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Abstract: An explicit polycrystal plasticity model was proposed to investigate the deformation mechanism of cold ring rolling in 
view of texture evolution. The model was created by deducing a set of linear incremental controlling equations within the framework 
of crystal plasticity theory. It was directly solved by a linear algorithm within a two-level procedure so that its efficiency and stability 
were guaranteed. A subroutine VUMAT for ABAQUS/Explicit was developed to combine this model with the 3D FE model of cold 
ring rolling. Results indicate that the model is reliable in predictions of stress−strain response and texture evolution in the dynamic 
complicated forming process; the shear strain in RD of the ring is the critical deformation mode according to the sharp Goss 
component ({110}〈100〉) of deformed ring; texture and crystallographic structure of the ring blank do not affect texture type of    
the deformed ring; texture evolves rapidly at the later stage of rolling, which results in a dramatically increasing deformation of the 
ring. 
Key words: cold ring rolling; crystal plasticity; texture evolution; explicit algorithm 
                                                                                                             
 
 
1 Introduction 
 

Cold ring rolling is a near-net-shape method that is 
widely used to produce seamless ring-shaped parts. This 
process is actually rather complicated with local loading 
but continuous deformation as the rotating ring passes 
between the rolls several times subjecting the ring to 
increasing levels of deformation. Therefore, during 
analysis of the process the stress state and the 
deformation of the whole ring must be considered and 
the region undergoing deformation makes the analysis 
more complicated [1,2]. Furthermore, the material in 
deformation region suffers from compressive stress due 
to the feeding of the idle roll and shear stress due to the 
frictional constraints applied by the driver and the idle 
rolls [3]. It is also significant that deformation 
compatibility of the material near the inner and outer 
margins contributes to the shear deformation in the 
center of the ring. Thus, the complicated deformation 
state and stress state result in complicated texture 
evolution, which influences, in turn, the deformation and 
thus the performance of the ring. 

Therefore, the complicated deformation mechanism 
can be analyzed in view of texture evolution during the 
forming process. Crystal plasticity model serves as an 
effective tool to predict texture evolution in metal 
forming process [4]. In rate-dependent crystal plasticity 
(RDCP) theory, the key relationship between shear strain 
rate and the resolved shear stress on a slip system is a 
high-order nonlinear equation with an index of the 
reciprocal of material rate sensitivity coefficient. The 
high-order nonlinear equation makes the solution 
procedure quite unstable. 

So, over the last few decades, many works have 
been done to develop reliable model and robust 
algorithm to enlarge its applications. Newton−Raphson 
(N−R) iteration was usually adopted in implicit 
algorithm for solving RDCP model due to its quadratic 
rate of convergence. Nevertheless, N−R iteration is 
rigorous on initial iterative value, which is very difficult 
to be estimated in FE simulation. So, many modified 
N−R iteration methods were developed [5,6]. However, 
these schemes involve iterations both at the local level to 
update the stress and globally to enforce equilibrium, 
requiring thus more computational effort than the  
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explicit schemes [7]. Therefore, they usually were 
incompetent for simulation of dynamic complicated 
forming with massive elements and contact conditions 
due to huge consumed time. So, explicit models were 
paid much more attention, such as, the rate-tangent 
method [8], Euler forward method [9], Runge–Kutta 
scheme [7]. Although currently existed explicit models 
improve computational efficiency greatly, they are 
computationally unstable especially in dynamic 
complicated forming process because they are rigid in 
solution which results in computing failure. As results, 
the application of RDCP in FE simulation is limited to 
quasi-static deformation process, such as upsetting [10], 
equal channel angular extrusion [11] and cup drawing 
[9]. 

Therefore, this work will develop a new both 
efficient and stable polycrystal plasticity model so that 
cold ring rolling can be simulated by the polycrystal 
plasticity model. Thus, the complicated deformation of 
the ring can be analyzed in view of texture evolution. 
 
2 Constitutive modeling of Taylor-type 

crystal plasticity 
 
2.1 Taylor-type crystal plasticity foundations 

The Taylor-type polycrystalline constitutive 
framework proposed by TAYLOR [12] is adopted here, 
expressed as 
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where T(k) denotes the Cauchy stress in the kth crystal, 
T  is the volume-averaged stress, N is the total number 
of grains comprising the material point, and wk is the 
volume fraction of each single grain. 

