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Abstract: A thermodynamic consistent phase field model is developed to describe the sintering process with multiphase powders. In 
this model, the interface region is assumed to be a mixture of different phases with the same chemical potential, but with different 
compositions. The interface diffusion and boundary diffusion are also considered in the model. As an example, the model is applied 
to the sintering process with Fe−Cu powders. The free energy of each phase is described by the well-developed thermodynamic 
models, together with the published optimized parameters. The microstructure and solute distribution during the sintering process can 
both be obtained quantitively. 
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1 Introduction 
 

Sintering is an effective method to create parts from 
powders, specifically for those with high melting 
temperature and hard to generate by casting method [1]. 
In most sintering processes the powdered material is 
heated to a temperature below the melting point. The 
atoms in the powder particles diffuse across the particles 
boundaries, fusing the particles together and creating one 
solid body. 

Recently, the phase-field model is becoming a 
powerful tool which can describe the complex interface 
pattern evolutions [2]. It describes the microstructure 
using a set of conserved and non-conserved field 
variables that are continuous across the interface regions. 
Phase-field models have been widely used in 
solidification [3−5], precipitation [6−8], grain growth 
[9−11] and dislocation movement [12,13] area. 

Phase field models for sintering process were 
already developed by WANG and LIU [14,15], WANG 
[16] and  KUMAK and FANG [17] based on the system 
density field. Recently, ASP and ÅGREN [18] set up a 

thermodynamic consistent phase field model for 
sintering process based on the vacancy diffusion 
approach. But all of them were only for powders with 
pure substance. 

Sintering with multiphase powders is widely 
adopted in industry, such as Fe−Ni system, Fe−Cu 
system and Cu−Al system. It is not convenient to 
describe the particle growth and solute diffusion in 
multiphase powders with the previous pure substance 
models. In this work, we develop a thermodynamic 
consistent phase field model for multiphase powders 
sintering process. In the model, every point is assumed to 
be a mixture of different phases with the same chemical 
potential, but with different compositions. Boundary 
diffusion and surface diffusion are also considered in the 
model. As an example, we apply this model to the 
sintering process with Fe−Cu powders. 

 
2 Phase field model 
 
2.1 Governing equations 

In this work, the free energy density is defined as 
follows [19]: 
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where N is the total number of particles; M is the total 
number of substances, which includes vacancy; 

),,( 1,1, −Miii CCf L  is the free energy density of phase i 
with compositions ),,( 1,1, −Mii CC L ; jiw ,  is the height 
of the double well potential; the parabolic double well 
potential jiφφ  is defined in the interfacial region only 
where 10 << iφ  and ;10 << jφ h(φ) is the 
interpolation function which satisfies h(0)=0 and h(1)=1. 
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=
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i
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1
1)(φ , we simply use h(φ)=φ 

in this work. 
The total free energy of the system is defined as 

follows: 
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where ijε  is the gradient energy coefficient. At each 
point, the compositions of different phases are not 
independent and constrained by the following conditions: 
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The solute composition at a given point can be 

described as follows: 
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The sum of each phase field parameter at any 

location in the system is conserved: 
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The governing equations for phase field and solute 

composition can then be written as 
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where ijL  is phase field mobility and Mpq is solute 
diffusion mobility. 

The variation term in Eq.(6) and Eq.(7) can be given 
as 
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If we do the partial difference on Eq. (4) with 

respect to iφ  and pC , respectively, we will get 
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where pqδ  is the Kronecker delta and it is 1 when 

qp = and 0 when qp ≠ . 
Inputting Eq. (10) and Eq. (11) into Eq. (8) and Eq. 

(9), we can get 
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2.2 Surface and grain boundary diffusion 

If we assume the diffusion mobility pqM  has the 
following form: 
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where k

pqM BK,  is the bulk diffusion mobility; k
pqM BY,  

is the boundary diffusion mobility; BY and BK in the 
superscript mean the bulk and boundary, respectively; ξ  
is a scaling factor and can be given as 2λ, where 2λ is 
the interface thickness. We know that || kφ∇ is about 
1/(2λ) in the interface area and approaches to 0 in the 
bulk phase area. By multiplying with ξ , || kφξ ∇ will 
approach to 1 at the interface and 0 in the bulk phase, 
respectively. 

