with different load conditions: (a) Compressive; (b) No load; (c) Tensile 
 

 
Fig. 7 Bright-field TEM images and diffraction patterns of Al−5%Cu alloys under load conditions: (a) 0; (b) 50 MPa 
 
strongly favored when the matrix was under such a small 
stretching (ε=~0.1%), as seen in Fig. 7(b). Our 
calculations in Fig. 5 can predict well qualitatively this 
stress-orienting trend, but seriously overestimate the 
magnitude of the required stress/strain. 
 
4 Conclusions 
 

1) The solubility free energies would decrease with 
strains, and the solvus boundary curve shifts up on the 
phase diagram. This indicates that applying strain/stress 
during aging not only promotes the nucleation, but also 
reduces the solubility of Al3Sc in Al (in the way of 
decreasing solubility entropy). As a result, an increasing 
precipitation amount of Al3Sc in Al could be expected. 
This shall be regarded as one major mechanism of 
stress/strain aging that accounts for its enhanced 
precipitation strengthening effect. 

2) The interface energy always increases with 
temperature, but decreases with strain at a given 

temperature. The strain effect is slightly larger under a 
parallel tensile or a vertical compressive strain, than 
under a parallel compressive or a vertical tensile strain of 
same magnitude. This can be regarded as one major 
mechanism for the stain/stress-orienting effect observed 
in stress/strain aging. 

3) Compared with experimental observations, our 
interface energy calculations can predict well 
qualitatively the stress-orienting trend in Al−5%Cu, but 
might seriously overestimate the magnitude of the 
required stress/strain. 
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摘  要：基于第一性原理计算方法探讨了铝合金应力/应变时效的可能机制，综合评估了时效温度和外加应力/应

变对 Al−Sc 合金中 Al3Sc 固溶边界和 Al−Cu 合金中 Al/θ''界面能的潜在影响。计算结果表明：在传统时效过程中

引入外加拉应力/应变，声子态密度在高态区有红移现象，可以明显降低溶解熵；同时，导致相图中固溶线上移，

表明外加拉应力/应变可降低 Al3Sc 在 Al−Sc 合金中的极限固溶度，从而增加析出相的最大可能体积分数。外加应

力/应变对 Al−Cu 合金中不同取向的 Al/θ''界面形成能有不同程度的影响，这种差别可以通过泊松效应进一步放大，

从而影响到 Al−Cu 合金中析出相的择优取向。这 2 种机制在应力/应变时效中均可能发挥重要作用。 

关键词：应力时效；极限固溶度；界面能；第一性原理 
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