The elastic constitutive relation for the stress in 
each grain is taken as 

 
* *:T R E=                                  (2) 

 
where * *T *(1/ 2)( )E F F I≡ −  is an elastic strain 
measure, R is a fourth-order elasticity tensor and I is the 
second-order identity tensor. T* has the relation with T as 

 
* * 1 * * T{(det ) }T F F T F− −≡                      (3) 

 
Here, * p 1F FF −= is the non-plastic deformation 
gradient with the plastic deformation gradient 

pF evolving as p p pF L F& = . 
The plastic part of velocity gradient can be 

calculated through the crystal plasticity theory as 
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Here, 0

αm  and 0
αn are time-independent orthonormal 

unit vectors which define the slip direction and slip plane 
normal of the αth slip system in a fixed reference 
configuration, and 0

αS  is the Schmid tensor. 
The rate-dependent flow rule is adopted. The plastic 

shearing rate in the αth slip system can be given by an 
exponential type law in terms of the resolved shear stress 
(RSS), ατ , and deformation resistance of the αth slip 
system, sα , as 
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where 0γ&  is a reference value, m is the strain rate 
sensitive coefficient of material, and the symbol sign 
stands for getting the sign symbol of ατ . 

In Eq. (5), RSS may be approximated by 
 

*
0:α ατ T S=                                 (6) 

 
The Kocks-type hardening rule is adopted here. sα  

evolves as 
 

s hα αβ β

β
γ&& = ∑                              (7) 

 
Here, hαβ  is the rate of strain hardening in slip system 
α due to shearing in the slip system β, which is related to 
a single slip hardening rate, ( )h β , and the hardening 
matrix, qαβ , as ( )h q hαβ αβ β=  ( no sum on β here ) 
with ( )

0 s[1 / ]ah h s sβ β= − ; h0, ss and a are hardening 
parameters. The hardening matrix, qαβ , given by 
ZHOU et al [13] is adopted to account for the latent 
hardening and self-hardening of a crystal. 
 
2.2 Linear incremental equations of new model 

As described in section 2.1, the constitutive 
equations of RDCP are implicit with respect to *T  and 
αγ& . Moreover, Eq. (5) indicates the high-level 

nonlinearity since m is usually very small (0.01−0.05 for 
metals). These characters bring trouble for numerical 
solution in aspects of computational efficiency and 
stability. To overcome the trouble, many algorithms 
(implicit and explicit ones) have been proposed, which 
have been discussed in section 1. Implicit ones suffer 
from much enough iteration so that they are with low 
efficiency, while explicit ones are proved very rigid 
needing very small step length (rate-tangent method and 
Euler forward method) and not self-starting (rate-tangent 
method). Therefore, as stated in section 1, the application 
of RDCP is limited in quasi-static forming process. 

Here, a novel explicit model will be established 
based on the work in Ref. [5]. During the modeling, t and 
τ=t+∆t denote the time at the start and the end of each 
increment, respectively. Taylor series expansion of    
Eq. (5), neglecting the high-order terms, is expressed as  
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Meanwhile, ( )t tα αγ γ&Δ = Δ  is assumed, and 

*
0:α ατ T SΔ = Δ  can be simplified since 0

αS  is 
unchangeable with deformation when calculations are 
carried out in the crystallographic system, which will be 
discussed in subsection 2.6. 

So, the increments of stress and resistance of slip 
systems can be deduced based on the algorithm proposed 
by KALIDINDI and ANAND [5]. They took the forms 
as 
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Here, there exists 
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Since all variables at time t are known, Eqs. (9) and 

(10) are the equations set with the unknowns of *TΔ  
and sαΔ . For the purpose of efficiently solving, a 
two-level procedure is adopted here. Firstly, sαΔ  is 
fixed at its value at time t, Eq. (9) can be deduced and 
written in its components as 
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Since both ijklK  and klH  can be calculated 

directly, Eq. (12) is a linear equation set with the 

unknowns of *
ijTΔ . Here, the complete pivot 

GAUSSIAN elimination method is adopted for the 
solution. After getting *

ijTΔ , the second-level solving 
procedure starts. Equation (10) can also be rewritten into 
a linear equation set in the same way, expressed as 
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So, sαΔ  can also be updated with the new *

ijTΔ  
by the complete pivot GAUSSIAN elimination method. 
Then, a recalculation loop is invoked for a new *

ijTΔ  by 
the new sαΔ  until 
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is satisfied. Here, s0 is the initial deformation resistance 
of slip systems, and all slip systems are assumed to have 
the same value. 
 