Inserting Eq. (14) into Eq. (13), we will get 
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According to Eq. (3), we can re-write Eq. (15) as 
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Eq. (16) can be re-written as  

⎜⎜
⎝

⎛
+∇∇=

∂

∂
∑ ∑
=

−

=

N

k

M

r
rk

k
prk

p CD
t

C

1

1

1
,

BK,φ  

⎟⎟
⎠

⎞
∇∇∑ ∑

=

−

=

N

k

M

r
rk

k
prk CD

1

1

1
,

BY,φξ               (19) 

 
where k

prDBK,  is the bulk diffusion coefficient in phase k 
and k

prDBY,  is the boundary diffusion coefficient for 
phase k. If we consider the bulk diffusion coefficients 
matrix kBK,D , k

prDBK,  will be the diagonal components 
of kBK,D  when rp = and the off-diagonal 
components when rp ≠ . It is the same thing for 
boundary diffusion coefficients matrix kBY,D . If we 
assume that N is the gas phase, N

prDBY,  will be the 
surface diffusion coefficient. 
 
2.3 Parameters in phase field equation 

In order to find the relationship between materials 
properties and parameters in phase field model, a one- 
dimensional problem at the equilibrium state is 
considered. If we only consider the phase transformation 
between two phases, iφ  and jφ , the one-dimensional 
phase field profile can be obtained [19]: 
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Then, the following relationships can be obtained: 
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2.4 Thermodynamic descriptions of system 
In multicomponent alloys, the integral Gibbs energy 

for each phase depends on its constitution, temperature 
and pressure, and this can be described by a 
thermodynamic model [20]: 
 

ex
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mix0 GGGG ++=                          (23) 

 
where 0G  is the contribution of the pure components to 
the Gibbs free energy, ideal

mixG  is the ideal mixing 
contribution and exG  is the Gibbs excess energy which 
is caused by the non-ideal interaction between the 
components. 

There are a large number of thermodynamic models 
for various substances in different states, such as the 
Redlich–Kister–Muggianu formalism [21] for face- 
centered cubic, body-centered cubic and hexagonal close 
packed solid solution phases and the sublattice model [22] 
for the description of a phase with two or more 
sublattices. In order to quantitatively describe the 
thermodynamics of the system, a lot of thermodynamic 
databases [23] have also been set up together with those 
thermodynamic models. 
 
3 Application to sintering process with Fe 

and Cu powders 
 
3.1 Thermodynamic description for Fe−Cu−H system 

For Fe-based sintered parts, Cu is an effective solid 
solution strengthening element. Fe−Cu powders are 
usually sintered at about 1000 °C and protected by H2 
reducing atmosphere. At this temperature, both Fe and 
Cu particles have FCC structures. So for Fe and Cu 
particles, they both can be described by a same sublattice 
model [24], i.e., (Fe,Cu)1(H,Va)1, where Va means 
vacancy. The Gibbs free energy of the FCC phase can 
then be given as 
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where yi is the site fraction of component i in its 
sublattice. For the gas phase, we assume that it consists 
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of H, H2, Fe and Cu and all the species mix ideally. Its 
Gibbs energy can be given as 
 

( )0
gas
0,

gas /lnln PPRTxCRTGCG
i

ii
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where Ci is the mole fraction of the ith species in the gas 
phase; gas

0,iG  is the standard Gibbs energy of the ith 
species; P0 is the standard pressure. 

The thermodynamics parameters for both FCC and 
gas phase in Fe−Cu−H system can be found in Refs. 
[25−27]. The other parameters used in the simulation are 
shown in Table 1. The phase field mobility Lij in Eq. (6) 
is related to the interface kinetics [28], and a constant 
value of 0.001 is adopted [29] for all the phases in this 
work. 

 
Table 1 Parameters used in simulation for Fe−Cu system 

Parameter Value 
Surface energy between 

Fe particle and gas 
2.6 J/m2 [30] 

Surface energy between 
Cu particle and gas 

1.6 J/m2 [30] 

Interface energy between 
Fe particle and Cu particle 

0.3 J/m2 [31] 

Self diffusion coefficient of Fe 4.06×10−8 m2/s [32]

Self diffusion coefficient of Cu 5.45×10−7 m2/s [33]

Bulk diffusion coefficient of Fe in Cu 4.59×10−7 m2/s [34]

Bulk diffusion coefficient of H in Cu 2.87×10−6 m2/s [35]

Bulk diffusion coefficient of Cu in Fe 4.05×10−8 m2/s [36]

Bulk diffusion coefficient of H in Fe 1.64×10−8 m2/s [35]
Boundary and surface 

diffusion coefficient of Fe 
4.25×10−6 m2/s [37]

Boundary and surface 
diffusion coefficient of Cu 

7.83×10−8 m2/s [38]

Sintering temperature 1000 °C 

Grid size 10 nm 

 
3.2 Numerical treatment 

The governing equations for phase field (Eq. 6) and 
concentration (Eq. 19) evolution were solved by finite 
difference method. In this work, we only consider Fe, Cu 
and H species. There are six independent concentrations 
to be determined in Eq. (4). They are C1,Cu, C2,Cu, C3,Cu, 
C1,Fe, C2,Fe and C3,Fe, where the subscript 1 means the 
FCC Fe phase, 2 means the FCC Cu phase and 3 means 
gas phase. For each species, the concentration 
equilibrium (Eq. (3)) between different phases must be 
achieved anytime at each grid. Input the Gibbs energy for 
FCC (Eq. 24) and gas (Eq. 27) phase into Eq. (3), C1,Cu, 
C2,Cu, C3,Cu, C1,Fe, C2,Fe and C3,Fe can be achieved by 
solving Eq. (3) together with the concentration 
conservation equations Eq. (4). This work can be 

finished by calling IMSL subroutines in Visual Fortran 
6.5 programs. 