2.3 Stress update system 

Since vectors and tensors related to crystals are 
stored in the crystallographic coordinate (Cc), such as 

0
αS  and R, while the ones related to deformation, such 

as F, E, T and Q, provided by the finite element method 
are stored in the global coordinate (Cg). As we all know, 
all tensors and vectors must be in the same system during 
constitutive update. Therefore, the transformation 
between systems for vectors and tensors is needed. Two 
ways exist for the transformation. One is to transfer the 
ones in Cc to Cg so as to perform constitutive update in 
Cg, and the other is to transfer the ones in Cg to Cc so as 
to perform constitutive update in Cc. However, the first 
way faces expensive computing cost since the sizes of 
internal variables for the update of tensors related to 
crystals increase with the increase of the number of 
elements (ne) and crystals (nc) at the level of ne×nc. So, 
all variables in Cg were transferred to Cc to carry out the 
constitutive update in this work for computational 
efficiency. In this case, tensors related to crystals are 
time-independent constants for all crystals so that there is 
much less calculation amount to do. Here, we have to 
mention that the obtained stress T and orientation update 
matrix F* are in Cc. Therefore, it is required to transfer 
them to Cg to return to finite element method and to 
account for texture update. 
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2.4 Texture evolution 
Texture evolution is tracked through a rotation 

matrix Q, which is formed through three Euler angles in 
KALIDINDI’s notation [5]. This matrix was defined to 
quantify the relation of vectors or tensors between. By 
virtue of this rotation matrix, there exist  

T
g cD Q D Q=  and 1 T

c gD Q D Q− −=           (17) 
 

where Dg stands for a tensor in Cg and Dc stands for the 
one in Cc. 

In order to track texture evolution, the matrix Q 
should be stored and updated step by step during forming 
process. The formula proposed by KALIDINDI and 
ANAND [5] is employed here as  
( ) ( ) ( )* tτ τQ F Q=                           (18) 

 
2.5 Model verification 

According to the presented model, a user subroutine 
VUMAT was coded under the environment of 
ABAQUS/Explicit [14]. The proposed model is verified 
by the comparison of the predicted stress−strain 

responses and textures evolution with experiments. Here, 
OFHC copper, a FCC metal, was employed whose 
parameters are listed in Table 1. Calculations of the 
uniaxial compression, simple shear and plane strain 
compression were performed. There were 400 randomly 
oriented grains used in these simulations. The predicted 
stress−strain responses in uniaxial compression and 
simple shear, as illustrated in Figs. 1(a) and (b) 
respectively, show good agreement with experimental 
data [5]. In addition, the predicted texture in the plane 
strain compression with a 75% thickness reduction, as 
shown in Fig. 2, captures the most important features of 
the experimental texture [4,15], e.g. the presence of the 
minor Goss component and pronounced copper, S- and 
brass components. These results indicate that the present 
model is reliable in predictions of both stress response 
and texture evolution. 

 
Table 1 Material constants of OFHC copper 

E/GPa ν 0γ& /s−1 m s0/MPa ss/MPa h0/MPa a

124 0.33 0.001 0.012 16.0 148 180 2.25

 

 
Fig. 1 Comparison of predicted stress−strain responses to experiments [5] in uniaxial compression (a) and simple shear (b) 
 

 
Fig. 2 Predicted texture and its important components in plane-strain compression (plate rolling) with 75% thickness reduction:    
(C—Copper; S—S-; B—Brass; G—Goss) 
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3 Crystal-plasticity-based modeling of cold 

ring rolling 
 
3.1 3D FE modeling of cold ring rolling process 

Here, a 3D FE model of cold ring rolling with a 
rectangle section was created under the platform of 
ABAQUS/Explicit, as illustrated in Fig. 3. In the model, 
driver roll, idle roll and two guide rolls were all defined 
as rigid body; the ring blank was defined as a deformable 
body, which was meshed into 1280 C3D8R elements. 
When this process starts, the driver roll rotates actively at 
a speed of ω, the idle roll feeds in at a speed of v and 
rotates passively in the reverse direction to ω, and the 
two guide rolls rotate passively and move in terms of the 
growth of the ring, which provides suitable constraints 
on the ring to ensure the roundness of the ring. So, 
complex dynamic contacts are required. Here, four 
contact pairs were defined as: 1) DRCS-RECS, 2) 
IRCS-RICS, 3) GRCS1-RECS, and 4) GRCS2-RECS. 
Coulomb friction with the coefficient of 0.2 was assigned 
to the contact pairs of DRCS-RECS and IRCS-RICS, and 
no friction was assumed with GRCS1-RECS and 
GRCS2-RECS. 

 

 
Fig. 3 3D FE model for cold ring rolling with rectangle section: 
(a) 3D view; (b) 2D view and contact pairs in it 

It is mentionable that the movements of guide rolls 
play crucial effects on steady forming of the dynamic 
process. The guide rolls must touch the ring to provide a 
suitable constraint all the time, otherwise, the forming 
process will not go on steadily. GUO et al [16] defined 
the trajectory of guide rolls by considering theoretical 
rule of ring growth, which was verified by experiments. 
So, it was adopted in the present work. 

By considering the symmetrical deformation of the 
ring about the axial middle plane, one half parts above 
the middle plane was reserved in the model in order to 
save CPU time. The geometry and loading parameters 
used in the model are listed in Table 2. 
 
Table 2 Parameters used in cold ring rolling model 

Parameter Value 

Radius of driver roll, RD/mm 52.4 

Radius of idle roll, RI/mm 34.9 

Radius of guide roll, RG/mm 34.9 

Outer radius of ring blank, R/mm 31.0 

Inner radius of ring blank, r/mm 20.0 

Height of ring blank, h/mm 25.4 

Rotational speed of driver roll, ω/(r·min−1) 169 

Feed rate of idle roll, v/(mm·s−1) 0.8 

Reduction in thickness/% 36 

 
3.2 Built-in polycrystal plasticity in cold ring rolling 

model 
The presented polycrystal plasticity model was built 

in the 3D cold ring rolling model via an in-house code of 
the user material subroutine VUMAT. For the sake of the 
combination, the corotational coordinate system was 
defined in the ring blank. Under this local system, grain 
orientations were assigned. This helps to obtain the 
proper textures caused by the elasto-plastic deformation 
of the ring and avoid the influence of the ring movement. 
A set of grains with random orientations were assigned to 
each finite element. Therefore, each element represents 
the grains aggregate. The response of one element is the 
volume-averaged response of these grains. As commonly 
understanding, no less than 50 grains assigned to one 
element can effectively account for the stress response 
and texture evolution of grains aggregate. 
 
3.3 Verification of combined model 
3.3.1 Comparison of predicted ring growth with 

experimental data 
Figure 4 shows the comparison of the outer 

diameters of the ring after cold rolling predicted by the 
present polycrystal plasticity model and the commonly 
used J2 plasticity model with experimental data. The span 
of each value in Fig.4 indicates the minimal and maximal 
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Fig. 4 Comparison of radial growth of ring predicted by present 
polycrystal plasticity model, J2 plasticity model and experiment 
 
diameters measured from the deformed ring so that the 
roundness of the ring can be calculated by η=1−(Dmax− 
Dmin)/Dmin. It can be found that the prediction by the 
polycrystal plasticity model is closer (the error is 1.13%) 
to experimental data than that by J2 plasticity; the 
diameter predicted by the polycrystal plasticity model is 
smaller, while the one predicted by J2 plasticity is larger 
than the experimental one; the predicted ring roundness 
(denoted by ΔD≈0.45 mm) is a little worse than 
experimental one (ΔD≈0.16 mm). The present model 
considers anisotropic deformation in grain level so that it 
obtained a smaller ring than that obtained by the isotropic 