But only with IMSL subroutines, the solutions of 
Eqs. (3) and (4) are not stable at every grid. Sometimes 
we can get minus values for C1,Cu, C2,Cu, C3,Cu, C1,Fe, C2,Fe 
and C3,Fe. When this happens, we will not solve Eq. (4) 
first at those grids. But only with Eq. (3), there are still 
two independent concentrations left. If we set C1,Cu and 
C1,Fe as known parameters, the other four concentrations, 
C2,Cu, C3,Cu, C2,Fe and C3,Fe, can be determined. We will 
set up a database first to store all the equilibrium 
concentration data as a function of C1,Cu and C1,Fe. C1,Cu 
changes from 0 to 1 and C1,Fe changes from 0 to 1−C1,Cu, 
both with a increasing step of 0.0001. This database was 
constructed using the commercial software Thermo-Calc 
together with the corresponding thermodynamics 
descriptions, Eqs. (24) and (27). 

Using the above phase equilibrium database, we 
will find the data array to minimize the following 
objective function: 
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Once the minimum value of sum is achieved, the six 

concentrations, C1,Cu, C2,Cu, C3,Cu, C1,Fe, C2,Fe and C3,Fe, 
will be obtained and can be used for the followed 
calculations. 
 
3.3 Simulation results 

Figure 1 shows the microstructure evolution during 
the sintering process of Fe−Cu particles at different time 
step. In the real industry, Fe particles are usually mixed 
with finer Cu particles first. After that, Cu particles will 
adhere to the surface of Fe particles. This “mixture” will 
be used as raw materials for the following compaction 
step. So at the beginning of the simulation, Fe particles 
are set to be surrounded by finer Cu particles randomly, 
which is shown in Fig. 1(a). As a strengthening element 
for Fe-based sintered parts, Cu will dissolve into Fe 
particles first. Figure 1(b) shows the dissolve process of 
Cu into Fe particles. We can also see the evolution of 
sintering neck between Cu and Fe powders in Fig. 1(b). 
Figure 1(c) shows the end of full dissolution for Cu 
particles into Fe particles. Figure 1(d) shows the 
sintering neck growth between Fe particles. 

Figure 2 shows the evolution of Cu concentration 
field during the sintering process. From Figs. 2(a) to (c), 
we can see that the substance Cu dissolves into Fe 
particles step by step. Finally, the Cu will distribute 
uniformly within the Fe particles, which can be seen in 
Fig. 2(d). It is impossible to describe this phenomenon 
with the previous pure substance models. 
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Fig. 1 Microstructure evolution of Fe−Cu powders sintered at 1000 °C: (a) t=0; (b) t=6×10−5 s; (c) t=2.7×10−4 s; (d) t=1.8×10−3 s 
 

 
Fig. 2 Concentration field of Cu at different sintering time: (a) t=0; (b) t=6×10−5 s; (c) t=2.7×10−4 s; (d) t=1.8×10−3 s 
 
 
4 Conclusions 
 

Powder metallurgy parts with multiphase powders 
are widely adopted in industry in order to obtain the 
particular properties. In order to study the sintering 
process of multiphase powders, we set up a 
thermodynamic consistent phase field for multiphase 
system based on the KIM's model. The interface 
diffusion and boundary diffusion are also considered in 
the model by using a mixed numerical functions. The 
free energy of each phase is described by the 

well-developed thermodynamic models, together with 
the published optimized parameters. Since Cu is an 
effective solid solution strengthening element for Fe 
based sintered parts, we applied the model to studying 
the sintering process with Fe−Cu powders. The 
microstructure and solute distribution during the 
sintering process can both be obtained quantitatively. 
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采用相场法研究多相粉末的烧结过程 
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摘  要：针对多相粉末体系，建立描述其烧结过程的相场模型。在该模型中，界面由不同成分的各相混合组成，

通过热力学平衡确定界面中各相的成分；除了体扩散之外，也同时考虑了界面扩散和表面扩散。所建的模型被应

用到 Fe−Cu 粉末的烧结过程。结果表明，该模型能够定量地描述烧结过程中的微观组织演变以及溶质扩散等现象。 

关键词：相场模型；烧结；多相粉末；热力学 
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