J2 plasticity model. The slightly worse roundness 
obtained by both of the two constitutive models should 
be attributed to the definition of the trajectory of guide 
rolls in the geometry model. In brief, the comparison 
verifies the reliability of the combined model on 
deformation prediction in cold ring rolling process. 
3.3.2 Comparison of predicted texture with experimental 

ones 
The predicted texture in cold ring rolling process 

was compared with experimental ones carried out by 
RYTTBERG et al [1] in order to verify the combined 
model in texture prediction in such a complex forming 
process. To this end, parameters of 100Cr6 steel (Table 3) 
and 12 {1 1 0}〈1 1 1〉 slip systems for BCC metal were 
employed, and the initial ring blank was assigned a 
rather strong 〈111〉//AD-fiber texture (Fig. 5(a)) to keep 
consistence with the experiment (Fig. 5(b)). Texture of 
the ring at the end of the rolling process was represented 
by pole figures, as shown in Figs. 5(c)−(f). Both the 
predictions and experiments show that the grains are 
clearly rotated compared with the initial texture, 
resulting in a sharp Goss component ({110}〈100〉). From 
these pole figures, the rotation was determined to be 30º 
 
Table 3 Material constants of 100Cr6 steel 

E/GPa ν 0γ& /s−1 m s0/MPa ss/MPa h0/MPa a

206 0.26 0.001 0.05 20 174 200 2.0 
 

 

Fig. 5 Comparison of predicted texture with experimental result [1] of 100Cr6 steel ring after cold rolling 
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around the AD axis. This texture is well known to occur 
under shear load. The comparison verifies the reliability 
of the combined model on texture prediction in cold ring 
rolling process. 
 
4 Results and discussion 
 
4.1 Analysis of deformation and stress state in view of 

texture 
As stated in the section of introduction, ring rolling 

process is rather complicated. GUO et al [17] pointed out 
that there exist three flow behaviors during the cold ring 
rolling: 1) in the thickness direction, leading to thinning 
in the thickness of the ring blank; 2) in the 
circumferential direction, resulting in expanding the 
diameter of the ring blank; and 3) in the axial direction, 
resulting in spread in height of the ring blank. In view of 
texture after cold rolling, material in the process mainly 
suffers shear load rather than plane-strain compressive 
load via the texture in Fig. 5 in comparison with Fig. 2. It 
can be interpreted by the metal flow behavior illustrated 
in Fig. 6. Material on the inner and outer surfaces of the 
ring in the illustrated deformation zone suffers 
compressive load by the feed of the idle roll and 
tangential force driven by friction, which forces the 
material flow in the circumferential and axial directions. 
However, the flow velocity in the circumferential 
direction (neglecting the flow in the axial direction) does 
not keep consistent across the ring section, as illustrated 
by the arrows in Fig. 6(b), since the material between the 
inner and outer surfaces is driven by the flow of the 
material on the two surfaces. The unequal flow velocity 
results in a large strain (shear strain) at the center of the 
ring (Fig. 6(c)) owing to deformation compatibility. That 
is why the texture intensity at the center is higher than 
that on the internal surface (Fig. 5). 

 

 
Fig. 6 Illustration of deformation mechanism in cold ring 
rolling: (a) Configuration; (b) Metal flow velocity; (c) 
Logarithmic strain distributed in deformed ring 

 
It can also be corroborated from the microstructure 

evolution. Figure 7 shows the microstructures sampled at 
the center of the ring before and after rolling. It can 
easily found the grains were refined and many oriented 
lath-shaped grains were generated after rolling. It may 

also be attributed to the large shear strain at the center of 
the ring during rolling. Such microstructure evolution, 
driven by macroscopic deformation, is the intrinsic 
causes for the enhanced texture at the ring center. 
 

 
Fig. 7 Microstructures sampled at center of ring: (a) Before 
rolling; (b) After rolling 
 
4.2 Effect of initial texture and crystallographic 

structure 
Some simulations were carried out on the basis of a 

randomly oriented texture (i.e. no texture), as shown in 
Fig. 8(a). The final texture after cold rolling is provided 
in Fig. 8(b). No significant difference in texture type, 
except for texture intensity, can be found by comparing 
the texture in Fig. 8(b) with that in Fig. 5(c). That is to 
say the initial texture does little affect the texture 
evolution in cold ring rolling process. 

Some simulations of cold ring rolling with a FCC 
structured metal (OFHC copper) were performed as well. 
Texture is presented in Fig. 9. Compared with Fig. 8, Fig. 
9 shows consistent but slightly weaker texture. It can be 
attributed to the less slip systems in FCC metal than in 
BCC metal. Many enough slip systems in BCC metal 
make grain rotate much easy. Anyway, the same 
deformation process leads to consistent texture evolution 
in spite of FCC or BCC metal, which verifies further the 
reliability of the present model on texture prediction. 
 
4.3 History of texture evolution in forming process 

During the cold ring rolling process with a 
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Fig. 8 Texture of deformed ring (b1, b2) with initial random texture of blank (a1, a2) 
 

 
 
Fig. 9 Texture of deformed ring with FCC structured metal: (a) {110} pole figure; (b) {111} pole figure 
 
rectangle-section OFHC copper ring blank, texture 
evolves with forming process, as shown in Fig. 10. In  
Fig. 10, the reductions in ring thickness are 7.3%, 14.5% 
and 21.8%, respectively. It can be found the observable 
texture was formed when the thickness reduction reaches 
21.8%. It tells that the deformation rate increases with 
the processing instead of keeping constant rate, which 
can be verified by the evolution of equivalent plastic 
strain, as shown in Fig. 11. The deformation of the ring 

can be easily divided into three stages. In stages I and II, 
the deformation increases linearly but with increasing 
rate from stage I to stage II. In stage III, the deformation 
increases almost along a quadratic curve. This can also 
be interpreted by texture evolution. From Fig. 10, it can 
be found most of grain orientations turn to be parallel to 
rolling direction (RD) at the reduction of 21.8% since the 
strongest texture is {101}//RD. These orientations make 
further deformation easy during ring rolling. 
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Fig. 10 Textures of ring denoted by inverse pole figures at thickness reduction of 7.3% (a1, a2, a3), 14.5% (b1, b2, b3), and 21.8%   
(c1, c2, c3) 
 

 

Fig. 11 Evolution of equivalent plastic strain of ring during 
cold rolling process 
 
5 Conclusions 
 

1) A new polycrystal plasticity model was created 
by deducing the explicit linear controlling equations 

within the framework of RDCP and adopting a two-level 
solution procedure. It was successfully applied to the 
complicated and dynamic ring rolling process for the 
first time. This verifies the high computational efficiency 
and stability of this model in simulations of large and 
complicated forming process with massive elements and 
contact conditions. 

2) The comparison of the predicted results by the 
model with those in experiments illustrates that the 
model was reliable in predictions of both stress−strain 
response and texture evolution in both quasi-static simple 
deformation and dynamic complicated deformation. 

3) The results show that the texture of the deformed 
ring is a sharp Goss component ({110}〈100〉), indicating 
the main deformation lies in shear strain in RD; texture 
intensity is higher at the center of ring than that on the 
surface, indicating a larger strain at the center of ring; 
initial texture and crystallographic structure do not affect 
texture type of the deformed ring; texture evolves rapidly 
at the later stage of rolling results in a dramatically 
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increasing deformation of the ring at this stage. 
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基于新晶体塑性模型预测织构演化的 

环件冷轧变形机制 
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摘  要：提出一种新的多晶体塑性模型以从织构演化角度研究环件冷轧过程的变形机制。该模型是在晶体塑性理

论框架内通过推导一套线性增量控制方程建立的。该模型可以用线性求解方法直接求解，并采用一个两步法的求

解过程，确保模型计算的效率和稳定性。基于 ABAQUS/Explicit 平台开发了用户材料子程序 VUMAT，以实现该

模型与环件冷轧三维有限元模型的结合。结果表明，该模型在预测动态复杂成形过程中的应力应变响应和织构演

化方面都是可靠的；从轧制环件中很强的 Goss 织构{110}〈100〉看出，环件轧向的剪切变形是环件冷轧过程中的主

要变形；环坯的织构和晶体结构对轧制环件中的织构类型的影响不大；在冷轧的后期环件织构演化迅速，这导致

了这一时期环件的快速长大。 

关键词：环件冷轧；晶体塑性；织构演化；显式算法 
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